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Abstract. We study two proximal point type methods for finding equilibrium points of pseu-
domonotone and strongly quasiconvex bifunctions. Extending results by A. Iusem and F. Lara,
we prove the strong convergence of these methods over general complete geodesic metric spaces
of nonpositive curvature, so-called Hadamard spaces. Our arguments are quite elementary and
in particular effective, yielding sublinear non-asymptotic guarantees for the distance of the iter-
ates towards the solution. These quantitative results are novel even in the context of Euclidean
spaces, the original setting of the work by Iusem and Lara, and the simplicity of our arguments
allows us to either weaken or even fully discharge various assumptions featuring in this previous
work. We also provide an existence result for solutions of equilibrium problems generated by
suitably semicontinuous, pseudomonotone and strongly quasiconvex bifunctions over general
Hadamard spaces, and derive from this that every lower-semicontinuous strongly quasiconvex
function over a Hadamard space has a minimizer, answering a question of the second author.
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1. Introduction

1.1. Background and motivation. Equilibrium problems, that is problems of the form

find x∗ ∈ K such that f(x∗, y) ≥ 0 for all y ∈ K,

where f : K×K → R is a suitable bifunction (e.g. satisfying appropriate continuity, convexity,
and monotonicity conditions) and K ⊆ X is a constraint set (commonly chosen closed and
convex) over some space X, play a fundamental role in modern applied mathematics. Going
back to the work of Fan [24], convex and more recently also in particular nonconvex equilibrium
problems have been studied deeply. We refer e.g. to [11, 35, 40, 59, 65], and respectively to
[20, 26, 36], among many others.

In the present paper, we study different approximation methods for such equilibrium prob-
lems. These methods, in one way or the other, are derived from the seminal proximal point
algorithm originating in the work of Martinet [60], Rockafellar [75] as well as Brezis and Lions
[13], originally devised to solve convex minimization problems (and, in a generalized formula-
tion, inclusion problems of maximally monotone operators). Concretely, over a Hilbert space
(X, ⟨·, ·⟩) with norm ∥·∥, and given a lower-semicontinuous convex function h : K → R over a
closed and convex set K ⊆ X, the proximal point algorithm iteratively compute points {xk}k
via

xk+1 := Proxβkh(xk)
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for a given starting point x0 ∈ K, a sequence {βk}k ⊆ (0,∞) of parameters satisfying suitable
conditions, and where Proxβh is the proximal map of h, defined by

Proxβh(x) := argmin
y∈K

{
h(y) +

1

2β
∥y − x∥2

}
.

As h(·)+ 1
2β
∥·−x∥2 is strongly convex whenever h is convex, this so-called proximal subproblem

has a unique solution so that Proxβh(x) is a well-defined function. The sequence {xk}k generated
by this algorithm converges weakly to a minimizer for h if there exists one (see e.g. [4] for a
modern canonical reference). If the convexity condition on h is strengthened to strong convexity,
one even obtains strong convergence to the unique minimizer of h.

Proximal point type algorithms for equilibrium problems have been considered for convex
bifunctions at least since the well-known work of Moudafi [61] and Moudafi and Théra [63], and
have subsequently been extended in various ways (we refer in particular to [16, 42, 45, 52, 62],
just to name a few).

At the core of it, the perhaps most prominent proximal point type algorithm for equilibrium
problems (already going back to [61, 63]) produces an approximating sequence {xk}k by using
the current iterate xk to define a regularization of the bifunction as a whole via

fk(x, y) := f(x, y) +
1

βk

⟨x− xk, y − x⟩,

and then solving the equilibrium problem associated with fk to generate xk+1. The set-valued
map

Jf
β (x) :=

{
z ∈ K | f(z, y) + 1

β
⟨z − x, y − z⟩ ≥ 0 for all y ∈ K

}
,

associating with every point x and parameter β the set of solutions of this corresponding
regularized equilibrium problem, is also called the resolvent of the bifunction f (see e.g. [11, 19,
63]) and is single-valued whenever f is monotone as well as convex and lower-semicontinuous
in its right argument (cf. [19, Lemma 2.12]), so that, using this notion, the regularized selection

method sketched above reduces to the more familiar pattern xk+1 := Jf
βk
(xk) of the proximal

point algorithm discussed above.
A second type of proximal point algorithm applies a regularization akin to the proximal

subproblem only to the second (convex) argument of the bifunction, with the first argument
fixed to the current iterate xk, and so defines

xk+1 := argmin
y∈K

{
f(xk, y) +

1

2βk

∥y − xk∥2
}

= Proxβkf(xk,·)(xk).

In fact, to our knowledge, this second type of proximal point method for equilibrium problems
was only recently introduced in the work of Iusem and Lara [37] (see also [34, 39] and the very
recent work [12]), to solve equilibrium problems with relaxed convexity assumptions, which will
also be the main concern of this paper.

Concretely, the work [37] studies the two methods above for bifunctions which exchange the
convexity requirement for the right argument of f with strong quasiconvexity. The class of
quasiconvex functions, that is functions h : K → R which satisfy

h((1− λ)x+ λy) ≤ max{h(x), h(y)}
for all x, y ∈ K and λ ∈ [0, 1], widely relaxes convexity and covers many practically interesting
functions that fail to be convex. However, as highlighted and discussed in detail in e.g. [54],
this class simultaneously suffers from a range of problems in regards to iterative procedures,
in particular the proximal point algorithm. Starting with the work of Lara [54], considerable
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focus has recently been placed on the class of strongly quasiconvex functions, that is functions
h : K → R which satisfy

h((1− λ)x+ λy) ≤ max{h(x), h(y)} − λ(1− λ)
γ

2
∥x− y∥2

for all x, y ∈ K and λ ∈ [0, 1], for a given modulus γ > 0. This class already goes back to
the work of Polyak [69] and has various benefits over the class of quasiconvex functions. In
particular, minimizers of such functions are unique if they exist and, partly as a consequence,
many iterative procedures known from convex settings are still reasonably well-behaved. Indeed,
in [54], Lara studies the proximal point method for strongly quasiconvex functions and, while
the proximal map in this context is generally only set-valued (cf. [54, Remark 6]) so that the
iterative step then takes the form of a selection xk+1 ∈ Proxβkh(xk), he proves a convergence
theorem over Euclidean space Rd (cf. [54, Theorem 10]). It is then for (pseudomonotone and
suitably Lipschitz) bifunctions which are only strongly quasiconvex in their second argument
that Iusem and Lara in [37] establish the convergence of the two proximal point type methods
discussed above over Euclidean space Rd (cf. [37, Theorem 3.1] and [37, Corollary 3.2]), building
on the previous work of Lara [54].

All the while, the class is not too restrictive, containing various nonconvex functions of
practical interest such as the Euclidean norm (cf. [44, Theorem 2]) which is not strongly convex
on any bounded convex set, the square root of the Euclidean norm which is strongly quasiconvex
on each ball (cf. [54, Theorem 17]) without being differentiable, or even functions such as

max{
√
∥·∥, ∥·∥2 − k} for k ∈ N which are strongly quasiconvex without even being convex (cf.

[54, Remark 18]). We refer to [54] and the more recent survey [30] for further discussions on the
relationships between strongly quasiconvex functions and various other classes of (non)convex
functions.

1.2. The contributions of the present paper and related work. In the present paper,
we study the two proximal point type methods sketched above for strongly quasiconvex pseu-
domonotone equilibrium problems over Hadamard spaces, that is complete geodesic metric
spaces of nonpositive curvature. Also known as (complete) CAT(0)-spaces, this general class
of nonlinear spaces contains and unifies spaces such as (infinite-dimensional) Hilbert spaces,
R-trees and Hadamard manifolds, that is complete simply connected Riemannian manifolds of
nonpositive sectional curvature, among many more.

While the fundamental concepts of Hadamard spaces can already be dated back to a paper by
Wald [76], the notion reached maturity through the work of Alexandrov [1, 2] (after which such
spaces are also called spaces of nonpositive curvature in the sense of Alexandrov). The moniker
CAT(0) derives from the influential work of Gromov [31]. We refer to [6, 7, 14] for further
historical remarks, and in general refer to [14] for an authoritative treatment of these spaces at
large. Next to their traditional role in geometry, Hadamard spaces are a suitable framework for
extending many concepts from convex analysis and optimization on linear spaces to nonlinear
contexts, as is the topic of this paper, and we refer to [6, 7] for discussions in that direction. We
provide a technical overview of the key aspects of Hadamard spaces as relevant to the present
paper in Section 2 below.

The proximal point method for convex minimization was previously investigated on various
subclasses of these spaces by a range of authors, such as Ferreira and Oliveira [25] on Hadamard
manifolds (see also [57, 72]), which culminated in the seminal work of Bačák [5] who proved
the weak convergence of the proximal point method in general Hadamard spaces. Extensions
of such results to equilibrium problems have also been studied by various authors, such as
Colao, López, Marino and Mart́ın-Márquez [18] set in Hadamard manifolds or Khatibzadeh
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and Mohebbi [46] as well as Iusem and Mohebbi [39] over Hadamard spaces. Yet another
approach over Hadamard manifolds, utilizing Busemann functions, was provided recently by
Bento, Cruz Neto, Melo, et al. [8, 9]. In particular, these works outline three distinct approaches
for extending the regularization of the full bifunction to nonlinear spaces, all of which we will
study in this paper. In fact, to our knowledge, in two of these cases (modeled after the works [18]
and [8, 9], respectively), the corresponding regularization is considered in general Hadamard
spaces for the first time.

