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ABSTRACT. We study a proximal point type method for approximating solutions to equilibrium
problems generated by pseudomonotone and strongly quasiconvex bifunctions over Hadamard
manifolds, that is complete simply connected Riemannian manifolds of nonpositive sectional
curvature. Next to the usual proximal step, the method we consider also incorporates an inertia
step together with a subsequent over-relaxation, the latter of which is treated in the context
of Hadamard manifolds, to our knowledge, for the first time. Making use of a quantitative
approach towards such proximal methods for strongly quasiconvex optimization developed by
the authors in previous work, we in particular provide effective arguments for the convergence
of the method, yielding explicit, fast and very uniform rates of convergence for the distance
of the iterates towards the solution. These results extend previous work by Grad, Lara and
Marcavillaca on such a method over finite-dimensional Euclidean spaces for the first time to
a nonlinear setting, with the quantitative estimates already being novel in the Euclidean case.
In particular, our effective approach allows for a fine-grained view on the assumptions on the
surrounding objects, so that we are able to either weaken or even fully discharge some previous
assumptions.
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1. INTRODUCTION

1.1. Background and motivation. Many problems in applied mathematics, including in
particular minimization problems, fixed point problems and variational inequalities, can be
formulated as an equilibrium problem, that is as a problem of the form

(EP) find 2" € K such that f(z*,y) > 0 for all y € K|,

for a suitable bifunction f : K x K — R and an associated constraint set K C X in a space X.
Also called “Ky Fan inequalities” after the pioneering work of Fan [27], these problems have
been studied deeply, and we refer to [14, 22, 29, 34, 35, 49, 54] next to many other works, for
such investigations.

Many prominent methods used to approximate solutions of convex equilibrium problems
are based on (modifications of) the proximal point scheme. Originally developed for convex
minimization problems and associated inclusion problems of maximally monotone operators by
Martinet [50], Rockafellar [64] as well as Brezis and Lions [16] over Hilbert spaces (X, |-||), this
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method iteratively applies the so-called proximal map

Proxgp(z) := argmin {h(y) + iHy — J?HQ}
yeK 2/3

of a convex, lower-semicontinous function A : K — R on a closed and convex subset K C X to

form the sequence {xy }; defined by xy41 := Proxg,,(xx), given some fixed starting point zy € K

and using an associated parameter sequence {5} C (0,00). Under suitable assumptions on

the parameters, {xy}, weakly converges to a minimum of A (see e.g. [6]).

Many extensions of this proximal point type approach to (convex) equilibrium problems
rely on utilizing a suitable analog of this proximal map defined by regularizing the whole
bifunction, also called the resolvent of the bifunction (see already [51, 53] but also [19, 38,
41, 46, 52]). However, in [36] (see also [33, 37]), Iusem and Lara define an algorithm that in
each iteration applies a proximal regularization only to the second (convex) argument of the
bifunction, that is it utilizes Proxg, f(s,,)(z%) to define a new iterate. Indeed, as illustrated in
[36], this type of proximal step is particularly suitable for equilibrium problems with relaxed
convexity requirements, in particular bifunctions which are strongly quasiconvex in their right
argument. Here, a function A : K — R is called strongly quasiconvex if

h((1 = Az + Ay) < max{h(z), h(y)} — A(1 - A)%Hx —yll*

for all z,y € K and X\ € [0, 1], for a given value v > 0. This class of functions already goes back
to the work of Polyak [57] and represents a restriction of the class of quasiconvex functions,
that is the class of functions for which the above inequality holds with v = 0. Nevertheless, it
still accommodates various functions of practical interest, such as the Euclidean norm and its
square root (see [39, 47]), and it in particular contains nonconvex functions (as e.g. witnessed
by max{~/|[, |-|*> — k} for k € N, cf. [47, Remark 18]). We refer to [32, 47] for further
discussions on the relationship between strongly quasiconvex functions and various other classes
of (non)convex functions.

This class of strongly quasiconvex functions has various benefits over the class of plain quasi-
convex functions mentioned above. In particular, many iterative procedures known from convex
settings are still reasonably well-behaved (we in particular refer to [47] for further discussions
on this topic). This in particular is true for the proximal point algorithm, which was studied
for these functions by Lara [47], who proved a convergence theorem over Euclidean space R?
(cf. [47, Theorem 10]). Contrary to the usual proximal point method for convex functions,
the proximal map Proxg, is however not single-valued anymore even over Euclidean spaces (cf.
[47, Remark 6]), so that the proximal step is transformed into a selection xy1 € Proxgs(zx)
(which is well-defined as Proxgy, is still non-empty). It is also in this setting that Iusem and
Lara study the method sketched above in [36], that is they consider the iteration

i € argnin { (o) + gy = 1l ) = Proxa s (o)
yeK Bk

for a (pseudomonotone and suitably Lipschitz) bifunction f : K x K — R on a closed and
convex domain K which is only strongly quasiconvex in its second argument, and establish its
convergence over Euclidean space R? (cf. [36, Theorem 3.1]). In particular, a key benefit of the
above method to e.g. a method which considers a regularization of the bifunction as a whole in
the style of the resolvent of a bifunction is that the above selection is immediately well-defined
whereas the well-definedness of such resolvents of bifunctions is quite non-trivial in the context
of strong quasiconvexity (see in particular the discussion in [24]).
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The suitability of the above proximal point type method for equilibrium problems induced by
strongly quasiconvex bifunctions is also further affirmed through the subsequent work of Grad,
Lara and Marcavillaca [31], where they show that the method can be efficiently extended with
both inertia terms and over-relaxations (extending previous work on minimization problems
for strongly quasiconvex functions [30]), illustrating that more sophisticated formulations of
proximal point type schemes are still viable in the context of the above class of nonconvex
functions. Concretely, given a (pseudomonotone and suitably Lipschitz) bifunction f : K x K —
R over an affine subspace K C R? that is strongly quasiconvex in its right argument, the relaxed
inertial proximal point algorithm considered in [31] iteratively computes points {xy}x, {yx}tx
and {z;}y via

Y = Tp + p(Th — Tp1),

2k € Proxg, (.. (Uk),

i1 = (1= pr)ys + pr2r,
from given starting points z_1, 29 € K and sequences {ax}tr, {pr}tr, {Or}r of parameters sat-
isfying suitable conditions (discussed in detail later), and in [31] the authors establish its con-
vergence over R? (cf. [31, Theorem 11]).

While choosing o, = 0 and p = 1 for all k£ € N allows one to recover the “bare” proximal
point algorithm from [36], the strength of the above method lies of course in the use of non-
trivial parameter sequences. In that context, the computation of y; in the above scheme, i.e. the
so-called “extrapolation step”, incorporates an inertia term as originally considered by Antipin
[4], Alvarez [1] as well as Alvarez and Attouch [3] to improve the proximal point algorithm
for monotone inclusions, motivated as a discretization of the “heavy ball with friction” system
already studied by Polyak [57] (see also [5]). The computation of x4, i.e. the over-relaxation,
follows a strategy first used by Eckstein and Bertsekas [25] for the proximal point algorithm for
monotone inclusions and has the particular benefit that it may indeed speed up the convergence
of the method (see e.g. [13, 26]), in particular in combination with inertia terms which was first
considered by Alvarez [2]. For convex equilibrium problems, such a relaxed-inertia proximal
point type method was, to our knowledge, first considered in [33] (see also the related second
order dynamical system studied in [67]).

1.2. The contributions of the present paper and related work. In the present paper, we
study the relaxed inertial proximal point method as presented above for suitable strongly qua-
siconvex equilibrium problems over Hadamard manifolds, that is complete simply connected
Riemannian manifolds of nonpositive sectional curvature. In many ways, Hadamard mani-
folds provide a very suitable but nontrivial framework for convex analysis and optimization
in nonlinear contexts, and we refer to [8, 9] and the references therein for discussions in that
direction.

In particular, the proximal point algorithm for convex minimization and its extension for
inclusion problems for monotone vector fields have been studied deeply over Hadamard mani-
folds. We refer in particular [28, 48, 60] (see also [7]), next to many others. Extensions of this
method for convex equilibrium problems are similarly quite well-studied and can in particular
be found in [10, 11, 21] (see also [42]), all of which however use the resolvent of a bifunction in
various guises, that is they approach the problem by regularizing the bifunction as a whole. For
quasiconvex functions, the literature is largely limited to the setting of minimization problems,
as e.g. studied in [58, 59, 60, 61, 62]. In particular, work on problems induced by strongly
quasiconvex functions in these contexts is very limited so far and, to our knowledge, only com-
prises the recent works [56] of the second author and [24] of the authors which, respectively,
extend the convergence results for the proximal point type method for strongly quasiconvex
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minimization [47] and equilibrium problems [36] obtained in the linear setting to Hadamard
spaces, that is complete geodesic metric spaces of nonpositive curvature (see [8, 9, 17]), a class
that in particular includes Hadamard manifolds but is neither restricted to finite-dimensionality
nor smoothness assumptions.

The present work can thus be seen as an extension of the results obtained in [24, 56] to the
setting of [31]. In particular, we rely on the general approach initiated in [24, 56] to also study
the present manifold variant of the method from [31], which concretely takes the following form:
Over a Hadamard manifold X with Riemannian metric d, we iteratively compute points {zy },

{yr}r and {2} via
Yk 1= exp,, (—ou esz_kl Tk-1),
2z € argmin, .y {f(yk,ll?) + ﬁd%gk, x)} ;
Tpi1 = exp,, ((1 — pk) exp, yr),

from given starting points z_1,xy € K and sequences {ay}x, {pr}r, {Bk}r of parameters as
before (see Section 3 for details). Here, exp is the exponential map of the underlying manifold
(see Section 2.1 for details) and, correspondingly, K C X is now a metrically closed set that
contains all geodesic lines determined by any two points of K, representing a suitable analog
for affine subspaces in Hadamard manifolds (see Section 3 for details).