Moving to the setting of quasiconvex functions in such nonlinear contexts, there is similarly
a wide array of literature, in particular on proximal point methods. These are however, to our
knowledge, largely limited to the setting of minimization problems over Hadamard manifolds,
and we refer in particular to the work of Papa Quiroz and his co-authors [70, 71, 72, 73, 74].
Work on strongly quasiconvex functions in these contexts is however very limited so far and,
to our knowledge, only comprises the recent work [67] of the second author where he extends
Lara’s convergence results from [54] to the setting of Hadamard spaces.

In the present paper, we now follow the approach of [67] and, for appropriate metric vari-
ants of the methods from [37], establish their convergence over Hadamard spaces. Already
for infinite-dimensional Hilbert spaces, these results seem to be new to the literature. The
convergence proofs we provide are, similar to [67], rather different from those given in [37] and
in particular quite elementary, for example being void of any (weak) compactness arguments.
This elementarity of the convergence proofs given here is not only key for overcoming the ob-
stacles of extending the results from [37] to general Hadamard spaces, but in particular allows
us to simultaneously provide quantitative variants of these convergence results. Concretely, in
the setting of a Hadamard space (X, d), we provide explicit non-asymptotic guarantees for the
distance of the iterates {xk}k generated by any of the considered methods towards the (in the
context of a strongly quasiconvex and pseudomonotone bifunction necessarily unique) solution
x∗ of the corresponding equilibrium problem. These take the concrete form of

d(xk, x
∗) <

C√
k − 2

for all k > 2

for a specific (explicitly calculated) constant C which only depends on moduli γ and η featuring
in the strong quasiconvexity and a respective Lipschitz property of the bifunction (similar
to [37]) and an upper bound b2 ≥ d2(x0, x

∗) on the initial displacement. Our quantitative
estimates are otherwise completely independent of the space, iteration or bifunction generating
the equilibrium problem. To our knowledge, these rates are novel even over Euclidean spaces,
the original setting of the work of Iusem and Lara [37]. These quantitative results can be found
in Theorems 4.14, 4.18 and 5.10 below.

In particular, our convergence results are thereby “strong”, i.e. we establish the convergence
of the methods relative to the metric and not relative to any notion of weak convergence.
This is essentially due to the fact that equilibrium problems for strongly quasiconvex and
pseudomonotone bifunctions have a unique solution, and in particular sets such results apart
from the “usual” proximal point method for (bi)convex functions which, as shown by Güler
[32], generally only converges weakly already in Hilbert spaces.

In the course of our convergence proofs, we in particular further show how some semicon-
tinuity assumptions on the bifunction featuring in [37] can be avoided either conditionally or
even unconditionally, generalizing the respective range of bifunctions and clarifying the contri-
butions of these continuity assumptions to the convergence of the methods (see Remarks 4.15
and 5.11 later on).
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Further, in the context of the second type of method which regularizes the bifunction only
in its second argument, we are able to weaken the previous parameter restriction {βk}k ⊆
( 1
γ−8η

, 1
4η
) featuring in [37] to {βk}k ⊆ [ 1

γ−8η
, 1
4η
]. While perhaps only a marginal improvement

at first sight, this extension of the parameter range is actually crucial for establishing our
quantitative results for that method, as discussed in more detail later (see the discussion in
Section 4.2 later on). In particular, this extension requires various additional technicalities
compared to the proof of the original result given in [37].

Also, in the context of the first type of method which regularizes the full bifunction, we
highlight some issues in the well-definedness argument of that method provided in [37] which
leave it open whether this method is generally well-defined for strongly quasiconvex bifunctions
already over Euclidean spaces (see Remark 5.2 later on).

As a last contribution, we provide a theorem on the existence of solutions for the equilibrium
problem of suitably semicontinuous, pseudomonotone and strongly quasiconvex bifunctions over
Hadamard spaces (see Theorem 3.9 later on), lifting the corresponding result obtained by Iusem
and Lara (cf. [37, Proposition 3.1]) from the linear setting to this class of nonlinear spaces. Our
argument here in particular relies on combining ideas from [37, 54] with the work of Khatibzadeh
and Mohebbi [46], where the existence of equilibrium points over Hadamard spaces is studied
for certain (in particular convex) bifunctions. As a consequence, we in particular establish
that every lower-semicontinuous strongly quasiconvex function on a Hadamard space has a
minimizer (see Corollary 3.10 later on), which answers a question left open in the previous
work [67] of the second author and lifts a corresponding result of Lara (cf. [54, Corollary 3]) to
this nonlinear setting.

1.3. Proof mining. All of the present quantitative results have been derived using methods
from proof mining, a program in mathematical logic that applies results from proof theory to
areas of core mathematics to classify and extract the computational content of prima facie “non-
computational” proofs therein. We refer to the seminal monograph [49] for a comprehensive
overview of this area and to the survey [50] for an overview of various applications to nonlinear
analysis in particular. A detailed discussion on the concrete use of logical methods in the
context of the present paper can be found in the master thesis of the first author [21]. The
present paper however is (apart from a few short remarks labeled “for logicians”) presented
without any explicit reference to logic and does not require any such background.

1.4. Future work. The results of Lara [54] as well as Iusem and Lara [37] have since been
extended in various directions by Lara and his co-authors (see e.g. [3, 28, 29, 33, 38, 55, 56],
among others), and so there is a natural range of potential future works stemming from the
present paper.

In particular, we want to highlight the extensions of the proximal point algorithm which
incorporate inertia terms and over-relaxations, as developed by Grad, Lara and Marcavillaca
in [28] for strongly quasiconvex minimization problems and in [29] (see again also [34]) for
associated equilibrium problems. A forthcoming paper by the authors (based, similarly to the
present paper, on the master thesis of the first author [21]) will provide analogous (quantitative)
results also for these methods, which in particular crucially rely on the approach and methods
developed in the present paper.

Further, more speculative future work which we want to highlight includes extensions of
the methods studied in the present paper to incorporate Bregman distances over Hadamard
manifolds, which could be approached by combining the method of the present work with that
of preceding work on Bregman distances and associated proximal point methods in the context
of convex bifunctions [16] and strongly quasiconvex (bi)functions [3, 55] and with work on
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Bregman distances over such manifolds [72] (or potentially even work of the second author [68]
on Bregman distances in Hadamard spaces).

2. Preliminaries

2.1. Hadamard spaces. Let (X, d) be a metric space. A geodesic in X is defined to be an
isometry γ : [0, l] → X, and we say that γ joins γ(0) and γ(l). A geodesic space X is called
(uniquely) geodesic if every two points are joined by a (unique) geodesic. A geodesic ray is an
isometry r : [0,∞) → X, and we say that r issues from r(0). X is said to have the geodesic
extension property if for all x ̸= y ∈ X, there is a ray r : [0,∞) → X issuing from x such that
r(t) = y for some t > 0. A geodesic metric space (X, d) is called a CAT(0)-space if it satisfies

(CN+) d2(γ(λl), x) ≤ (1− λ)d2(γ(0), x) + λd2(γ(l), x)− λ(1− λ)d2(γ(0), γ(l))

for all x ∈ X, all λ ∈ [0, 1] and all geodesics γ : [0, l] → X, an extension of the so-called
Bruhat-Tits CN-inequality [15] to geodesics. Any CAT(0)-space is uniquely geodesic and a
complete CAT(0)-space is called a Hadamard space. Over a Hadamard space (X, d), we write
(1 − λ)x ⊕ λy for the point γ(λd(x, y)) on the unique geodesic γ : [0, d(x, y)] → X joining x
and y. We call a subset K ⊆ X convex, if with x, y ∈ K and λ ∈ [0, 1] also (1− λ)x⊕ λy ∈ K.
We denote the convex hull of a set A ⊆ X by conv(A).

In this paper, we also rely on an equivalent characterization of Hadamard spaces through a
metric version of the Cauchy-Schwarz inequality for the so-called quasi-inner product due to
Berg and Nikolaev [10], that is the function

⟨ # »xy, # »uv⟩ := 1

2

(
d2(x, v) + d2(y, u)− d2(x, u)− d2(y, v)

)
.

As shown in [10, Proposition 14], this function is the unique map ⟨·, ·⟩ : X2 × X2 → R satis-
fying the following conditions for any x, v, u, v ∈ X: ⟨ # »xy, # »xy⟩ = d2(x, y); ⟨ # »xy, # »uv⟩ = ⟨ # »uv, # »xy⟩;
⟨ # »xy, # »uv⟩ = −⟨ # »yx, # »uv⟩; ⟨ # »xy, # »uv⟩+ ⟨ # »xy, #  »vw⟩ = ⟨ # »xy, #  »uw⟩. Now, as established in [10, Corollary 3],
a geodesic metric space (X, d) is a CAT(0)-space if, and only if,

(CS) ⟨ # »xy, # »uv⟩ ≤ d(x, y)d(u, v)

for all x, y, u, v ∈ X.

2.2. (Quasi)convexity over Hadamard spaces. Let (X, d) be a Hadamard space. A func-
tion h : X → R is called convex if

h((1− λ)x⊕ λy) ≤ (1− λ)h(x) + λh(y)

for all x, y ∈ X and λ ∈ [0, 1]. A particular example of a convex function that we will need
later is the Busemann function br : X → R associated with a geodesic ray r, defined by

br(x) := lim
t→∞

(d(x, r(t))− t).

In particular, br is convex and nonexpansive, i.e. 1-Lipschitz (cf. [6, Example 2.2.10]).
As motivated in the introduction, we will here be focused on the weaker notion of quasi-

convexity, and its respective strengthening of strong quasiconvexity. In that vein, a function
h : X → R is called

(i) quasiconvex if

h((1− λ)x⊕ λy) ≤ max{h(x), h(y)}
for all x, y ∈ X and λ ∈ [0, 1],
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(ii) strongly quasiconvex with modulus γ > 0 if

h((1− λ)x⊕ λy) ≤ max{h(x), h(y)} − λ(1− λ)
γ

2
d2(x, y)

for all x, y ∈ X and λ ∈ [0, 1].

Next to notions of quasiconvexity, we will also need the following notions of semicontinuity:
A function h : X → R is called lower semicontinuous (lsc) at x ∈ X if

h(x) ≤ lim inf
k→∞

h(xk)

for any sequence {xk}k ⊆ X with xk → x. If instead it holds that

h(x) ≥ lim sup
k→∞

h(xk)

for any sequence {xk}k ⊆ X with xk → x, h is called upper semicontinuous (usc) at x ∈ X.

2.3. Tangent cones. We will later utilize the so-called tangent cones of a CAT(0)-space as
developed in the work of Nikolaev [64] (see also [14] for further exposition). Fix a CAT(0)-space
(X, d). For two nonconstant geodesics γ, η issuing from a point x ∈ X, their Alexandrov angle
∠x(γ, η) is defined by

∠x(γ, η) := lim
s,t→0+

∠x(γ(s), η(t)),

where ∠x(y, z) is the comparison angle defined through the comparison triangle ∆(x, y, z) of the
geodesic triangle ∆(x, y, z) ⊆ X (see [14]). Using the fact that ∠x defines a pseudometric on the
set of all nonconstant geodesics issuing from x, we define Σ′

xX to be the set of all equivalence
classes of such geodesics under the equivalence relation defined by ∠x(γ, η) = 0. The completion
(ΣxX,∠x) of the space (Σ

′
xX,∠x) is called the metric space of directions from x and the tangent

cone TxX of X at x is then the Euclidean cone over ΣxX, that is TxX := (ΣxX × [0,∞))/ ∼
where (γ, t) ∼ (η, s) if, and only if, t = s = 0 or t = s > 0 and γ = η. For brevity, we write tγ
for the equivalence class [(γ, t)]∼ and given u = tγ and λ ≥ 0, we write λu := (λt)γ. On TxX,
we define a metric

dx(tγ, sη) :=
√
t2 + s2 − 2ts cos∠x(γ, η).

By the results of Nikolaev [64], it follows that (TxX, dx) is a Hadamard space. We further write
0x := 0γ as well as ∥tγ∥x := dx(0x, tγ) = t and define

gx(tγ, sη) :=
1

2

(
∥tγ∥2x + ∥sη∥2x − d2x(tγ, sη)

)
= ts cos∠x(γ, η).

It can be easily seen that gx(tγ, sη) =
〈

#      »
0xtγ,

#      »
0xsη

〉
x
, where ⟨ #»· , #»· ⟩x is the quasi-inner product

on TxX, and so gx(tγ, sη) ≤ ∥tγ∥x∥sη∥x by (CS) on TxX. Further, one has gx(tγ, tγ) = ∥tγ∥2x,
gx(tγ, sη) = gx(sη, tγ) and gx(tγ, sη) = tgx(γ, sη).

Similar as e.g. Ohta [66] we define the inverse exponential map in a general Hadamard space
to be the function logx : X → TxX given by logx a := d(x, a)γx,a for a ̸= x, where γx,a is the
(unique) geodesic connecting x to a, as well as logx x := 0x. The central property of the inverse
exponential map logx in relation to the pseudo-inner product gx that we need is the following:

Lemma 2.1 (essentially [17, Proposition 2.16]). For any x, a, b ∈ X:

gx(t logx a, s logx b) ≥
ts

2
(d2(x, a) + d2(x, b)− d2(a, b)).
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2.4. Weak convergence in Hadamard spaces. We now introduce the notion and basic
properties of weak convergence in Hadamard spaces. First introduced by Jost [43], in [22],
Esṕınola and Fernández-León show that the same notion was obtained by Kirk and Panyanak
in [47], who brought Lim’s ∆-convergence [58] into Hadamard spaces. We will thus denote weak
convergence by ∆-convergence, notationally agreeing with [46], whose results we will crucially
rely on in Section 3 later on for establishing the existence of equilibrium points. For a thorough
discussion of weak convergence in Hadamard spaces, see e.g. [6].

Let (X, d) be a Hadamard space and {xk}k ⊆ X be a bounded sequence. For x ∈ X, set

r(x, {xk}k) := lim sup
n→∞

d(x, xk).

The asymptotic radius r({xk}k) is given by

r({xk}k) := inf{r(x, {xk}k) | x ∈ X},
and the asymptotic center A({xk}k) of {xk}k is the set

A({xk}k) := {x ∈ X | r({xk}k) = r(x, {xk}k)}.
It is known that A({xk}k) is a singleton in Hadamard spaces (see e.g. [47]).
A bounded sequence {xk}k ⊆ X is then said to ∆-converge to x ∈ X if x is the unique

asymptotic center of every subsequence of {xk}k. We write xk →∆ x and call x the ∆-limit
of {xk}k. We further call a point x ∈ X a ∆-cluster point of a sequence {xk}k if there is a
subsequence {xkl}l of {xk}k such that xkl →∆ x.
We will later rely on various results regarding this notion of weak convergence, the most

essential of which we list in the following:

Lemma 2.2 (cf. [47, Proposition 3.5]). Any bounded sequence in X has a ∆-cluster point.

Lemma 2.3 (cf. [6, Lemma 3.2.1]). Let K ⊆ X be a closed and convex set and {xk}k ⊆ K. If
the sequence {xk}k ∆-converges to a point x ∈ X, then x ∈ K.

Together, the above two lemmas in particular yield:

Lemma 2.4 (cf. [47, Proposition 3.6]). Every bounded closed convex set in X is ∆-compact.

We say that a function h : X → R is ∆-lower semicontinuous (∆-lsc) at a point x ∈ X if

lim inf
n→∞

h(xk) ≥ h(x)

for each sequence {xk}k with xk →∆ x. The property of h : X → R being ∆-upper semicon-
tinuous (∆-usc) is defined analogously.

Lemma 2.5 (cf. [67, Lemma 3.7], extending [6, Lemma 3.2.3]). Let h : X → R be a quasiconvex
lsc function. Then h is ∆-lsc.

3. Equilibrium problems over Hadamard spaces and existence of solutions

We now fix the class of bifunctions and associated equilibrium problems studied in this paper:
Given a Hadamard space (X, d) and a bifunction f : X ×X → R, the task is to

(EP) find x∗ ∈ X such that f(x∗, y) ≥ 0 for all y ∈ X.

We denote the associated solution set by S(f). The focus will be on a special class of pseu-
domonotone, strongly quasiconvex and suitably Lipschitz bifunctions. As we throughout also
utilize other auxiliary properties, we enumerate the various assumptions featuring in this paper
for a better overview (compare [37]):
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(A1) For every x ∈ X, the function f(x, ·) is lsc, and for every y ∈ X, the function f(·, y) is
usc.

(A2) f is pseudomonotone, i.e.

f(x, y) ≥ 0 implies f(y, x) ≤ 0

for all x, y ∈ X.
(A3) f is lsc (jointly in both arguments).
(A4) For every x ∈ X, the function f(x, ·) is strongly quasiconvex with modulus γ > 0.
(A5) f satisfies the following Lipschitz condition: there exists η > 0 such that

f(x, z)− f(x, y)− f(y, z) ≤ η
(
d2(x, y) + d2(y, z)

)
for all x, y, z ∈ X.

(A6) The Lipschitz constant η and the modulus of strong quasiconvexity γ are such that
12η < γ.

While (A1) and (A2) are standard assumptions in the literature (see e.g. [46] for such as-
sumptions in the context of equilibrium problems on Hadamard spaces), the assumptions (A4),
(A5) and (A6) are metric versions of the corresponding properties used in [37] over Rd, and
replace the usual assumption of convexity of f . As in [37], we also note here that the standard
assumption

(A0) f(x, x) = 0 for all x ∈ X.

is derivable from (A2) and (A5), although we will later also make use of it individually. (A3)
seems to be a more uncommon assumption, and we will in particular show that it can generally
be avoided in the context of the convergence and existence theorems of the present paper,
improving the results of [37] (see also Remark 4.15 later on).
Before moving on to the question when and under what assumptions the above equilibrium

problem (EP) has a solution in the nonlinear context of Hadamard spaces, we give a key
example of a bifunction that illustrates the above assumptions (A1) – (A6). Further examples
of bifunctions satisfying the above conditions simultaneously can be found in Section 4 of [37].

Example 3.1 (essentially [37, Corollary 3.1]). Let h : X → R be lsc and strongly quasiconvex
with modulus γ > 0. Consider the bifunction fh : X ×X → R given by

fh(x, y) := h(y)− h(x) for all x, y ∈ X.

It is then easy to see that S(fh) = argminx∈X h(x), that is the solutions of the equilibrium
problem for fh correspond exactly to the solutions of the minimization problem for h. Further,
fh fulfills (A1), (A2) and (A4) – (A6). Here, (A1), (A2) and (A4) are rather immediate (see
also the proof of Corollary 3.10 later on) and (A5) as well as (A6) follow from the fact that
fh(x, z)− fh(x, y)− fh(y, z) = 0.

Now, at first note that the strong quasiconvexity and pseudomonotonicity of f imply that
S(f) is either empty or a singleton, which generalizes parts of [37, Proposition 3.1] to our
nonlinear setting (and in particular extends [67, Lemma 3.1] from minimization problems to
equilibrium problems).

Lemma 3.2. Suppose that f satisfies (A0), (A2) and (A4). Then S(f) is at most a singleton.