Again, for the special choices of a;, = 0 and p = 1 for all £ € N, the above method reduces to
the “bare” proximal point algorithm previously studied by the authors in [24] over Hadamard
spaces (extending [36]). The use of the exponential map to formulate inertia terms via

exp,, (—o expy! 1)

as above in the context of Hadamard manifolds goes back at least to [40] (see also [20, 65]),
and we crucially rely on the approach taken therein to handle the above extrapolation step in
this paper. While one often finds relaxations, that is steps of the form

exp,, (1 — px) exp,. yi)

as above for the choice of p; € [0, 1], in the literature on optimization methods in Hadamard
manifolds (as in e.g. [40, 65], among many others), this does not seem to be true for over-
relaxations, that is for the choice of py € [0, 2], where the present paper seems to provide the
first such treatment, to our knowledge. Perhaps unsurprisingly, we for this rely on similar
machinery as needed to handle inertia terms in this nonlinear context.

Our main result is then a convergence theorem for this method over Hadamard manifolds
(see Theorems 4.12 and 4.24) under suitable conditions on the parameters and the bifunction
(derived from [31], as discussed in detail in Section 3 later). In particular, this extends the
convergence result obtained in [31] for the first time to a nonlinear setting. Modeled after the
approach of [24, 56|, our convergence proofs are quite elementary and in particular effective,
contrary to [31], avoiding any kind of infinitary arguments like (weak) compactness. This was
not only instrumental for obtaining our results in a nonlinear context but also allows for the
formulation of explicit and fast rates of convergence (similar to [24, 56]) for the sequences {xy},
{yr} and {z} generated by the above method. More precisely, we in particular establish the
following quantitative result:

Ve >0 Vk > q% + M(Ee®) + 2) (d(xp, %), d(yp, %), d(z, %) < &),

where z* is the (unique) solution to the associated equilibrium problem. The corresponding rate
([C/e*] + M(E€?) + 2) is in particular very uniform, depending only on a rate of convergence
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M for the sum > 7 agd?(zy, Tx—1) < +00 (see Section 4 later on) as well as two constants C,
E which can be explicitly calculated only in terms of a few surrounding numerical parameters of
the problem. To our knowledge, these are the first effective results for this method, even in the
original setting of Euclidean spaces from [31]. Similar to [24], in the course of our convergence
proofs, we also show how some semicontinuity assumptions on the bifunction featuring in [31]
can be avoided (see Remark 4.14 later on).

While we have chosen to formulate our results over Hadamard manifolds for simplicity, it
should be noted that the present approach does not at all depend on the smoothness of the space
X or any other differential structure and could in principle be carried out, mutatis mutandis,
over a suitable class Hadamard spaces that is discussed in detail in Remark 4.15 later on. In
particular, this class has no dimensionality restrictions in general and in particular contains
Hilbert spaces and some Hilbert manifolds. In that context, the results of the present paper
in particular show that (an appropriate formulation of) the method above strongly converges
even in these infinite-dimensional spaces, similar to [24, 56]. Further, the quantitative estimates
remain exactly the same. A detailed discussion of the Hilbert space case can be found in the
master thesis of the first author [23], on which this paper is based.

Lastly, while we focus only on equilibrium problems in this paper, our approach should
immediately apply to minimization problems, not only trivially by instantiating the problem
and method above, but also in the context of the generalized parameter assumptions used in
that context in [30]. We however do not spell this out here.

1.3. Proof mining. The present quantitative results have been obtained using methods from
proof mining, a program in mathematical logic that utilizes tools from proof theory, the foun-
dations of mathematics, to classify and extract the computational content of prima facie “non-
computational” proofs from various areas of core mathematics. For a comprehensive overview
of this area and some of the many applications to nonlinear analysis, we refer to the seminal
monograph [43] as well as to the survey [44]. As typical for many applied results of proof
mining, the present paper is presented without any explicit reference to logic and does not
require any such background. We instead refer to the master thesis of the first author [23] for a
detailed discussion on the concrete use of logical methods in the context of the present paper.

1.4. Outline of the present paper. The paper is now organized as follows: In Section 2,
we give the necessary background on Hadamard manifolds and the related objects as well as
notions of convexity and quasiconvexity, together with some basic lemmas needed for the main
results. Section 3 carefully introduces the method sketched above in Hadamard manifolds and
discusses the central assumptions on the surrounding objects. Finally, Section 4 then provides
the corresponding (quantitative) convergence theorems.

2. PRELIMINARIES

2.1. Hadamard manifolds. We now first give the (very few) required preliminaries for Rie-
mannian and Hadamard manifolds. For further exposition beyond the results given here, we
refer to [66] (as well as [8, 17]).

In the following, and for the rest of the paper unless stated otherwise, we take X to be a finite
dimensional Hadamard manifold, that is a complete simply connected Riemannian manifold of
nonpositive sectional curvature, with a Riemannian metric (-, -). We denote its tangent space at
a point x € X by T, X and we denote the norm on 7,.X induced by the Riemmanian metric by
||l The Riemannian distance on X, defined as usual, is denoted by d. It induces the original
topology on X and, in particular, (X, d) is a complete metric space.
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Given an interval I C R, a geodesic in X is a map v : I — X such that

d((t),7(s)) = clt — s|
for all t,s € I, where c is called the speed of . If I = [0, 1], we say that ~ is a normalized
geodesic and we say that 7 joins z = v(0) and y = 7(1). Note that in this case ¢ = d(x,y). If
I =[0,00), we call v a geodesic ray and if I = R, we call v a geodesic line. By the Cartan-
Hadamard theorem (cf. [66, Theorem 4.1]), for any two points x,y € X, there exists a unique
normalized geodesic joining x to y. We call a subset K C X convex if with z,y € K also
v(t) € K for all t € [0, 1] where « is the unique normalized geodesic joining x to y.

Given a point z € X and vector { € T, X, the exponential map is defined by exp, & = 7, ¢(1)
where 7, ¢ is the unique normalized geodesic with 7, ¢(0) = x and velocity 4, ¢(0) = £. It can be
shown that exp, (t€) = v,.¢(t) for all ¢t € [0,1]. The map exp, : T, X — X is a diffeomorphism
and in particular has an inverse exp,' : X — T, X where it holds that d(x,y) = |lexp, ! y|| for
all z,y € X. It follows that if x # y, then r(t) = exp,(texp,'y) is a geodesic line in X with
r(0) =x and (1) = v.

Metrically, (X, d) is a Hadamard space, that is a complete geodesic metric space of nonpos-
itive curvature, also known as a (complete) CAT(0) space (see in particular [8, 17]). As such,
its so-called quasi-inner product as introduced by Berg and Nikolaev [12], that is the function

—> —> 1
<Q§'y, UU> = §<d2(1’, U) + d2(y7 U) - d2($7 U’) - dz(ya U))a
satisfies the following analogue (cf. [12, Corollary 3]) of the Cauchy-Schwarz inequality
(CS) (zg,u?d) < d(z,y)d(u,v)
for all z,y,u,v € X, next to the following four further (in particular characterizing, see [12,
Proposition 14]) properties for any x,v,u,v € X: (zy,7)) = d*(z,y); (Zg,ud) = (ud, zy);
Beyond the above, we rely on two key inequalities for the Riemannian distance. The first is

an extension of the so-called Bruhat-Tits CN-inequality [18] to geodesics, which in particular
characterizes Hadamard spaces:

Lemma 2.1 (cf. [8, Theorem 1.3.3]). Let x,y,w € X and, given t € [0,1], define z :=
exp,(texp,'y). Then
d*(z,w) < (1 — t)d*(x, w) + td*(y, w) — t(1 — t)d*(x, y).
The next is a kind of dual to the former, formulated for negative values. In particular, it will

be key for our handling of the inertia terms as well as the over-relaxations.

Lemma 2.2 (cf. [65, Proposition 9]). Let z,y,w € X and, given t € [0,1], define z :=
exp,(—texp,'y). Then
P(zw) < (1+ 0, w) — 1y, w) + 11+ Pz, ).

While Proposition 9 in [65] states the above as a general and abstract result, it should be
noted that it already implicitly appears in the proof of Theorem 1 in [40].

2.2. Quasiconvexity over Hadamard manifolds. Over a Hadamard manifold X, a function
h: X — R is called convex if

(hoy)(A) < (1= Ah(¥(0)) + Ah(y(1))
for any geodesic v : [0,1] — X and any A € [0,1]. Going beyond convex functions, the
present paper will focus on the weaker class of quasiconvex functions and their so-called strongly
quasiconvex variants. In that context, a function h : X — R is called
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(i) quasiconvex if
(hov)(A) < max{h(7(0)), h(v(1))}
for any geodesic v : [0,1] — X and any X € [0, 1],
(i) strongly quasiconvexr with modulus v > 0 if

(ho)(A) < max{h(7(0)), h(7(1))} = A1 = N2> (+(0), 7(1)

for any geodesic v : [0,1] — X and any X € [0, 1].
Next to notions of convexity, we will also need the following notions of semicontinuity: A
function h : X — R is called lower semicontinuous (Isc) at = € X if

h(z) < liminf h(xy)
k—o0

for any sequence {zy}r € X with 2, — z. If instead it holds that
h(z) > limsup h(zy)

k—o0
for any sequence {z;}r C X with zy — z, h is called upper semicontinuous (usc) at x € X.
Given any function h : X — R, we define its proximal map Proxg, by

Proxgy(z) := argmin {h(y) + 2id2(5177 y)}
yeX B

for # > 0 and x € X. As remarked in the introduction, Proxg, is no longer a singleton for
strongly quasiconvex functions but is non-empty under suitable assumptions (see also Remark
3.3 later). The main result for the proximal map that we utilize beyond that is the following:

Lemma 2.3 (cf. [56, Lemma 3.9]). Let h : X — R be a strongly quasiconvex function with
modulus v > 0 and let f >0 and x € X. If T € Proxg(x), then

h(E) < max{h(y), h(z)} + g<g )T + %@%, )

for ally € X and X € [0,1].