Proof. If x1, x2 ∈ S(f) are such that x1 ̸= x2, then f(x1, x2) ≥ 0 and f(x2, x1) ≥ 0. By
pseudomonotonicity, we have f(x2, x1) = 0. Using the strong quasiconvexity of f(x2, ·), we get

f
(
x2,

1
2
x2 ⊕ 1

2
x1

)
≤ max{f(x2, x1), f(x2, x2)} −

γ

8
d2(x1, x2).
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Thus, with (A0), we have f
(
x2,

1
2
x2 ⊕ 1

2
x1

)
< 0, contradicting that x2 is an equilibrium point.

□

In the context of Rd, Iusem and Lara in [37] further prove that there always exists an equi-
librium point whenever the assumptions (A0), (A1), (A2) and (A4) hold (cf. [37, Proposition
3.1]). The proof given in [37] relies on local compactness arguments which are not available in
general Hadamard spaces (and already not in infinite-dimensional Hilbert spaces). However,
by generalizing a weak compactness argument developed in [46] for the case where f is convex
in its right argument (extending the approach taken in [35, 41] over Hilbert spaces and in [18]
over Hadamard manifolds), we can generalize all of [37, Proposition 3.1] to Hadamard spaces.

For this, we rely on two notions of coercivity. The first is the following usual notion for
functions of one argument:

Definition 3.3. Let o ∈ X. A function h : X → R is called 1-supercoercive if

lim inf
d(o,x)→∞

h(x)

d(o, x)
> 0.

The second is a notion for bifunctions, originally introduced in a linear setting in [35].

Definition 3.4 (cf. [46, Assumption P5]). Let o ∈ X. A bifunction f : X ×X → R is called
coercive as a bifunction if for any sequence {xn}n ⊆ X satisfying limn→∞ d(o, xn) = ∞, there
exists u ∈ X and n0 ∈ N such that f(xn, u) ≤ 0 for all n ≥ n0.

Generalizing parts of [54, Theorem 1] to the Hadamard setting, we now first show that any
lsc, strongly quasiconvex function is 1-supercoercive.

Lemma 3.5. Let h : X → R be lsc and strongly quasiconvex with modulus γ. Then h is
1-supercoercive.

Proof. Fix o, y ∈ X and let {xk}k ⊆ X with d(o, xk) → ∞. Define

zk :=
d(o, xk)

1 + d(o, xk)
y ⊕ 1

1 + d(o, xk)
xk.

Notice that {zk}k is bounded as d is convex. As h is strongly quasiconvex, we deduce (dividing
by d(o, xk)) that

h(zk)

d(o, xk)
≤ max

{
h(y)

d(o, xk)
,
h(xk)

d(o, xk)

}
− γ

2

d2(y, xk)

(1 + d(o, xk))
2 .

We will now show that lim infk→∞ h(zk) > −∞. Suppose not. Then, there exists a subsequence
{zkl}l of {zk}k such that h(zkl) → −∞. However, as {zk}k and thus {zkl}l are bounded, by
Lemma 2.2, there exists a subsequence {zklj }j of {zkl}l with zklj →∆ z for some z ∈ X. As

further with Lemma 2.5, h is ∆-lsc, we obtain that lim infj→∞ h(zklj ) ≥ h(z) contradicting

h(zkl) → −∞. Hence, lim infk→∞ h(zk) > −∞ after all and thus lim infk→∞ h(zk)/d(o, xk) ≥ 0.

Further, h(y)/d(o, xk) → 0. As however limk→∞
γ
2
d2(y, xk)/ (1 + d(o, xk))

2 = γ
2
, it must hold

that lim infk→∞ h(xk)/d(o, xk) ≥ γ
2
> 0. Hence h is 1-supercoercive. □

From this it follows that, under suitable conditions, f is coercive as a bifunction:

Lemma 3.6. Let f : X ×X → R be a bifunction satisfying (A1), (A2) and (A4). Then f is
coercive as a bifunction.
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Proof. Fix x ∈ X. From Lemma 3.5, we get that lim infd(o,y)→∞ f(x, y)/d(o, y) > 0, us-
ing also (A1) and (A4). This in particular implies that for any sequence {yn}n ⊆ X with
limn→∞ d(o, yn) = ∞, we find an n0 such that f(x, yn) ≥ 0 for all n ≥ n0. Using (A2), that is
pseudomonotonicity of f , implies the result. □

Next to the above coercivity properties, the proof that S(f) is nonempty under suitable
assumptions on f rests on two lemmas derived from [46]. The first is a nonlinear version of the
so-called KKM Lemma [48] (see also [23, Lemma 1]), derived for finite-dimensional Hadamard
manifolds in [18] and then for Hadamard spaces in [46].

Lemma 3.7 (cf. [46, Lemma 1.8]). Let G : X → 2X be such that for each x ∈ X, G(x) is
∆-closed. Suppose that

(a) for all x1, . . . , xm ∈ X, conv({x1, . . . , xm}) ⊆
⋃m

i=1G(xi),
(b) there exists x0 ∈ X such that G(x0) is ∆-compact.

Then
⋂

x∈X G(x) ̸= ∅.

The second lemma states that if it is possible to find an equilibrium point x for f on some
closed ball in X and one point y in the interior of that ball such that f(x, y) ≤ 0, then x is
an equilibrium point for f on the whole space X. To formulate it, we consider the following
definitions akin to [46]: Fix o ∈ X. For any n ∈ N, define

Xn := {x ∈ X | d(o, x) ≤ n} with X◦
n := {x ∈ X | d(o, x) < n}.

Further, given a bifunction f : X ×X → R and y ∈ X as well as n ∈ N, define
Lf (n, y) := {x ∈ Xn | f(y, x) ≤ 0}.

We can now adapt [46, Lemma 2.1] to our setting of strongly quasiconvex bifunctions. Here,
we follow a modified version of the proof given for a preceding result of this type in linear spaces
by Iusem and Sosa (cf. [41, Lemma 3.7]).

Lemma 3.8. Let f be a bifunction satisfying (A0), (A2) and (A4). If for some n ∈ N and
some x ∈

⋂
y∈Xn

Lf (n, y) there exists y ∈ X◦
n such that f(x, y) ≤ 0, then f(x, y) ≥ 0 for all

y ∈ X.

Proof. Notice that by definition⋂
y∈Xn

Lf (n, y) =
⋂

y∈Xn

{x ∈ Xn | f(y, x) ≤ 0} = {x ∈ Xn | f(y, x) ≤ 0 for all y ∈ Xn}

for any n ∈ N. Thus, if x ∈
⋂

y∈Xn
Lf (n, y) for some n ∈ N, we know f(y, x) ≤ 0 for any

y ∈ Xn. We now show that f(x, y) ≥ 0 for all y ∈ Xn. For that, let y ∈ Xn. If y = x, the
claim is obvious by (A0). So suppose that y ̸= x and define wλ := (1− λ)x⊕ λy for λ ∈ [0, 1].
By (A0) and (A4), we get

0 = f(wλ, wλ) ≤ max{f(wλ, y), f(wλ, x)} − λ(1− λ)
γ

2
d2(y, x).

As wλ ∈ Xn since balls are convex, we get f(wλ, x) ≤ 0 from the above. Since we have
λ(1 − λ)γ

2
d2(y, x) > 0 for λ ∈ (0, 1), it must hold that f(wλ, y) > 0 for all such λ. By the

continuity of geodesics, we have wλ → x for λ → 0 and so we get

f(x, y) ≥ lim sup
λ→0

f(wλ, y) ≥ 0

since f is usc in its left argument. It is left to show that f(x, y) ≥ 0 for all y ∈ X \ Xn. For
that, let y ∈ X\Xn be arbitrary. Then, with y ∈ X◦

n and by the continuity of geodesics, there
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exists λ ∈ (0, 1) such that z := (1 − λ)y ⊕ λy ∈ Xn. As z ∈ Xn and by (A4), that is strong
quasiconvexity, we get

0 ≤ f(x, z) = f(x, (1− λ)y ⊕ λy) ≤ max{f(x, y), f(x, y)} − λ(1− λ)
γ

2
d2(y, y).

As by assumption f(x, y) ≤ 0 and as further λ(1−λ)γ
2
d2(y, y) > 0, it must hold that f(x, y) > 0

and we are done. □

We can now easily transfer [46, Theorem 2.4] to the strongly quasiconvex case, and thereby
extend [37, Proposition 3.1] to the setting of Hadamard spaces.

Theorem 3.9. Let f be a bifunction satisfying (A0), (A1), (A2) and (A4). Then S(f) is
nonempty.

Proof. By [46, Lemma 2.3], f is properly quasimonotone, that is minx∈A f(x, y) ≤ 0 for every
finite set A ⊆ X and every y ∈ conv(A). Further, by Lemma 3.6, f is coercive as a bifunction.
The result now follows by essentially exactly the same arguments as in [46, Theorem 2.4]
but, for the sake of completeness, we present them here. Let n ∈ N. We use Lemma 3.7
with Xn instead of X and G(y) := Lf (n, y). To show that we are in its setting, consider

x0, . . . , xk ∈ Xn and x ∈ conv({x0, . . . , xk}). But then x ∈
⋃k

i=0 Lf (n, xi) as x ∈ Xn by
convexity of Xn and min0≤i≤kf(xi, x) ≤ 0 by proper quasimonotonicity of f . Further, we
have that G(y) = {x ∈ Xn | f(y, x) ≤ 0} is closed as f is lsc and convex as f is (strongly)
quasiconvex in its second argument. Therefore, it is ∆-closed by Lemma 2.3. G(y) is also
bounded as it is contained in Xn. Thus, by Lemma 2.4, it is ∆-compact for all y ∈ X. We
can hence apply Lemma 3.7, deducing that

⋂
y∈Xn

Lf (n, y) ̸= ∅ for all n ∈ N. For each n, we

choose xn ∈
⋂

y∈Xn
Lf (n, y) and distinguish two cases.

Case 1: There is an n ∈ N such that d(o, xn) < n. Then, xn ∈ S(f) by Lemma 3.8, and so
we are done.

Case 2: d(o, xn) = n for all n ∈ N. But then, as f is coercive as a bifunction by Lemma 3.6,
there exists u ∈ X and n0 ∈ N such that f(xn, u) ≤ 0 for all n ≥ n0. Consider n′ ≥ n0 such
that d(o, u) < n′. Then f(xn′ , u) ≤ 0 and u ∈ X◦

n′ . Again we are done by Lemma 3.8. □

Using the above Theorem 3.9, we can in particular show that a lsc strongly quasiconvex
function h : X → R over a Hadamard space has a minimizer, answering a question left open in
the work [67] of the second author.

Corollary 3.10. Let h : X → R be a lsc strongly quasiconvex function. Then argminx∈Xh(x)
is nonempty.

Proof. As in Example 3.1, we define fh by fh(x, y) := h(y)−h(x). This function clearly satisfies
(A0) and (A1). Further, if fh(x, y) ≥ 0, then h(y) − h(x) ≥ 0 and so h(x) − h(y) ≤ 0, that is
fh(y, x) ≤ 0. Hence fh is pseudomonotone and so satisfies (A2). As h is strongly quasiconvex
and remains strongly quasiconvex under addition of a constant, fh(x, ·) is strongly quasiconvex
for every x ∈ X, and so satisfies (A4). We can thus apply Theorem 3.9 and obtain x∗ ∈ X such
that fh(x

∗, y) ≥ 0 for all y ∈ X. This however immediately yields that x∗ ∈ argminx∈Xh(x). □

4. A proximal point algorithm

4.1. The method and preliminaries. We now move to the first method for solving the
equilibrium problem (EP) over a Hadamard space (X, d) for a given bifunction f : X×X → R
that satisfies assumptions among (A1) – (A6). As before, we write S(f) for the associated
solution set.
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The method we consider is the following proximal point type method: For a given start point
x0 ∈ X and a sequence {βk}k ⊆ (0,∞), recursively define xk+1 by choosing

(PPA) xk+1 ∈ argmin
y∈X

{
f(xk, y) +

1

2βk

d2(xk, y)

}
.

This method represents a metric variant of one of the proximal point type methods studied by
Iusem and Lara (cf. [37, Algorithm 1]) in the context of the context of the above equilibrium
problem (EP) over Rd, corresponding to the second type of method discussed in the introduction
which regularizes the bifunction only in its second argument. Concretely, as also highlighted
throughout the introduction, the work [37] considers the problem over a closed and convex
subset K ⊆ Rd, and for a corresponding bifunction f : K × K → R satisfying (A1) – (A6),
suitably formulated over K with a corresponding solution set S(K, f). We however omit such
restrictions here as any closed and convex subset of a Hadamard space (and so in particular of a
Hilbert space) is naturally a Hadamard space again, so that considering the problem (EP) over
X already offers the full generality here. This also applies to the existence results established
previously.

In the setting described above, Iusem and Lara show in [37] that this proximal point type
algorithm is well-defined and that it converges under suitable assumptions on the parameters:

Theorem 4.1 (cf. [37, Theorem 3.1]). Let X = Rd and K ⊆ X be closed and convex. Let
f : K ×K → R be a bifunction satisfying (A1) – (A6) and let {βk}k ⊆ ( 1

γ−8η
, 1
4η
). Let {xk}k be

the sequence generated by (PPA) over K. Then {xk}k converges to a point x∗ ∈ S(K, f).

Notice that under (A6), it holds that 1
γ−8η

< 1
4η

so that the interval ( 1
γ−8η

, 1
4η
) is non-empty

and the parameter restriction {βk}k ⊆ ( 1
γ−8η

, 1
4η
) is satisfiable.1 In particular, as highlighted in

the introduction, we will be able to weaken this restriction to {βk}k ⊆ [ 1
γ−8η

, 1
4η
] later on.

Given any function h : X → R, we define its proximal map Proxβh by

Proxβh(x) := argmin
y∈X

{
h(y) +

1

2β
d2(x, y)

}
for β > 0 and x ∈ X. Using that definition, as already highlighted in the introduction, the
method (PPA) assumes a much more compact form with

xk+1 ∈ Proxβkf(xk,·)(xk).

We now first show the well-definedness of the method (PPA) above, i.e. that Proxβkf(xk,·)(xk) ̸=
∅ for any k ∈ N, provided that βk ≤ 1

4η
. The first crucial result in this direction is the following:

Lemma 4.2 (cf. [67, Lemma 3.4]). If h : X → R is bounded from below and 1-supercoercive,
then any sequence {yk}k with h(yk) → infx∈X h(x) is bounded.

The above result can be employed to yield the following:

Lemma 4.3 (cf. [67, Lemma 3.8]). Let h : X → R be a quasiconvex, lsc function which is
bounded from below. Then, for any x ∈ X and β > 0, Proxβh(x) is nonempty.

This can now be extended to yield the following, guaranteeing an analogous result to Lemma
4.3 above for suitable bifunctions and parameters, provided S(f) is nonempty.

1A slight weakening of assumption (A6) is discussed in [30, Remark 87] (in the context of a variant of the
above method including inertia terms and over-relaxations as developed in [28, 29]), with a corresponding refined
parameter restriction on {βk}k. While we deem it quite likely that our present results can be extended to this
weakened assumption, we here focus on (A6) for simplicity.
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Proposition 4.4. Let f : X ×X → R be a function which is quasiconvex and lsc in its right
argument and further satisfies (A5). Assume that there exist x ∈ X and t ∈ R with f(x, y) ≥ t
for all y ∈ X. Then, for any z ∈ X and β ≤ 1

4η
, Proxβf(z,·)(z) is nonempty.

Proof. Fix z ∈ X and let x, t be as above. Then it follows from (A5) that

f(x, y)− f(x, z)− η(d2(x, z) + d2(z, y)) ≤ f(z, y) for all y ∈ X.

As f(x, y) ≥ t, we can set G := −t+ f(x, z) + ηd2(x, z), obtaining

(+) −G− ηd2(z, y) ≤ f(z, y) for all y ∈ X.

We define hz(y) := f(z, y) + 1
2β
d2(z, y) and show that hz is bounded from below. For this,

notice that (+) implies

hz(y) = f(z, y) +
1

2β
d2(z, y) ≥

(
1

2β
− η

)
d2(z, y)−G.

But now as β ≤ 1
4η
, we obtain that 1

2β
− η ≥ 2η − η = η > 0. Thus we have hz(y) ≥

η d2(z, y)−G ≥ −G, and so hz is bounded below. Take {yk}k such that hz(yk) → infx∈X hz(x).
As further

lim inf
d(z,y)→∞

hz(y)

d(z, y)
≥ lim inf

d(z,y)→∞

(
ηd2(z, y)

d(z, y)
− G

d(z, y)

)
≥ lim inf

d(z,y)→∞

ηd2(z, y)

d(z, y)
> 0,

Lemma 4.2 yields that {yk}k is bounded. By Lemma 2.2, it has a ∆-cluster point, i.e. there
exists a subsequence {ykl}l of {yk}k with ykl →∆ y . As f(z, ·) is quasiconvex and lsc, by
Lemma 2.5, f(z, ·) is ∆-lsc. Further, as (CN+) implies that y 7→ 1

2β
d2(z, y) is convex and as it

is also lsc, Lemma 2.5 also yields that it is ∆-lsc. Hence, hz is ∆-lsc and

hz(y) ≤ lim inf
l→∞

hz(ykl) = inf
x∈X

hz(x).

Thus, y is a minimizer of hz and hence y ∈ Proxβf(z,·)(z). □

With Proposition 4.4, it follows in particular that whenever (A1), (A4) and (A5) hold and
whenever S(f) ̸= ∅ and βk ≤ 1

4η
for all k ∈ N, then also Proxβkf(xk,·)(xk) ̸= ∅ for any k ∈ N. In

particular, (PPA) is well-defined under these conditions and the parameter restriction {βk}k ⊆
[ 1
γ−8η

, 1
4η
].

The most essential result for strongly quasiconvex functions and their proximal maps is
the following inequality, which is an extension of [54, Proposition 7] to the metric context of
Hadamard spaces.

Lemma 4.5 (cf. [67, Lemma 3.9]). Let h : X → R be a strongly quasiconvex function with
modulus γ > 0 and let β > 0 and x ∈ X. If x ∈ Proxβh(x), then

h(x) ≤ max{h(y), h(x)}+ λ

2

(λ
β
− γ + λγ

)
d2(y, x) +

λ

β
⟨ # »
xx,

# »
xy⟩

for all y ∈ X and λ ∈ [0, 1].

Akin to [37], we can also show that fixed points of this mixed proximal point map are exactly
the solutions of the equilibrium problem.

Proposition 4.6. Let f : X ×X → R be a bifunction satisfying (A0) and (A4). Then

S(f) = Fix

(
argmin

y∈X

{
f(·, y) + 1

2β
d2(·, y)

})
for any β > 0.
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Proof. Let x be a fixed point of argminy∈X{f(·, y) + 1
2β
d2(·, y)}, i.e. let x ∈ Proxβf(x,·)(x). By

(A4), we get that x 7→ f(x, x) is strongly quasiconvex with modulus γ. Thus, invoking [67,
Proposition 3.10], we derive that x ∈ argminy∈Xf(x, y). But then x is an equilibrium point for
f , as f(x, y) ≥ f(x, x) for all y ∈ X and f(x, x) = 0 by (A0).