The above result, which extends [47, Proposition 7], was derived in [56] already over Hadamard
spaces, and hence holds over Hadamard manifolds as well.

3. RELAXED-INERTIAL PROXIMAL POINT ALGORITHMS ON HADAMARD MANIFOLDS

We now begin by defining the main method studied in this paper for solving the equilibrium
problem (EP) over a Hadamard manifold X, a suitable subspace K C X and a given bifunction
f:Kx K —R. Weuse S(K, f) to denote the associated solution set. As discussed in the
introduction, we base our method on that introduced and studied in the work of Grad, Lara
and Marcavillaca [31] for the associated problem in Euclidean spaces, and so first recall that
method and its associated parameters here in detail.

Over X = R? let K C X be an affine subspace. Fix a, p € [0, 1) and starting points g, z_, €
K as well as sequences of parameters {5}, C (0,00), {a}x C [0,a] and {pr}r C [1—p, 1+ p].
Iteratively, the method introduced in [31] now calculates a new point zx.; € K from previous
points xy, xp_1 € K as follows:

Y = Tk + o (T — Tp_1),
(%) 2 € argmingc {f(yk,x)+ﬁ||yk—x||2},
Try1 = (1 = p)yr + P2
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The first step yi, commonly called the exploration step, incorporates the so-called inertia
term oy (xy — zx_1) already discussed in the introduction. The second step z, commonly called
the proximal step, then produces a new point from this y; by utilizing a proximal regularization
of the bifunction in its second argument, with the first argument fixed to gy, akin to the previous
proximal method studied by Tusem and Lara [36] over Euclidean spaces (and the present authors
over Hadamard spaces [24]). The third step xg,1, commonly called the (over)relaxation step,
combines the previous two.

In [31], Grad, Lara and Marcavillaca study the above algorithm for a specific class of non-
convex bifunctions, characterized by the following conditions (A1) — (A5):

(A1) For every z € K, the function f(z,-) is Isc, and for every y € K, the function f(-,y) is
usc.
(A2) f is pseudomonotone, i.e.

f(z,y) > 0 implies f(y,z) <0

for all z,y € K.
(A3) f is Isc (jointly in both arguments).
(A4) For every z € K, the function f(z,-) is strongly quasiconvex with modulus v > 0.
(Ab) f satisfies the following Lipschitz condition: there exists n > 0 such that

fla,2) = flo,y) = fly,2) <n(lle—yl?+[ly — 2I1?)
for all z,y, 2z € K.

Further, they rely on the following crucial assumptions on the associated parameter se-
quences: For {0}k, it is assumed that there exists an e > 0 such that

(C’l),y_—18n<ﬂk<e§ﬁforallk€N,

and, relative to this e, they further require that

(C2) 0<1—p<ppr<14pwith0<p<1-—4ne.

In both cases, v and 7 are of course as in (A4) and (A5) respectively. Similar to [31, Remark
8], we remark that if one considers e = ﬁ, (C2) implies p = 0 and so py = 1 for all £ € N. In
this case, (C'1) becomes ﬁ < Br < %7 for all £k € N as employed in the context of the proximal
point method studied in [36] (as well as [24]). In any case, (C1) in this way in particular implies
that 121 < ~, which featured as assumption (A6) in [36] (as well as [24]), and we will likewise
often use this property in the present paper. Further as in [36], we note that the standard
assumption

(A0) f(z,z)=0forall z € X
can be derived from (A2) and (A5), but we will later also use it individually.

In the setting of (A1) — (A5) and (C1) — (C2), Grad, Lara and Marcavillaca [31] show that
the above method (%) is well-defined and that it converges to (the unique) solution of the
associated equilibrium problem under a suitable decaying assumption on the inertia terms:

Theorem 3.1 (cf. [31, Theorem 11]). Let X = R? and let K C X be an affine subspace.
Suppose that f : K x K — R satisfies (A7) fori=1,2,3,4,5. Fiza,p € [0,1) and xg,x_; € K
as well as {Br}r € (0,00), {ar}r € [0,a] and {px}tr C [1 — p,1 + p| such that (C1) and (C2)
hold, and let {xy}r, {yx}x and {zx}r be the sequences generated by (%). If

o
Z ag |z =z |* < 400,
k=0

then the sequences {xy }x, {yr }x and {zx }x converge to the same limit x*, where {x*} = S(K, f).
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Remark 3.2. In [31], assumption (A1) only refers to the requirement that f(-,y) is usc for all
y € K. The assumption that f(z,-) is Isc for every z € K is denoted by (A1l’) in [31] and is
treated separately as it naturally follows from (A3). However, as we will in particular show
in this paper that the assumption (A3) can in certain contexts be eliminated from the above
convergence theorem and its generalization to Hadamard manifolds (see in particular Remark
4.14 later on), we prefer the above naming convention, which follows that of Iusem and Lara
[36] (as well as [24]). Further, we want to note that a slight weakening of the assumptions
on the parameters is discussed in [32, Remark 87] and while we deem it quite likely that our
present results can be extended to this weakened assumption, we here focus on the original
assumptions from [31] for simplicity.

Lifted to a general Hadamard manifold X, the above method (%) now takes the following
form: First, to set up the problem, we fix a set K C X which is metrically closed and such
that the complete geodesic line determined by any two points of K lies in K, that is

exp,(texp,ty) € K for allt € R and z,y € K.

In particular, K is a convex set and so K is a Hadamard space (see e.g. [8]). Over linear spaces
X, sets K as above are exactly the affine subspaces and we will find that the above closure
conditions are the right conditions to generalize the method from [31].

Over such a K, we then consider a bifunction f : K x K — R satisfying assumptions among
(A1) — (A5), with (A5) now formulated using the metric via

fla,2) = fz,y) = fy, 2) <n (P (z,y) + d(y, 2))

for all x,y,2z € K, using a fixed n > 0. We still denote the set of equilibrium points of f over
K, that is the set of all z* € K such that f(z*,y) > 0 for all y € K, by S(K, f). As K is
a Hadamard space, [24, Theorem 3.9] guarantees that S(K, f) # () whenever f satisfies (A0),
(A1), (A2) and (A4).

We now move on to the method. Fixing parameters a, p € [0,1) and zg,z_1 € K as well
as {Bk}tr € (0,00), {ax}tr C [0,a] and {pr}r C [1 — p,1 + p] as above, the method iteratively
calculates a new point x;,1 € K from the previous points xy, xx_1 € K as follows:

Yr = expxk(—% eXPZ,} Tp-1),
(RIPPA) 2, € argmin, .y {f(yk, x) + ﬁaﬂ(yk, m)} ,

Tr1 = exp,, (1 = pr) expZ! i)

Again, as outlined in the introduction, the first step y, represents the exploration step in-
volving the inertia term in a manifold. The second step represents the proximal step as usual
and the last represents an (over)relaxation in manifolds, combining the previous two. Using
the fact that exp,(£) = x + € and exp,'(y) = y — x over Euclidean spaces, it can be easily
verified that the method (RIPPA) coincides with (%) in such a setting.

The first observation we want to make is that, like (%) in [31], also the above (RIPPA) is
well-defined in the context of the parameter restrictions given by (C'1) and (C2). This crucially
relies on the fact that

) 1
Proxg, f(y,,) := argmin {f(yk, z) + —d*(y, ZL‘)} # (),
veK 20k

which follows rather immediately from corresponding results obtained by the authors in [24]
over Hadamard spaces. We collect this in the following remark.

Remark 3.3. By [24, Proposition 4.4], given a bifunction f:Y x Y — R on a Hadamard space
Y which is quasiconvex and lsc in its right argument and satisfies (A5), the proximal map
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Proxgy(.,) is non-empty for any z € X and 3 < ﬁ with 7 as in (A5). As K is in particular a
Hadamard space, this result also applies here, so that (RIPPA) is well-defined whenever (A1),
(A4), (A5) and (C1) hold: For z,zx—; € K, we have y;, € K since K is closed under complete
geodesic lines. The above result yields that z;, € K is well-defined. We get x;1; € K, again
using that K is closed under complete geodesic lines.

Remark 3.4. As utilized in [31], the convenient stopping criterion y; = zj applies in the context
(%) as whenever this equality holds, one already knows that {y;} = S(K, f). While RIPPA
and (%) above were formulated without such a condition (contrary to [31]) to focus purely
on the (infinite) sequences generated by these methods, we want to highlight that a similar
stopping criterion also applies in the nonlinear context of (RIPPA). Indeed, under (A0) and
(A4) it follows from [24, Proposition 4.6] that

S(K, f) = Fix (ar;gen;in {f(-, y) + %dQ(-, y)})

for any 8 > 0, again using that K is a Hadamard space.

4. QUANTITATIVE CONVERGENCE THEOREMS

4.1. Key assumptions. We now move to the main results of the present paper, that is quanti-
tative convergence theorems for the method (RIPPA) introduced above over general Hadamard
manifolds and for suitable bifunctions. In order to derive our effective rates of convergence, we
will need to consider one of two distinct quantitative variants of the condition (C'1).
Concretely, one of the two conditions we consider on the one hand strengthens the property
Or < eto B, < e— 0O for some © > 0 with e < ﬁ. However, the condition we consider
simultaneously weakens the lower bound from ﬁ < B to ﬁ < Bg. Together, we arrive at

the following:

(C1)! .- < B, <e—Oforall k€N, where e < -+ and © > 0 is some (fixed) constant.
=81 4n

The dual to this arises by instead making the lower bound ﬁ < B uniformly strict by the
introduction of a corresponding additional constant #, while the upper bound £, < e < ﬁ is
relaxed to a non-strict variant, that is:

(c1)* 7_—1877 +0 < B <eforall ke N, where e < ﬁ and 6 > 0 is some (fixed) constant.

Recall that, as discussed before in the context of assumption (C'1), naturally also these
extended assumptions (C'1)" or (C1)" imply 125 < ~, which we utilize repeatedly throughout.
Also recall that, as mentioned in Remark 3.3, the iteration (RIPPA) is well-defined in the
context of (A1), (A4), (A5) and (C'1) but by the argument given therein, the same holds for
(C1) replaced by (C1)" or (C1)".

Our quantitative results given later depend on assuming either (C1)" or (C'1)". We are not
able to give similar quantitative results for the original condition (C'1), nor are we able to relax
any of the two assumptions (C1)" or (C1)" any further, e.g. to

1
v —8n
This should in particular be compared to [24], where in the context of similar quantitative
results and extensions to nonlinear spaces for the proximal point type method without inertia
terms or over-relaxations featuring in [36] (which arises from (RIPPA) by setting a, p = 0),
it was possible to weaken the condition {fx}r C (ﬁ, ﬁ) to {Bk}r C [v—+8n’ ﬁ] In fact, the

approach taken later for deriving our (quantitative) convergence result under the condition

1
< fBr<e< — forall keN.
4n
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(C1)" relies on the machinery developed in [24] (and further extensions thereof given in this
paper, see in particular Lemma 4.17 later on) for treating this generalization.

Practically, this however seems to be of rather little importance as {0}, is an auxiliary
sequence which can be chosen freely, so that the above (C1)" or (C'1)" are in a way as easy to
fulfill as (C1) itself.

Similar to [24], in the course of our convergence analysis, we will assume the well-definedness
of (RIPPA) outright, and this, paired with the assumption of the existence of a solution to
(EP), which is guaranteed under (A0), (A1), (A2) and (A4), will allow us to discharge any
continuity assumptions like (A1) or (A3) (see Remark 4.14 later on). In particular, under the
assumption of either (C1)" or (C1)", (A3) can be completely removed. In that way, unless
stated otherwise, we from now on fix a, p € [0,1) and zg,x_1 € K as well as {5 }r C (0,00),
{ar}r €[0,a] and {pg}r C [1 —p, 1+ p]. Further, we suppose that (RIPPA) is well-defined and
let {xx}r, {yr}r and {z;}x be its generated sequences. Further, we assume that S(K, f) # 0
and denote its unique element by z*.

4.2. Basic lemmas. In similarity to [24] (and by relation also [31, 36], although this is left
rather implicit therein), a key step for our convergence analysis involves establishing the Fejér
monotonicity of the method. However, contrary to [24, 36], we here rely on establishing the
quasi-Fejér monotonicity of the method (RIPPA) (already featuring implicitly in [31] for the
method (%)), that is we show that

Vk,l € N <d2(xk+l,x*) <a-d*(zp,a") + ei>
i=k
where a > 0 and {e;}; is a sequence in (0, 00) with > "° e; < +o0.

Towards this property, we rely on the abstract Lemma 4.1, which is a slightly corrected
version (see Remark 4.2 below) of the technical [31, Lemma 2, (a)], which itself was essentially
established already in [3, Theorem 2.1]. As the proof just amounts to some simple (but slightly
tedious) calculations and inductions, we omit it.

Lemma 4.1 (essentially [31, Lemma 2, (a)]). Let {©k tr, {3k}, {0 }x C [0,00), let o1 € [0, 00)
and let o € [0,1) with {ag}r C [0, ). Assume that

(*) k1 — P+ Sp1 < (P — Pr—1) + 0 for all k € N.
Then

n—1 n
1 1
> < P .
VkENVn_k<g0n_1_ag0k+1_a§ 0; g sz>

i=k i=k+1

Remark 4.2. Note that the statement of [31, Lemma 2, (a)] is slightly wrong: Under the
assumptions of Lemma 4.1, the authors of [31] claim that for all £ > 1:

k
(Pk‘i‘ZSiSSOO"‘ﬁZ&i;
i=1 0

omitting the factor ﬁ in front of ¢y as in the above Lemma 4.1. However, this factor can in
general not be avoided. Indeed, consider e.g. ¢ := 1, oy, ;= 1/2forall k € Nand s := ), :=1/3
if k¥ =0 and s; := 0, := 1/k* otherwise. Then ¢p,1 — ©r + 81 < ar(pr — @r_1) + O holds
trivially for all k € N, but ¢1 + s1 £ o + ﬁéo.
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Rearranging the inequality obtained in Lemma 4.1, we in particular get that >~ s; < +o00,
so that lim; ., s; = 0. The following lemma provides a quantitative variant of the corresponding
(weaker) conclusion that liminf; ., s; = 0, which we require for the derivation of our rates later.

Lemma 4.3. Let {‘Pk}k, {Sk}k7 {5k}k - [0, OO), let p_1 € [0, OO) and let o € [O, 1) with {Oék}k -
[0, ]. Assume that (%) as in Lemma 4.1 holds, and take b € [0,00) such that b > @q. Assume
further that there exists S € (0,00) such that Y -0, < S. Then:

b+ S

Ve>0VneN dkeN(n<k< | ——F—
(1—a)e

—‘+n+1 andsk+1<5).

Proof. By Lemma 4.1, we get

n n—1
1 1
Vn € N i < a— 0;

so that taking n — oo yields

> 1  [— b+ S
;< [ 0; < )
;S_l—a(p0+1—a; T 1l-a

Suppose now for a contradiction that the claim fails, i.e. there are ¢ > 0 and n € N such that

Spy1 > e forall k € Nwithn <k < Hff)J +mn+ 1 =:1. Then however

[e's) l
b+ S b+ S
B (5] )2

which is a contradiction to the above. O

Before we apply Lemma 4.3 to the sequences generated by (RIPPA), we of course need to
show that its conditions, in particular (*) as in Lemma 4.1, will hold in our case. The next
results are towards this.

The following proposition then extends [31, Proposition 6]. In difference to that result, we
emphasize the slightly more general (4+); and (+)y below as we will later require varying \’s
akin to the approach taken in [24], whereas only their instantiations with A = 1/2 are considered
explicitly in [31, Proposition 6].

Lemma 4.4 (extending [31, Proposition 6]). Let f : K x K — R be such that (A2), (A4) and
(A5) hold. Suppose that x* € S(K, f). Then, for every k € N, at least one of the following is
true:

2 _
(+)1 d*(2pi1, %) < dP(yp, ) — ( pkpk) & (Tht1, Yr)

— pe (1= N8, — A) d*(zp, %)

for all X € [0,1] or

_ 2Bk

) ) 2—p
(+)2 d*(zpy1,2%) < &P (yp, 2*) — (#) d*(Trs1, Y)

— Pk ((1 — N8Bk — A — %) d? (2, %)

for all A € (0,1].
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Proof. By definition, we have 11 := exp_, ((1 — px) exp.' yx). Then it holds that

()1 & (zpr1,2%) < ped® (2, %) + (1= pe)d*(y*, %) — pr(1 = pi)d? (2, i)

Indeed, either p; € [0, 1], where then by Lemma 2.1 we get (o); immediately. Or p; € [1,2],
then pp = 14 pj, for some p;, € [0,1] so that x4 = exp,, —p} exp,'ys. Hence, in that case,
Lemma 2.2 yields

d* (w1, 27) < (14 pl)d* (2, 27) — phd? (g, ) + 1 (1 + 1) d” (2, i)
= prd* (2, ") + (1 = pr)d(yr, 2*) — (1 — pr)d® (21, Y,
that is we also get (o); in this case. Rewriting (o), we get
(g, %) < P8 a) + p (P (2, 2%) = PYF %)) — oL — pi)d® (2, yie)-
Further, by definition of the quasi-inner product, we get
2(@7 x*yk> + d2<zk7 yk) = d2<zk7 37*) - d2<y/€7 :IZ'*)

so that, combining both, we obtain
(0)2 & (g, %) < (Y 27) + 200Gz i) + prd” (20, Y-
Lemma 2.3, applied to f(y, ) with y = z*, yields

()3 f(yr, 2) — max{f(ye, ), (g, 2} < %

A A, —2
<— -7+ >\7) d* (2, %) + — (Yrzh, 212"
Br Br

for all A € [0,1]. We distinguish two cases.
Case 1: f(yx, 2x) > f(yx,z*). From (o)3, we obtain

A —

Al A
Bk —(Yrzn, " 2) < 5 <— -+ )\’7> d? (2, %)

for any A € [0,1]. Then, proceed as in the next case from (o), but where n = 0, to obtain

Flase 2
o<%(i—7+m)cﬂ(zk, o

A/
S§(——7+M)d2(2k, ") + A

Using the pseudomonotonicity of f and since z* € S(K, f), we get f(zx,2*) < 0 and so obtain

¢ f(yks 2zk) < flyk, x¥). Using (A5), we obtain from (o); that

—

5 <ykzk> 22”) + f (e, %) — f (ks 21)
k

—

<ykzk, zt®) + f (2 ) + 0 (P 2k, ye) + & (20, 27)) -

A — A [ A 2
(0)4 Gz < S (S =y A+ 2L Pz ) + nd (20 )
Br 2 \ Bk A
for any A € (0,1]. But then, using (yrzz, 2*21) = (Yrzr, ©*yx) + d*(yYx, 21), We obtain
1 2
<ykzk7l’ yr) < (n—ﬂk — 1) d* (2, yi) + 5 <)\ — Bk + My B + n)\/@k> d? (2, ).