For the other direction, suppose that x ∈ S(f). Then x ∈ argminy∈Xf(x, y) as f(x, y) ≥ 0
for all y ∈ X and f(x, x) = 0 by (A0). But then again, by [67, Proposition 3.10], we get that
x ∈ Proxβf(x,·)(x). □

In particular, also similar to [37], we want to remark that this provides a convenient stopping
criterion as whenever xk+1 = xk, one already knows that {xk} = S(f).
The remainder of this section will now be concerned with establishing a variant of Theorem

4.1 in the context of Hadamard spaces, and in particular to endow it with effective information.

4.2. Quantitative convergence results. We begin by showing a result that will yield Fejér
monotonicity of {xk}k with respect to S(f). For this, we adapt [37, Proposition 3.4] and its
proof to the nonlinear setting. In particular, compared to this result, we highlight the more
general inequalities (∗)1 and (∗)2 below. Only their instantiations with λ = 1/2 are considered
explicitly in [37, Proposition 3.4], but we will later require varying λ’s.

Lemma 4.7. Let f be a bifunction satisfying (A2), (A4) and (A5). Let {βk}k ⊆ (0,∞).
Suppose that (PPA) is well-defined and let {xk}k be its generated sequence. Let x∗ ∈ S(f).
Then, for every k ∈ N, at least one of the following inequalities holds:

(∗)1
λ(1− λ)(1 + γβk)

2βk

d2(xk+1, x
∗) ≤ λ

2βk

d2(xk, x
∗)− λ

2βk

d2(xk+1, xk)

for all λ ∈ [0, 1], or

(∗)2
(λ(1− λ)(1 + γβk)

2βk

− η
)
d2(xk+1, x

∗) ≤ λ

2βk

d2(xk, x
∗)−

( λ

2βk

− η
)
d2(xk+1, xk)

for all λ ∈ [0, 1].

Proof. Fix k ∈ N. Using that xk+1 ∈ Proxβkf(xk,·)(xk), applying Lemma 4.5 to the function
f(xk, ·) with y = x∗ yields

f(xk, xk+1)−max{f(xk, xk+1), f(xk, x
∗)}

≤ λ

2

( λ

βk

− γ + λγ
)
d2(xk+1, x

∗) +
λ

βk

〈
#            »xkxk+1,

#            »

xk+1x
∗
〉

for all λ ∈ [0, 1]. We consider two cases:
Case 1: f(xk, xk+1) ≥ f(xk, x

∗). Then we have

0 ≤ λ

2

(
λ

βk

− γ + λγ

)
d2(xk+1, x

∗) +
λ

βk

〈
#            »xkxk+1,

#            »

xk+1x
∗
〉

for all λ ∈ [0, 1]. Using the definition of the quasi-inner product, we obtain

0 ≤ λ

2

(
λ

βk

− γ + λγ

)
d2(xk+1, x

∗) +
λ

2βk

(
d2(xk, x

∗)− d2(xk+1, xk)− d2(xk+1, x
∗)
)

and thus
λ(1− λ)(1 + γβk)

2βk

d2(xk+1, x
∗) ≤ λ

2βk

d2(xk, x
∗)− λ

2βk

d2(xk+1, xk)

for all λ ∈ [0, 1]. This is (∗)1.
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Case 2: f(xk, xk+1) < f(xk, x
∗). Then

0 ≤ λ

2

(
λ

βk

− γ + λγ

)
d2(xk+1, x

∗) +
λ

βk

〈
#            »xkxk+1,

#            »

xk+1x
∗
〉
+ f(xk, x

∗)− f(xk, xk+1)

≤ λ

2

(
λ

βk

− γ + λγ

)
d2(xk+1, x

∗) +
λ

βk

〈
#            »xkxk+1,

#            »

xk+1x
∗
〉
+ f(xk+1, x

∗)

+ η
(
d2(xk+1, xk) + d2(xk+1, x

∗)
)

for all λ ∈ [0, 1], where the second inequality follows from the fact that we get f(xk, x
∗) −

f(xk, xk+1) − f(xk+1, x
∗) ≤ η

(
d2(xk+1, xk) + d2(xk+1, x

∗)
)
with (A5). Further, as x∗ is an

equilibrium point and f is pseudomonotone, we get f(xk+1, x
∗) ≤ 0 and thus

0 ≤ λ

2

(
λ

βk

− γ + λγ

)
d2(xk+1, x

∗) +
λ

βk

〈
#            »xkxk+1,

#            »

xk+1x
∗
〉

+ η
(
d2(xk+1, xk) + d2(xk+1, x

∗)
)

for all λ ∈ [0, 1]. Using the definition of the quasi-inner product, similar to Case 1, we obtain(λ(1− λ)(1 + γβk)

2βk

− η
)
d2(xk+1, x

∗) ≤ λ

2βk

d2(xk, x
∗)−

( λ

2βk

− η
)
d2(xk+1, xk)

for all λ ∈ [0, 1]. This is (∗)2. □

Using Lemma 4.7, we obtain the following:

Lemma 4.8. Let f be a bifunction satisfying (A2), (A4) and (A5). Let {βk}k ⊆ (0,∞).
Suppose that (PPA) is well-defined and let {xk}k be its generated sequence. Let x∗ ∈ S(f).
Then, for every k ∈ N and λ ∈ [0, 1]:

(◦)1
(
λ(1− λ)(1 + γβk)

2βk

− η

)
d2(xk+1, x

∗) ≤ λ

2βk

d2(xk, x
∗)−

(
λ

2βk

− η

)
d2(xk+1, xk).

In particular (setting λ = 1
2
), we have

(◦)2
(
1 + γβk

8βk

− η

)
d2(xk+1, x

∗) ≤ 1

4βk

d2(xk, x
∗)−

(
1

4βk

− η

)
d2(xk+1, xk).

Proof. With Lemma 4.7, we obtain that for all k ∈ N, inequality (∗)1 or inequality (∗)2 holds.
The result then follows from the fact that (∗)1 actually implies (∗)2 as(

λ(1− λ)(1 + γβk)

2βk

− η

)
<

(
λ(1− λ)(1 + γβk)

2βk

)
and

(
λ

2βk

− η

)
<

(
λ

2βk

)
for all λ ∈ [0, 1] and k ∈ N. □

From Lemma 4.8, we now immediately obtain the Fejér monotonicity of {xk}k w.r.t. S(f).
Over Euclidean spaces, this property is established in [37, Proposition 3.5] under the condition
{βk}k ⊆ ( 1

γ−8η
, 1
4η
). However it is easy to see that the same holds true already for {βk}k ⊆

[ 1
γ−8η

, 1
4η
].

Lemma 4.9. Let f be a bifunction satisfying (Ai) with i = 2, 4, 5, 6. Let {βk}k ⊆ [ 1
γ−8η

, 1
4η
].

Suppose that (PPA) is well-defined and let {xk}k be its generated sequence. Let x∗ ∈ S(f).
Then, for every k ∈ N:

d2(xk+1, x
∗) ≤ d2(xk, x

∗).
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Proof. Let x∗ ∈ S(f) and fix k ∈ N. Using Lemma 4.8, we know that (◦)2 holds. Using βk ≤ 1
4η
,

we have(1 + γβk

8βk

− η
)
d2(xk+1, x

∗) ≤ 1

4βk

d2(xk, x
∗)−

( 1

4βk

− η
)
d2(xk+1, xk) ≤

1

4βk

d2(xk, x
∗).

With βk ≥ 1
γ−8η

, it follows that(1 + γβk

8βk

− η
)
d2(xk+1, x

∗) ≥
(1 + γβk

8βk

− γβk − 1

8βk

)
d2(xk+1, x

∗) =
1

4βk

d2(xk+1, x
∗).

Multiplying with 4βk yields the claim. □

Key for our approach towards a quantitative convergence theorem for (PPA) is an effective
estimate for the asymptotic behavior of d(xk, xk+1). This will here take the form of an explicit
bound α : (0,∞) → N such that for any ε > 0, there exists a k ≤ α(ε) with d(xk, xk+1) < ε.
Essential for deriving such an α is (◦)1 from Lemma 4.8, by which we obtain an inequality of
the form

ekd
2(xk+1, xk) ≤ ckd

2(xk, x
∗)− dkd

2(xk+1, x
∗)

where

ek :=
λk

2βk

− η, ck :=
λk

2βk

, dk :=
λk(1− λk)(1 + γβk)

2βk

− η

for any choice of λk ∈
[
0, 1
]
. In order to derive an effective asymptotic estimate on d(xk, xk+1)

from this we, on the one hand, need to argue that ckd
2(xk, x

∗)− dkd
2(xk+1, x

∗) gets arbitrarily
small. Intuitively, we thus, e.g., want that ck ≤ dk and if {βk}k ⊆ ( 1

γ−8η
, 1
4η
), the only constant

choice of λk that ensures this is λk = 1
2
(as in [37]). However, to derive an estimate on

d2(xk+1, xk) from this, we further, on the other hand, need that ek can be bounded away from
zero for all k ∈ N, i.e. ( λ

2βk
− η) > a for some a > 0 and all k ∈ N. However, having set λk =

1
2
,

this is impossible as
(

1
4βk

−η
)
goes to 0 if for example βk → 1

4η
, as is permitted in the condition

{βk}k ⊆ ( 1
γ−8η

, 1
4η
).

We will overcome this issue by showing that if λk is chosen adaptively with k (or rather, the
values of βk), we can ensure both properties, that is both ck − dk ≤ 0 and the existence of a
uniform positive lower bound on ek, at the same time. This not only enables our quantitative
results, but also allows us to strengthen the original convergence result of Iusem and Lara
(recall Theorem 4.1 above) to the assumption that βk ∈ [ 1

γ−8η
, 1
4η
] for all k ∈ N.2

Before we give these quantitative results in the following part of this section, we need to
develop some further machinery. Once this is established, the quantitative results for the
asymptotic behavior of d(xk, xk+1) will follow from the following abstract result derived from
[67, Lemma 4.2]:

Lemma 4.10. Let {ak}k be a nonincreasing sequence of nonnegative reals and let b ≥ a0. Let
further {ck}k and {dk}k be sequences of nonnegative reals with ck ≤ dk for all k ∈ N and such
that there exists u ∈ R with ck ≤ u for all k ∈ N. Then, for any ε > 0:

∃k ≤

⌈
bu

ε

⌉
(ckak − dkak+1 < ε) .