Using (0)y, we obtain

2
dQ(ZL‘]H_l,iL‘*) S dg(yk,l‘*)+< nﬁkpk _ka+pi) d2(zk,yk)

A
~ (0= A== 2 ).
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As (t) := exp,, (texp, ' yi) is a geodesic line, we have

d(zrs1, ) = d(y(1 = px), (1)) = prd(z, Yx),
which yields that d(z,yx) = pikd(xkﬂ, yr). Inserting this into the above, we get

2—pp— 2
d2(xk+1,x*) < d2(yk,l‘*) — TA d2($k+1;yk)
2
— Pk <(1 —N)VBk — A — n)\@k) d* (2, )
which is (+)s. O

From this, we almost immediately obtain the following lemma, which essentially is a nonlinear
variant of [31, Corollary 9] with its case distinction resolved.

Lemma 4.5 (extending [31, Corollary 9]). Let f : K x K — R be such that (A2), (A4) and
(A5) hold. Suppose that either among (C1)! or (C1)* hold. Suppose further that x* € S(K, f).
Then for every k € N:

2—pr—4
d*(zpy1,2%) < &P (yp, %) — (pk—nﬁk

o ) dZ(l’kH, yk)'

Proof. From Lemma 4.4 we know that at least one of (+); or (+), holds. Taking A = 3, the
result then follows with the fact that, as 8 > (1/(y—8n)) > 0 by either among (C1)" or (C1)%,

pr(VBe — 1) S pr(Br — 1 —8nBk) _ pe(Be(y —8n) — 1) >0

2 - 2 2

and that further

2— pr >2—Pk—45k77

Pk Pk
for all £ € N. O

This implies the following proposition, which we will use in our main theorem to argue that
we are in the setting of Lemmas 4.1 and 4.3.

Lemma 4.6 (extending [31, Proposition 10]). Let f : K x K — R be such that (A2), (A4) and
(A5) hold. Suppose that either among (C1)! or (C1)* hold. Suppose further that x* € S(K, f).
Set oy, := d*(xy, x*) for every k € N. Then for every k € N:

2 — pr — 4nBy
Pk
Proof. By definition, we have y;. := exp,, (—ax exp;k1 Zp—1). Using Lemma 2.2, we get
&y, 1) < d*(wg, ) + ag(d* (g, %) — (21, 2%)) + ag(1 4 o) d®(zg, T3 -1)
= o + a(or — @r1) + (1 + ag)d? (@, 1)
Combined with Lemma 4.5, this yields the result. 0

Pk+1 — Pk T ( ) dQ(l’kH, ur) < ook — pr—1) + (a,% + Oék)d2(flfk, Tg—1).

As an application of Lemma 4.1, we now show that {z} is quasi-Fejér monotone.

Lemma 4.7. Let f : K x K — R be such that (A2), (A4) and (A5). Suppose that (C2) and
either among (C1)! or (C1)* hold. Suppose further that x* € S(K, f). Then:

n—1
1 2
VkeN Vn >k <d2(:€n,x*) < 7 d*(wp, 2*) + Zaid2(xi,xil)> :
i—k

-« l—«
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Proof. Define ¢y, := d*(zy,z*) and & := (ai + ag)d?*(zg, vx_1) for all & € N. Observe that,
using Lemma 4.6, condition (%) in Lemma 4.1 holds with

2 —4AnBy —
Sk+1 1= <W) d* (111, Yr)
k

as
©2) 1 — Bp<e 1 — — p (C2)
2 —4AnBy — pk S 1 —4dnb —p = 1 —4ne—p =0,
Pk IL+p L+p
Hence, using that (a3 + o) < 2y, Lemma 4.1 yields the result. O

4.3. Convergence under condition (C1)". We now establish the convergence of the method
(RIPPA) under the condition (C1)!, that is under the assumption that there exists a © > 0
such that — < f;, <e —© for all k € N, where e < ;-. The first result we need in that vein

is the followmg lower bound on a key quantity featurmg in later arguments.

Lemma 4.8. Suppose that (C1)! and (C2) hold. Then, for any k € N:
16n?©

(=8 N

(2 — 408y — pr)pr >

Proof. Using (C1)! and (C2), we have
(2 = 4B — pr)pr = (1 = 4B — p)(1 — p) = (4ne — 4nBy)4ne
> (4ne — 4n(e — ©))4ne = 161 Oe.
As we have e > 1/(y — 8n), and as ,© > 0, this implies the result. O
Essential for our quantitative convergence theorem for (RIPPA) under (C1)! is an effective
estimate for the asymptotic behavior of d(z, yx), which will here take the form of an explicit
bound ¢ : (0,00) x N — N such that for any ¢ > 0 and any n € N, there exists a £ € N with

n <k <u(e,n) and d(z, yx) < . The following result derives an explicit instantiation of such
an ¢, by giving a quantitative analysis of [31, Theorem 11, (a)] in the context of (C1).

Lemma 4.9. Let f : K x K — R be such that (A2), (A4) and (A5) hold. Suppose that (C1)!
and (C2) hold. Suppose further that z* € S(K, f). Let S € (0,00) be such that

Z Oéde(l’k, xk—l) S S

Then
(b+28)(y —8n)
16720(1 — «v)e?

V5>0VnEN3k€N(n§k§[ —‘+n—|—1andd(zk,yk)<s),

where b > d?*(xg, *).
Proof. Define ¢y, := d*(zy, x*), 0 = (af + ag)d*(xy, Tx_1) and

2—-4 —
Sk+1 ‘= (W) d2<l'k+1,yk)~
k

Note that it follows from «y, € [0,1) that

Z(Sk = Z i + ap)d?(zp, 2q) < QZakdz(xk,xk,l) < 28.
k=0

k=0



16 L.M. DESPRES AND N. PISCHKE

Using Lemma 4.6, we get that Lemma 4.3 applies, so that for any € > 0 and n € N, we get

b+ 2S 2 —4AnBy —

dk e N (n <k< [—i_——‘ +n+1and (M) d2(:ck+1,yk) < 5) )

(1—a)e P

As in Lemma 4.4, we have prd(z, yx) = d(Tx+1,Yr), so that Lemma 4.8 implies that
16n°0 ) ) 2 =By —pr\
—— | (2, un) < | ———— ) & (Thr1, Ur)-
((’Y ) P o

Combined with the above, this yields the result. 0

Remark 4.10. If in the above proposition, we impose the stronger property that

Z d* (g, Tp—1) < 5’

k=0

for some S’ € (0, 00), the resulting bound becomes simpler and can be derived in a more direct
way (similar to the proof of [31, Corollary 20]). To outline the corresponding construction,
assume that (C2) and either among (C1)! or (C1)* hold. It is easy to see that for all n,m € N,

there exists k € Nwithn <k <m+n and
RS’
d(Tps1, 2x) + ogd(zg, 1) < e

Note that as 7(t) := exp,, (texp, ' z_1) is a geodesic line, we have

(
k
d(yr, zr) = d(v(—aw),v(0)) = apd(wk, Tp—1).
Using that prd(zk, yx) = d(zgs1, yx) as in Lemma 4.4, we then have

d(ze, y) < pi A, yi) < pyp (@1, o) + apd(2p, 1))

Using the fact that by (C2), and either among (C1)" or (C'1)%, we have that pj >
k € N, this implies that

4
ﬁ for all

! _ 2
Ve>0VneN erN(ngkg [%-‘+n+landd(2k,yk)<£).
n

A particular a priori assumption under which the above stronger property holds is condition

(C3) from [31], where it is assumed that there exists an @ = £/(2 + &) such that
0<oyy <o <a<ax<l

for all £ € N, where

1—4ne —p

=P

1+p
Concretely, following the same argument as given in the proof of [31, Theorem 18], it can be
shown that under condition (C3) it holds that

> 0.

1 Ho
d*( .
kz% ) S G e Ta <

In particular, the above condition on the inertia parameters is a type of a priori condition which
is sometimes easier to verify in practice than Y ;- ad? (2, x5—1) < +00, similar in spirit to
the a priori conditions on the inertia parameters already pioneered by Alvarez and Attouch [3]
(see also the seminal work of Bot, Csetnek and Hendrich [15] on splitting methods with inertia
terms as well as [65] for similar discussions in the context of Hadamard manifolds).
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In our main convergence theorem, we will also utilize the following lemma which later allows
us to transfer our effective convergence results for {x;}x to the sequences {y;}r and {z}.