2We further refer to the extensive discussions in the master thesis of the first author [21] for why this extension
is also crucial from the logical perspective of the proof mining program, through which the present results have
been obtained, to allow for the extraction of rates as in Theorem 4.14 later on.
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Proof. For any k ∈ N, we have

ckak − dkak+1 ≤ ck(ak − ak+1) ≤ u(ak − ak+1).

The result now follows from [67, Lemma 4.2] applied to {uak}k. □

For the rest of this section, we now suppose that S(f) ̸= ∅ and denote the unique element
of S(f) by x∗. Similarly, we will presume that, given a suitable sequence {βk}k, (PPA) is
well-defined and generates a sequence {xk}k.
By Theorem 3.9, the former is guaranteed under the conditions (A0), (A1), (A2) and (A4)

and by Proposition 4.4, the latter is guaranteed under the conditions (A1), (A4) and (A5),
and whenever S(f) ̸= ∅. However, as we will see, once these two properties are assumed, the
remainder of the convergence proof does not rely on (A1) (see in particular Remark 4.15 later
on).

As outlined before, key for establishing this result over the broader set of parameters [ 1
γ−8η

, 1
4η
]

is to choose λ in (◦)1 of Lemma 4.8 adaptively as λk, depending on the values of βk. The key
function that later allows us to compute λk from βk is now the following: For x ≥ 1

γ−8η
, set

(†) N(x) :=
γx

2(1 + γx)
+

√
γ2x2 − 8xη(1 + γx)

2(1 + γx)
,

where γ and η are as in (A4) – (A6). Indeed, notice that N is well-defined on [ 1
γ−8η

,∞), as for

x ≥ 1
γ−8η

the value γ2x2 − 8xη(1 + γx) is positive. The key properties of N are now as follows:

Lemma 4.11. Consider N as defined in (†). Then, we have the following:

(i) N( 1
γ−8η

) = 1
2
,

(ii) N( 1
4η
) > 4γ

3(8η+2γ)
> 1

2
,

(iii) N : [ 1
γ−8η

,∞) → [0, 1] is increasing,

(iv) N(x)
2x

is decreasing on [ 1
γ−8η

, 1
4η
].

Proof. (i) Notice that
√

γ2x2 − 8xη(1 + γx) = x ·
√

γ2 − 8η/x− 8γη. Hence

N
( 1

γ − 8η

)
=

γ

2(γ − 8η) + 2γ
+

√
γ2 − 8η(γ − 8η)− 8γη

2(γ − 8η) + 2γ
=

γ +
√

(γ − 8η)2

4γ − 16η
=

1

2
.

(ii) Using (A6), we obtain

N
( 1

4η

)
=

γ

8η + 2γ
+

√
γ2 − 32η2 − 8ηγ

8η + 2γ

12η<γ
>

γ

8η + 2γ
+

√
γ2 − 2

9
γ2 − 6

9
γ2

8η + 2γ

=
γ + 1

3
γ

8η + 2γ

12η<γ
>

γ + 4η

8η + 2γ
=

1

2
.

(iii) Notice that

N(x) ≤ γx

2(1 + γx)
+

√
γ2x2

2(1 + γx)
=

2γx

2 + 2γx
< 1

for all x ≥ 1/(γ−8η). Together with (i), this implies that N : [ 1
γ−8η

,∞) → [0, 1]. Notice

further that

(−) N(x) =
γ

2
x
+ 2γ

+

√
γ2 − 8η

x
− 8γη

2
x
+ 2γ

.
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Form this, it is clear that N : [ 1
γ−8η

,∞) → [0, 1] is increasing.

(iv) We show that the derivative of N(x)
2x

is negative for x ∈
[

1
γ−8η

, 1
4η

]
. With (−), we obtain

(N(x)

2x

)′
(x) = − γ2

4(1 + γx)2
+

4η√
γ(γ − 8η)− 8η

x
· 4(1 + γx)x2

−

√
γ(γ − 8η)− 8η

x
· γ

4(1 + γx)2
.

As x ≥ 1
γ−8η

, we know
√
γ(γ − 8η)− 8η

x
≥ (γ − 8η) and so get(N(x)

2x

)′
(x) ≤ − γ2

4(1 + γx)2
+

4η(γ − 8η)(1 + γx)

4(1 + γx)2
− (γ − 8η)γ

4(1 + γx)2
.

With x ≤ 1
4η
, this yields(N(x)

2x

)′
(x) ≤ − γ2

4(1 + γx)2
+

4η(γ − 8η)(1 + γ
4η
)

4(1 + γx)2
− (γ − 8η)γ

4(1 + γx)2
=

−γ2 + 4η(γ − 8η)

4(1 + γx)2
.

Finally, using 12η < γ, we obtain(N(x)

2x

)′
(x) ≤ −2/3γ2 − 32η2

4(1 + γx)2

which is (using that x ≥ 0) negative by (A6).
□

Using N , we can now give an explicit definition for the adaptive choice of λk. The following
lemma provides this definition, together with the essential properties of the corresponding
quantities ek, ck and dk as derived from Lemma 4.11.

Lemma 4.12. Suppose that (A6) holds. For any k ∈ N, let βk ∈ [ 1
γ−8η

, 1
4η
] and consider

ek :=
λk

2βk

− η, ck :=
λk

2βk

, dk :=
λk(1− λk)(1 + γβk)

2βk

− η

for

λk := min
{
N(βk),

1

2
+

1√
8

}
,

where N is defined as in (†). Then, for any k ∈ N:
(i) ck − dk ≤ 0,
(ii) λk ∈

[
1
2
, 1
2
+ 1√

8

]
,

(iii) ek ≥ (2γη − 24η2)/(3(8η + 2γ)) > 0,
(iv) ck ≤ (γ − 8η)/4.

Proof. (i) We have

ck − dk =
λk − λk(1− λk)(1 + γβk)

2βk

+ η

and argue that ck − dk = 0 if λk = N(βk). To see this, notice that

ck − dk = 0 ⇔ λ2
k − λk

γβk

(1 + γβk)
+

2βkη

(1 + γβk)
= 0.

By definition of N , the right hand side now holds by the quadratic formula. Hence, the
claim holds if λk = N(βk). It is left to show the result for cases where λk = 1

2
+ 1√

8
<

N(βk). For this, notice that if we regard ck − dk as a function in (the values of) λk,
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it is increasing on the interval [1
2
, 1]. Thus, ck − dk ≤ 0 if λk = 1

2
+ 1√

8
< N(βk), as

N(βk) < 1 by Lemma 4.11, (iii).
(ii) From Lemma 4.11, (i), we know that N( 1

γ−8η
) = 1

2
. As by Lemma 4.11, (iii), we know

further that N is increasing, the result follows from the definition of λk.

(iii) Suppose λk = N(βk). As
N(x)
2x

decreases on the interval [ 1
γ−8η

, 1
4η
] by Lemma 4.11, (iv),

together with Lemma 4.11, (ii) we obtain

ek =
N(βk)

2βk

− η ≥
N
(

1
4η

)
2

4η − η

>
8γη

3(8η + 2γ)
− η =

8γη − 6γη − 24η2

3(8η + 2γ)
=

2γη − 24η2

3(8η + 2γ)
.

It follows that ek > 0 as 12η < γ by (A6). Suppose that λk = 1
2
+ 1√

8
. But then, we

obtain

ek =
λk

2βk

− η ≥ 1

2

(1
2
+

1√
8

)
4η − η =

2√
8
η >

2

3
η >

2γη − 24η2

3(8η + 2γ)
.

As before, we have ek > 0 since 12η < γ by (A6). This implies the result.
(iv) With Lemma 4.11, (iv) and Lemma 4.11, (i) we obtain

ck =
λk

2βk

≤ N(βk)

2βk

≤ 1

2
N
( 1

γ − 8η

)
(γ − 8η) =

γ − 8η

4
. □

Our main quantitative result for the asymptotic behavior of d(xk, xk+1) is now the following:

Lemma 4.13. Let f be a bifunction satisfying (Ai) with i = 2, 4, 5, 6. Let {βk}k ⊆ [ 1
γ−8η

, 1
4η
].

Suppose that (PPA) is well-defined and let {xk}k be its generated sequence. Let x∗ ∈ S(f).
Then, for any ε > 0:

∃k ≤
⌈
3b2(γ − 8η)(2γ + 8η)

8η(γ − 12η)ε

⌉
(d2(xk, xk+1) < ε),

where b2 ≥ d2(x0, x
∗).

Proof. With Lemma 4.8, we know that (◦)1 holds and in particular obtain

ekd
2(xk+1, xk) ≤ ckd

2(xk, x
∗)− dkd

2(xk+1, x
∗)

for all k ∈ N, where ck, ek and dk are defined as in Lemma 4.12. By Lemma 4.12, (i) and (ii),
it holds that 0 < ck ≤ dk for all k ∈ N. Further, Lemma 4.12, (iv) implies that ck ≤ γ−8η

4
. We

can thus apply Lemma 4.10 to obtain that for any ϵ > 0,

∃k ≤
⌈
b2(γ − 8η)

4ε

⌉ (
ekd

2(xk+1, xk) < ε
)
.