Lemma 4.11. Let f : K x K — R be such that (A2), (A4) and (A5) hold. Suppose that (C1)!
and (C2) hold. Suppose further that x* € S(K, f). Let M : (0,00) — N be such that

Ve >0 Z apd® (g, 1p_1) < €
k=M(e)
Then
8’0 (1 — a)e’ (v —8n)
>k>M d - d * )
Ve>0Vn>k> ( o =) (Zny Yn) < 16,26(1 — o) (xg,z") +¢€

Proof. We define ¢y, 0r and s,,1 as in Lemma 4.7 and argue as therein to apply Lemma 4.1,
by which we get

Z Si S 1—0490]CjL 1—a26i
i=k+1 i=k

for any k € N. Hence, for € > 0 and k > M((1 — «)e?/2), we obtain

= (2 —4nB; — pi 1 i}

E (—Tlﬁ p ) (w1, y;) < ——d*(xp, 2%) + €.
) Pi 11—«

i=k+1

We can now argue similar as at the end of Lemma 4.9 to derive
1600 ) ) (2 —4np; — Pz‘) 2
— | d (2, y) < | ————— ) " (zit1, ¥i)-
((7 ) ey pi +18i)
This yields

—8n) (v —8n)
dQ s Un (’Y d2 *
Gostn) < Topa — oy @0+ Gg ¢
for any € > 0 and any n > k > M((1 — a)e/2). This yields the claim, using sub-additivity of
the root. U

We now show our first main quantitative convergence result for the sequences {xy }x, {yx}x
and {23 }x generated by (RIPPA), set in the context of the assumption (C'1)*.

Theorem 4.12. Let X be a Hadamard manifold and let K C X be metrically closed such that
the complete geodesic lines determined by any two points of K lie in K. Let f : K x K — R be
such that (A2), (A4) and (A5) hold. Fiza,p € [0,1) and xo,x_1 € K as well as { B}, C (0, 00),
{ag}r € [0,a] and {pr}r C [1—p, 1+ p] such that (C1)! and (C2) hold. Assume that (RIPPA)
is well-defined and let {xy}r, {yx}r and {zx}x be its generated sequences. Suppose further that

S(K f)#0. If

Z o d? (zg, 2p—1) < 400,

k=0
then the sequences {xy}r, {yrtr and {zx}r converge to the (unique) equilibrium point x* of f.
Further, we have the following rate of convergence: If M : (0,00) — N and S € (0,00) are such
that M 1is decreasing and

o0

Zakd2(xk,xk_1) < S as well as Ve >0 Z apd?(zp, 251) <€ |,
k=0 k=M (¢)
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then
Ve > 0 Wk > Gg + M(ES?) + 2) (d(zp, ), d(yp, ), d(z0, ) < &),
where
o d g ABY = 28)\ 256(b + 25) (37 — 167)°
€= {1’ 7O - a) } PO — a)2(37 — 23)
and
i [ 7O =) (1-a)
b= {1’ 10— } 32

as well as b > d*(xg, z*).

Proof. Tt is enough to show the quantitative result. Here, we first provide a rate for {xy}y.
Given € > 0, using Lemma 4.9, take k € N with

(15 cos 5] (052

32 32
such that ( )
vVii—a (37 —28n V11—«
d < : <
Geotn) < =51 3y —1ep)° ~ 32
where
_ 64°(b+25)(y — 8n)(3y — 161)*

167m20(1 — «)?(3y — 28n)?
Note in particular that k& < [C/e?] + M(FEe?) + 1. We now first establish the bound

-) Az, < 22

For that we proceed by a case distinction similar to Lemma 4.4. First, using 2z, € Proxg, f(y,.) (V)
and applying Lemma 2.3 to f(y, -) with y = z* yields (0)3 as in Lemma 4.4. Similar to Lemma
4.4, we consider two cases:

Case 1: f(yx, zr) > f(yx,x*). From (o)s3, we obtain

Al A e
0<% (_ -7+ XV) d*(zx, 2°)? + (G2t 22”)
> By

for all A € [0,1]. Using (CS) and the fact that g, > 7_1—877, the above implies

E.

A —

1 y 2 % *
5 ((1 _ ,\)7 i >\> d* (2, %) < d(zp, yr)d(2x, T°)

for all A € (0,1]. Either d(zx,z*) = 0, in which case (—) holds immediately, or d(z,z*) > 0,
where we then get

2 v —8n

for all A € (0,1]. This in particular holds for A = § and we thus have

\/1—oz \/1—04 374—47]
32 8 8(y -8y

1 ((1 =Y v A) d(zi, %) < d(z, yr)

3y +4n
ST g
8(v — 8n)
so that we get (—) in that case.
Case 2: f(yr, 2r) < f(yg,x*). As in Lemma 4.4, we obtain (0)4, and so

1 2054, —2

3 (=8 =3 = 2 ) e < BB ) + (2

( ) < d(zka yk
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for all A € (0,1]. Using (CS), we get

3 (=098 = 2= 22 By a) < Tt + ) ),

We now make two further case distinctions.

Case 2a: d(zp,2*) < d(z,yr). As we in particular have d(zy, yx)
immediately.

Case 2b: d(zg, x*) > d(zk, yx). This yields

% ((1 B — A — 2715’“) d(zp, %) < (1 + "—B’“) (2, Yr)-

for all A € (0,1]. We multiply both sides by

< Y%, (—) follows

3 J%m and rewrite the expression slightly to get

1 )\2>
— (=N =20) = 2 ) d(z ) < d(z,
s (A0 =120 = ) ) < e
for all A € (0, 1]. Setting)\zgand using 5 > 1/(y — 8n), we obtain

2 6y — 56n

(A(l—k)’y—?n)—ﬁ > (A1 =Ny —2n) = N(y—8p) = o >0

since 121 < 7. Then further, again as 8, > 1/(y — 8n), we get
1 2 1 6y — 56m 3y — 287
20+ ><(A(1_m‘2’7>‘6_>2 ("5™) = s 1t
B T k g(m N 77) v — 161

Together, the above implies

(3vy — 28n) 4 vi—a (3y—28p)
8(3vy — 16n) 8 8(3y — 16n)

so that we also get (—) in this case. As in Lemma 4.4, we have pyd(zx, yx) = d(Tx41, yx). Since
pr < 1+ p <2by (C2), using the triangle inequality we get

d(z11,27) < prd(zr, yr) + d(yx, 2) + d(zp, 27)
< 3d (2, yk) + d(zp, %)
With the bound on d(z, yx) and (—), we thus obtain

d(xpyr,2%) < 3\/1—a5+ 2\/1—045:3—72\/1—045.

(2, ) < d(zg, y) <

32
But now, as in particular &k > M ((1 — a)&?/32), Lemma 4.7 yields
1 € 7 1 15
* < - _ —
d(zy, ) < 1_&d(zk+1, )—|—4<325+45 3pE <€

for all n > k+ 1. This implies the rate for {z;}; to z*. We now turn to the rates for {z}, and
{yr}x- Using triangle inequality, we get

d(zn, %) < d(2n, Yn) + d(Tpi1,Yn) + d(@pe1, T7)
for all n € N. Using p,d(zn, yn) = d(zn11,yn) and p, < 2, we obtain
d(zn, ") < 3d(2n, Yn) + d(xpi1,x7).
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Using Lemma 4.11, we obtain

ez (i () 1) (o < Laptens + )

As M is decreasing, the above inequality holds for any n > j such that

. T 8 (y—8n) n?*0(1 — a)?e?
> l=|——7—————"— M 1.
JZ g [52 opeei—a| M\ me sy )"
For a j > jo + 1 as above, the above rate for {x)}; to * then in particular implies
. 5
d(zj,x") < —
164/ t5re0—)

Combined, the above yields d(z,,y,) < €/8 for all n > j, + 2. Finally, this implies
4 7

3
d(zn, ) < 3d(zp, Yn) + d(ps1, %) < 3¢ + €= 3¢

oz [T] 0 (020 )

Further, for an n as above, a simple application of the triangle inequality yields

for any n € N such that

1 7
d(yn,f*) < d(znayn) + d(zna {L'*) < g{—j + g{—: =¢.
This yields the rates for {z; }, and {yx }x after some slightly tedious but obvious simplifications.

O

Remark 4.13. Notice that the bound S € (0,00) on Y oo, agd?(xx, x—1) featuring in Theorem
4.12 above can in fact be computed from the rate M : (0,00) — N assumed for the same series.
Concretely, note that Z;O:M(n apd®(zg, vx—1) < 1 by the defining property of M, so that

o

Zade(xk,xk,l) < M(1) - max{apd®(zp, vp_1) | k < M(1)} + 1.

k=0
Further, while a rate of convergence M for the series Y p-  apd®(xg, 5—1) < 400 as in Theorem
4.12 above always exists, based on results from computability theory, it is generally not possible
to obtain a computable such M (see e.g. [43]). However, it is often possible to obtain a
computable so-called rate of metastability, that is a bound M’(e, g) such that

Ve >0Vg:N—= N IN < M'(g,g9) YVm,n € [N; N + g(N)] (Z apd®(zp, 21) < 5) :
k=m

Indeed, general logical metatheorems from the proof mining program [43] (recall also the refer-
ences in the introduction) guarantee that in an appropriate logical framework one can extract
an effective M’ from a corresponding proof of Y -, ad? (g, 2—1) < +o0. In fact, a construc-
tion thereof is already immediate from an upper bound Y 7o, axd?(xy, 25—1) < S, where it
follows from [43, Proposition 2.27] (see also [43, Remark 2.29]) that M’(e,g) := < ' D(0)
with g(n) := n+g(n) is a rate of metastability. In particular, such a rate can hence immediately
be given in the context of the parameter conditions from Remark 4.10.

While the previous arguments can be adapted to this computationally weaker assumption
of a rate of metastability for the series, it would then naturally restrict us to only be able
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to obtain rates of metastability instead of full rates of convergence in Theorem 4.12 above
(as well as Theorem 4.24 below), which is not the focus of this paper. While computable
rates of convergence for M are generally difficult to obtain, there are common online choices
for oy (already pioneered by Alvarez and Attouch [3]) where an explicit and effective rate M
for Y77, apd*(zg, Tx—1) < +oo can be directly given. Concretely, consider the online choice
discussed in [31, Remark 12]:

: 0"
Qp = 1IN {O&, m}

for some 6 € (0, 1), supposing (w.l.0.g.) that xy # x;_; for all £ € N. Then one has

00 00 n—1
1 0"
2 k _ _ k _
E O‘kd<$kzaxk—l)§2 9—1_0 E 9—1_9
k=n k=n k=0
so that M(e) := % + 1 is a corresponding rate of convergence.

Remark 4.14. In the context of assumption (C'1)!, the quantitative result contained in Theorem
4.12 is, to our knowledge, already novel in the Euclidean case. In terms of assumptions on the
bifunction, we find that compared to [31], (A3) can be dropped completely. Further, if (A1) is
added as an assumption (which, compared to [31], here crucially contains the lower semicon-
tinuity of the bifunction in its right argument in the absence of (A3)), then the assumptions
that S(K, f) # 0 and that (RIPPA) is well-defined can both be dropped from Theorem 4.12,
using [24, Theorem 3.9] and [24, Proposition 4.4], respectively.

Remark 4.15. As highlighted in the introduction, since we do not rely on the finite dimension-
ality of the manifold in any way, the result extends mutatis mutandis to suitable Hadamard
spaces which satisfy all the required metric properties outlined in Section 2.1. Concretely, the
results given here already hold over Hadamard spaces (X, d) which satisfy the following two
properties:

(1) For each pair of distinct points x,y € X, there is a unique metric line 7 : R — X which
passes through x and y.

(2) For any z,y,w € X and ¢ € [0, 1], for the unique point z on the metric line passing
through = and y such that d(z,z) = td(x,y) and d(z,y) = (1 + t)d(x,y), it holds that

d*(z,w) < (1 — )d*(x, w) + td*(y, w) — t(1 — t)d*(x, y).

Spaces closed under metric lines as in item (1) above are also key for the notion of hyperbolic
space studied by Reich and Shafrir [63]. Writing (1 + ¢)z © ty for the unique point z on the
metric line passing through = and y such that d(z,z) = td(z,y) and d(z,y) = (1 + t)d(x,y)
and (1 — t)z @ ty for the unique point z on the metric line passing through = and y such that
d(z,z) =td(z,y) and d(z,y) = (1 — t)d(x,y), we can see that

exp,(texp,ty) = (1 —t)z @ty and (1 +t)x Oty = exp,(—texp,'y)

for all z,y € X and ¢t € [0,1]. Lemma 2.2 thereby shows that Hadamard manifolds have the
property from item (2) above. Lemma 2.1 holds just as well for general Hadamard spaces if
we take z = (1 — t)x @ ty. Next to Hadamard manifolds, another class of spaces that satisfies
the above properties are Hilbert spaces. Now, with that notation the method (RIPPA) can be
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defined over such Hadamard spaces via

Ui = (1 + ap)mp © g,
2, € argming g {f(yk, r) + ﬁdQ(yk, x)} :

ey = prze ®© (1= pe)yr, if pp € [1 —p, 1],
1 . .
" pe2e © (pr — Dyr,  if pr € [1,1 4 p.

for similar parameter restrictions as before, and the above results extend suitably to this purely
metric variant, and hence in particular to Hilbert spaces (a detailed derivation tailored to that
context can be found in the master thesis of the first author [23]). In that case, the rates remain
exactly the same. Further, the convergence is then still strong, that is w.r.t. the norm and not
relative to any notion of weak convergence. Akin to [24, 56|, this is also here essentially due to
the fact that equilibrium problems for strongly quasiconvex and pseudomonotone bifunctions
have a unique solution.

Remark 4.16. The quantitative result contained in Theorem 4.12 above could also have been
obtained by an application of the general results for quasi-Fejér monotone sequences under
general metric regularity assumptions as developed by the second author in [55] (extending the
work of Kohlenbach, Lépez-Acedo and Nicolae [45]). We refer to the master thesis of the first
author [23] for further discussions in that vein.

4.4. Convergence under condition (C1)*. We now establish the convergence of the method
(RIPPA) under the condition (C'1)*, that is under the assumption that there exists a § > 0
such that ﬁ +0 < B, <eforall k€N, where e < ﬁ.

Similar to before, an essential ingredient for our quantitative convergence theorem for (RIPPA)
under this assumption is an effective estimate for the asymptotic behavior of d(zx, yx), again
taking the form of an explicit bound ¢ : (0, 00) X N — N such that for any € > 0 and any n € N,
there exists a k € N with n < k <u(e,n) and d(z, yx) < €.

To motivate how this is achieved under the assumption (C1)%, first recall how we have
proceeded in the analogous result for (C1)!, that is Lemma 4.9: Using (+), from Lemma 4.4
with A = 1, we suitably instantiated (*) from Lemma 4.1, after which we were able to infer the
existence of a point k > n (together with a respective bound) where

2 —4 —
(M) P (per. 1)
Pk

is suitably small. While (C1) and (C2) as in [31] allow for (2 — 495y — pr)/pr — 0 (setting
pr = 2 — 4ne for all k € N and considering 8, — e), the upper bound © > 0 such that
Br < e—0 for all k € N contained in (C1)" prohibits this behavior, so that in that context
(2 — 4Bk — pr) pr can be bounded uniformly away from zero so that it can be ensured that also
P d*(xpy1, ) = d2(z1, yx) is suitably small at this point. In that context, one can then even
generalize the lower bound on {5}y to S > 77_{877 for all k& € N.

Now, we can actually treat the non-strict upper bound S5 < ﬁ by using (+)z from Lemma

4.4 with X chosen adaptively as Ay with &k (or rather, the values of ;) instead of setting \ = %
Using an appropriate A\, we will be able to infer the existence of a point k > n (together with

a respective bound) where
(2 — Pk — %’;q

Pk

) d2($k+1, yk)
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is suitably small. But to now simultaneously ensure that we are able to uniformly bound
(2 — pr. — 2Bxn/Ak) pr. away from zero for our adaptive A, Bx — ﬁ must be excluded, leading

to the assumption (C'1)* which introduces a strict lower bound ¢ > 0 such that ﬁ + 6 < By

for all k € N. Once this is guaranteed, we are able to infer that also p; *d?*(zxy1, Yx) = d2(zk, Yx)
is suitably small, similar to before.
To now choose these A adaptively with 0y, We will rely on some technical machinery intro-

duced for a similar purpose in [24].! For z > 5 8 , set
YT v2a? — 8xn(l + yx)
0 N = LY ,
2(1+x) 2(1 4 vx)

where 7 and n are as in (A4) and (A5). Notice that N is well-defined on [ﬁ, o0), as for
x> 7— the value v22? — 8xn(1 + yx) is positive. The key properties of N which we require

are collected in the following lemma. All items apart from item (v) already appear with
corresponding proofs in [24], so that we only provide details for the last item here.

Lemma 4.17 (extending [24, Lemma 4.11]). Consider N as defined in (). Then, we have the
following:

) V(o) =1,

p 1 4 1

(ll) N(E) > 3(87]—127) > 37

(iif) NV : [=5;, 00) = [0, 1] is increasing,
(iv) x — % is decreasing for v € [——, L]
(v) For any 6 > 0:

y—=8n> 4nl’

1 1
N ( n 0) >
-8 ~9_ 20(y—8n)*
T 2 — Wrat-s) @8

Proof. We only prove (v), the proofs for the remaining items can be found in the proof of [24
Lemma 4.11]. Note first that a simple calculation yields

- 7= =8y
N(x) = + :
(@) 2 +2y 242y
Further, we have \/ v(y —8n) — S—Jfl > (v — 8n) for all = > ;- Together, this yields
1 8 2v—8
N( . +9)27+(7 277)_ 2(71%") U
Y —on W18174_94' Y m—i—?}/

2y =8n)(1+0(y—8n) 1+06(y—38n)

T _ _ o 296(yv—8n) -~
2(2y —8n) +290(y — 8n) 24 BFO

IThe strategy of choosing A\, adaptively with S used here was first used in [24] to extend the parameter
restrictions of the proxnnal point type method from [36] (and its nonlinear version studied in [24]) from the

open interval (1=g L) to the closed interval [ =]

8’4 —8n’ 4n
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For shorter notation, set ¢ := 6(y — 8n). We continue to observe that

2 2vt e _ 2 _ 2vt

1+t+(1+t)(27—8n)_ (2 14t (1+t)(27—8n))

- (2(1 +1)(2y — 8n) — 2(2y — 8n) — 2715)
(1+1)(2y —8n)

(227 —8n) — 29t
’ ((1+t)(2v—8n))

o 2ty —38n)
=2 (<1+t><2v—8n>)‘

Finally, combining the above, we obtain the result:

2

1 1+6(v—8n) 1 1
N < + 9) > = —
-8 - 270(y—8n) 2 270(y—8n) _ 20(y—8n)?
i K 2+ 2y—8n (1+6(v—8n)) T (1+0(v—8n))(2v—8n) 2 (1+6(v—8n))(2v—8n)

O

The function N can now be used to introduce our adaptive parameter choices Ay and the
following lemma provides both the definition and essential property related to this. A variant
of this result, featuring a slightly refined A, already appears in [24, Lemma 4.12], and while
the proof is essentially the same, we provide the details here for self-containedness.

Lemma 4.18. Suppose that 12n <~ holds. For any k € N, let 5y € [ﬁ, ﬁ] and consider
M _ A= A +v6k)
o= 2k gy = .

for A\, := N(B), where N is defined as in (1). Then for any k € N: ¢;, — dy = 0.

Proof. We have

—dy = .
ck — di, 25, T+
To see that ¢, — di, = 0, notice that
7Bk 201
cr—dp =0 A2 — ) + =0
e A8 (LB
By definition of N, the right hand side now holds by the quadratic formula. U

Having introduced our adaptive convex combination parameters A\, we also here rely on a
specific lower bound on a key quantity featuring in later arguments, similar to Lemma 4.8.

Lemma 4.19. Suppose that (C1)* and (C2) hold. Then, for all k € N:
Br ) 16126
2= pk— 2N Pe 2 > 0.
( N(Br) (1+6(y —8n))(2y — 8n)
Proof. Using the fact that N is increasing by Lemma 4.17, (iii) yields

204, (@2) 204, (cn” 2en
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Now using Lemma 4.17, (v), and since e > 1/(y — 8n) by (C1)", we obtain

20 20(y — 8n)?
<2 T Wn> oL = <4776 e (2 (14007 —8n))(2y — 8n))> e
0(v — 8n)?
(1+6(y —8n))(2y — 8n)
- 16m2%0
(1 4+0(y —8n)(2y — 8n)
Notice that the last term is greater than 0 by (C1)*. O

= 16n%e?

We now provide the following counterpart to Lemma 4.5.

Lemma 4.20. Let f : K X K — R be such that (A2), (A4) and (A5) hold. Suppose that either
among (C1)! or (C1)* hold. Suppose further that x* € S(K, f). Then, for every k € N:

2Bkn

2—px —
d2<$k+1’$*) < d2(yk,$*) - ( P N(IBk)) d2($k+17yk>‘
k

where N is defined as in (7).

Proof. From Lemma 4.4 we know that for all £ € N that at least one of (+); or (+)2 holds,
that is (using Lemma 4.17, (iii)), that either

Plapan,a") < Py a) — (2 - p‘“) E(wnr 50) — pe (L= N (515 — N(5) ()

Pk
or
9 _ p, — 2Bn
P (zpi1,2%) < P (yp, 2*) — ( Pkpk N(’Bk)> d*(Tpy1, yr)
— Pk ((1 — N(Bi))vBe — N (Br) — J\2f7(7§:)> d? (2, o).

We begin by arguing that, in both of the above inequalities, we can discard the last term. As
pr > 0, we do this by showing that

2
(0= N = N(3) 2 (1= N6~ N () - 515 2 0
The first inequality is obvious. The second is (by multiplying with A;f:)) equivalent to showing

20 26

(Nm(l — NB)A+78)  N(B) n) > 0.

But now
(N<5k)(1 — N(B)(L+v8s)  N(Br) ) 4
- — 1| =ak — C,
20k 20k,
where ¢ and dj are as in Lemma 4.18, which implies that dy — ¢, = 0 holds. The inequality
now follows from the fact that
92 _ 2Bkn _
PR NG | o 2Pk 0
Pk Pk

In the same way as Lemma 4.6, we also obtain the following result:
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Lemma 4.21 (extending [31, Proposition 10]). Let f : K x K — R be such that (A2), (A4) and
(A5) hold. Suppose that either among (C1)! or (C1)* hold. Suppose further that x* € S(K, f).
Set oy, := d*(zy, x*) for every k € N. Then, for every k € N:

28
2= Pk~ N

Pk

Orr1 — Pk — Pk — Pr—1) + ( ) (i1, yk) < (0 + ap)d? (@, Tp—1)

where N is defined as in (1 ).
We continue with the analogue of Lemma 4.9.

Lemma 4.22. Let f: K x K — R be such that (A2), (A4) and (A5) hold. Suppose that (C1)"
and (C2) hold. Suppose further that x* € S(K, f). Let S € (0,00) be such that

Z Ckde(ﬂfk, ka_l) S S.
k=0

Then

b+ 2S)((140(y — 8n))(2y — 8n)
16m2(1 — «)fe?

V5>OVnGN3k€N<n§k§[( —‘+n+1andd(2k,yk)<£>,

where b > d?(xg, x*).
Proof. Proceeding as in the proof of Lemma 4.9, define @), := d?(zy,z*) and & = (a? +
ay)d?(xy, 1) for all k > 0. We have

2Bkn

2—pr—
Sp41 1= ( ka)) d*(xp+1,y) > 0

Pk

by Lemma 4.19 and )"~ ;0 < 2S. Using Lemma 4.21, we get that Lemma 4.3 applies so that
for e > 0 and n € N as before, we have

b 9 2_p _ 281
Jk €N n§k§’7+—s—‘+n+land PG d2($k+layk)<€ .
(1—a) Pk

Using that prd(zk, yx) = d(zks1, yx), this implies that

2
(2 — Pk — %) pkd2<zk7yk) < E.

With Lemma 4.19, we obtain that
16020
(1+6(y —8n))(2y — 8n)
for such a k. Put together, this yields the claim. 0

dQ(Zk,yk) <e

Towards showing a quantitative convergence result not only for {zy }, but also for {y;}, and
{2k }r, we establish an analogous result to Lemma 4.11.

Lemma 4.23. Let f : K x K — R be such that (A2), (A4) and (A5) hold. Suppose that (C'1)"
and (C2) hold. Suppose further that z* € S(K, f). Let M : (0,00) — N be such that

[e.9]

Ve >0 Z apd®(zp, T4_y) < €
k=M (e)
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Then:

8n%0(1 — «)e? )
Ve>0VkeNvn>k>M
- ((1 + 0(y — 8n))(2y — 8n)

(1+6(y—8n))(2y — 8n) )
(d(zn,yn) < \/ 1672001 — o) d(xy, x )—i—a) :

Proof. We argue as in Lemma 4.11 to obtain that

Z — A d*(zig1, yi) < ——d*(ap, 2%) + .
i=k+1 Pi l1-a

for any € > 0 and any k£ > M((1 — «)e/2). Proceeding as in the proof of Lemma 4.11, using
ped(zk, yx) = d(xk11, yx) and Lemma 4.19, yields the result. O

The following is now our second main quantitative convergence result for the sequences {zy, },
{yr}r and {zx}, generated by (RIPPA), set in the context of the assumption (C1)".

Theorem 4.24. Let X be a Hadamard manifold and let K C X be metrically closed such that
the complete geodesic lines determined by any two points of K lie in K. Let f : K x K — R be
such that (A2), (A4) and (A5) hold. Fiza,p € [0,1) and xg,x_1 € K as well as {Bx}r C (0, 00),
{ar}tr € [0,a] and {px}r C [1—p, 1+ p] such that (C1)* and (C2) hold. Assume that (RIPPA)
is well-defined and let {xg i, {yr}r and {zx}r be its generated sequences. Suppose further that
S(K,f)#0. If

Z apd? (zg, 2p—1) < 400,

k=0
then the sequences {xg}x, {yr}r and {zx}r converge to the (unique) equilibrium point x* of f.
Further, we have the following rate of convergence: If M : (0,00) — N and S € (0,00) are such
that M 1is decreasing and

Zade(xk,xk_l) < S as well as Ve >0 Z apd?(zp, 251) <€ |,
k=0 k=M(e)
then
O/
Ve >0 Vk > ([g—‘ + M(E'e?*) + 2> (d(zg, ), d(yg, ©*), d(zp, %) <€),
where ) ,
2v — 4(b+ 25)(2v — —1
O = max 41, Z7 80" 640+ 28)(2y — 8n)(3y — 16n)
n*0(1 — a) n*0(1 — a)?(3y — 28n)
and

S n*0(1 — a) (1—a)
E':= min {1’ 32(2y — 877)2} T3

with b > d*(xg, z¥).
Proof. The proof proceeds in exactly the same way as the proof of Theorem 4.12, with the
only difference that we refer to Lemma 4.22 instead of Lemma 4.9 and Lemma 4.23 instead of
Lemma 4.11. We in that way only provide a sketch. Write
. 6420+ 28)((1+0(y — 81))(2y — 8n)(3y — 16m)°

' 16m2(1 — a)?(3y — 28n)2%60 '
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Given € > 0, using Lemma 4.22, take
T/
M((1—a)e?/32) <k < L—J + M((1—a)e?/32) +1

such that

d(z )<\/1—oz 37—28n€<\/1—048
ko Yk 64 (3y— 167) 32

Proceeding similarly as in the proof of Theorem 4.12, one obtains

Vn > ﬁ%w +M((1— a)e2/32) + 2 (d(zn, o) < %) .

Again, as M : (0,00) — N is decreasing, Lemma 4.23 combined with the above yields

(1+60(y—8n))(2y —8n) o, €
d(znayn) < \/ 16772(9(1—04) d(xj,a: )—|—1—6

for any n > j with
T'82(1+60(y—8n))(2y —8 20(1 — a)%e?
iz (L+00y =8n))2y=8n) | n°0(1 — a)’e oy
g2 167%20(1 — «) 128(1 + 60(y — 8n))(2y — 8n)
For such an n, similar to before, we get

2

1+0(v—8n))(27—8n)
w (bt

d(x,, x"

Combining the above yields d(z,,y,) < g for such an n. One now obtains the result in the
same way as in the proof of Theorem 4.12, using various (tedious, but trivial) simplifications
along the way. O

Remarks 4.13 — 4.16 also apply in this context of (C'1)*, that is to Theorem 4.24.
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