With Lemma 4.12, (iii), we now obtain

∃k ≤
⌈
b2(γ − 8η)

4ε

⌉(
2γη − 24η2

3(8η + 2γ)
d2(xk+1, xk) < ε

)
for any ε > 0. This implies the result. □

With this, we obtain a quantitative convergence theorem that generalizes the assumptions of
Theorem 4.1. In particular, the quantitative result we provide comes in the form of a sublinear
non-asymptotic guarantee which only depends on the parameters γ, η as in (A4) – (A6), as well
as a bound b > 0 on the distance of the starting point of (PPA) to the equilibrium point x∗.
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Theorem 4.14. Let X be a Hadamard space and let f : X ×X → R be a bifunction satisfying
(Ai) with i = 2, 4, 5, 6. Let {βk}k ⊆ [ 1

γ−8η
, 1
4η
]. Suppose that (PPA) is well-defined and let

{xk}k be its generated sequence. Suppose that S(f) ̸= ∅. Then {xk}k converges to the (unique)
equilibrium point x∗ of f . Further, we have the non-asymptotic guarantee

∀k > 2

(
d(xk, x

∗) <
C√
k − 2

)
where

C :=
12
√
3bγ2

√
η(γ − 12η)3/2

with b2 ≥ d2(x0, x
∗).

Proof. It is enough to show the quantitative result. To that end, we first show

(Q) ∀ε > 0 ∀k ≥
(⌈

C2

ε2

⌉
+ 1

)
(d(xk, x

∗) < ε) .

Given ε > 0, using Lemma 4.13, take

k ≤
⌈
3b2(γ − 8η)(2γ + 8η)

8η(γ − 12η)
· 64(3γ − 16η)2

(3γ − 28η)2ε2

⌉
≤
⌈
C2

ε2

⌉
such that

d(xk+1, xk) <
3γ − 28η

8(3γ − 16η)
ε.

Notice that as 12γ− 112η ≤ 24γ− 128η by (A6), we in particular obtain that d(xk+1, xk) <
1
4
ε.

Using that xk+1 ∈ Proxβkf(xk,·)(xk), applying Lemma 4.5 to the function f(xk, ·) with y = x∗

yields

f(xk, xk+1)−max{f(xk, xk+1), f(xk, x
∗)}

≤ λ

2

( λ

βk

− γ + λγ
)
d2(xk+1, x

∗) +
λ

βk

〈
#            »xkxk+1,

#            »

xk+1x
∗
〉

for all λ ∈ [0, 1]. We consider two cases:
Case 1: f(xk, xk+1) ≥ f(xk, x

∗). We get

0 ≤ λ

2

(
λ

βk

− γ + λγ

)
d2(xk+1, x

∗) +
λ

βk

〈
#            »xkxk+1,

#            »

xk+1x
∗
〉
.

for all λ ∈ [0, 1]. Multiplying by βk

λ
, using (CS) and the fact that βk ≥ 1

γ−8η
, we obtain

1

2

(
(1− λ)

γ

(γ − 8η)
− λ

)
d2(xk+1, x

∗)

≤
〈

#            »xkxk+1,
#            »

xk+1x
∗
〉
≤ d(xk+1, xk)d(xk+1, x

∗)

for all λ ∈ (0, 1]. Now either d(xk+1, x
∗) = 0, and we are done by the Fejér monotonicity of

{xk}k w.r.t. S(f) = {x∗} (recall Lemma 4.9), or d(xk+1, x
∗) > 0, and we obtain

1

2

(
(1− λ)

γ

γ − 8η
− λ

)
d(xk+1, x

∗) ≤ d(xk+1, xk)

for all λ ∈ (0, 1]. This in particular holds for λ = 1
8
. By the above, we now have that

d(xk+1, xk) <
1

4
ε =

3γ + 4η

12γ + 16η
ε <

3γ + 4η

8(γ − 8η)
ε.
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As (3γ + 4η)/(8(γ − 8η)) > 0 by (A6), we get d(xk+1, x
∗) < ε and thus, with Lemma 4.9, we

obtain d(xj, x
∗) < ε for all j ≥ k + 1.

Case 2: f(xk, xk+1) < f(xk, x
∗). Then, just as in the proof of Lemma 4.7 in that case, we

obtain

0 ≤ λ

2

(
λ

βk

− γ + λγ

)
d2(xk+1, x

∗) +
λ

βk

〈
#            »xkxk+1,

#            »

xk+1x
∗
〉

+ η
(
d2(xk+1, xk) + d2(xk+1, x

∗)
)

for all λ ∈ [0, 1]. Similar to Case 1, multiplying by βk

λ
and using (CS), we obtain

1

2

(
(1− λ)γβk − λ− 2ηβk

λ

)
d2(xk+1, x

∗)

≤ d(xk+1, xk)d(xk+1, x
∗) +

ηβk

λ
d2(xk+1, xk)

for all λ ∈ (0, 1]. We make two further case distinctions:
Case 2a: d(xk+1, x

∗) ≤ d(xk+1, xk). As with d(xk+1, xk) < 1
4
ε, we in particular have that

d(xk+1, xk) < ε, the result follows with Lemma 4.9.
Case 2b: d(xk+1, x

∗) > d(xk+1, xk). This yields

1

2

(
(1− λ)γβk − λ− 2ηβk

λ

)
d(xk+1, x

∗) < d(xk+1, xk) +
ηβk

λ
d(xk+1, xk).

for all λ ∈ (0, 1]. Multiplying both sides by λ
λ+βkη

and rewriting the expression slightly, we thus
get

1

2( λ
βk

+ η)

(
(λ(1− λ)γ − 2η)− λ2

βk

)
d(xk+1, x

∗) < d(xk+1, xk)

for all λ ∈ (0, 1]. We now want to bound the factor in front of d(xk+1, x
∗) from below. To this

end, we set λ = 3
8
and, using βk ≥ 1

γ−8η
, obtain

(λ(1− λ)γ − 2η)− λ2

βk

≥ (λ(1− λ)γ − 2η)− λ2(γ − 8η) =
6γ − 56η

64
> 0

with (A6). Then further, again as βk ≥ 1
γ−8η

, we get

1

2( λ
βk

+ η)

(
(λ(1− λ)γ − 2η)− λ2

βk

)
≥ 1

2

(
3(γ−8η)

8
+ η

)(6γ − 56η

64

)
=

3γ − 28η

8(3γ − 16η)
.

Together, the above yields

3γ − 28η

8(3γ − 16η)
d(xk+1, x

∗) < d(xk+1, xk) <
3γ − 28η

8(3γ − 16η)
ε

and since (3γ−28η)/8(3γ−16η) > 0, we get d(xk+1, x
∗) < ε. Using Lemma 4.9, we in particular

have d(xj, x
∗) < ε for any j ≥ k + 1.

This completes the proof of (Q). To obtain the non-asymptotic variant of that effective
convergence result, set ε := C/

√
k − 2 given a k > 2, and rearrange. □

Remark 4.15. Already over Rd, the above result strengthens the convergence result of Iusem
and Lara (recall Theorem 4.1) in three ways: First, the above result provides quantitative
estimates that (to our knowledge) are already novel in the Euclidean case. Furthermore, the
assumption that the parameter sequence {βk}k is contained in the open interval ( 1

γ−8η
, 1
4η
)
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was weakened to the closed interval [ 1
γ−8η

, 1
4η
]. Lastly, the above result allows for a careful

examination of the main assumptions on the bifunction. In that context, we find that (A3) can
be dropped completely and, if the existence of an equilibrium point and the well-definedness of
the algorithm are assumed beforehand, also (A1) can be dropped. If, on the other hand, (A1)
is added as an assumption to Theorem 4.14 above, then the assumptions that S(f) ̸= ∅ and
that the algorithm is well-defined can both be dropped, using Theorem 3.9 and Proposition 4.4
respectively.

Remark 4.16. The quantitative estimate contained in Theorem 4.14 above could also have been
obtained by an application of the general results on rates of convergence for Fejér monotone
sequences under general metric regularity assumptions as developed in the work of Kohlenbach,
López-Acedo and Nicolae [51]. We refer to the master thesis of the first author [21] for a detailed
discussion in that vein.

Remark 4.17 (For logicians). As the assumption (A2), that is pseudomonotonicity, is a (gen-
eralized) Π2-statement, the logical methodology of proof mining underlying the quantitative
result contained in Theorem 4.14 would a priori suggest a dependence of the respective rate on
a (uniform) quantitative rendering of this pseudomonotonicity of f , say in the form of a mod-
ulus of uniform pseudomonotonicity for f , that is for a fixed o ∈ X a function p : N×N → N
such that

f(x, y) ≥ − 1

p(b, n) + 1
→ f(y, x) ≤ 1

n+ 1

for all b, n ∈ N and all x, y ∈ X with d(o, x), d(o, y) ≤ b. By the general logical metatheorems of
proof mining for metric and CAT(0)-spaces [27], an effective modulus of uniform pseudomono-
tonicity can be extracted from a corresponding (suitable) proof of pseudomonotonicity. Indeed,
as an example for this, consider fh(x, y) := h(y)− h(x) as defined in Example 3.1 for some lsc
and strongly quasiconvex h : X → R, where it can be rather immediately seen that a modulus
of uniform pseudomonotonicity is given by p(b, n) := n.

However, the extracted rate of convergence from Theorem 4.14 does not depend on such
a modulus and in fact this independence can be logically explained and guaranteed a priori.
Indeed, in the context of Theorem 4.14, the assumption (A2) is only ever used to deduce
∀x ∈ X (f(x, x∗) ≤ 0) from the characterizing property ∀x ∈ X (f(x∗, x) ≥ 0) of a given (but
fixed) solution x∗. Instead of (A2), it hence suffices to work only with the two properties above,
formulated relative to such a fixed solution x∗. As these are universal properties, they do not
contribute to the extracted bounds, which guarantees the independence of the resulting rate
from any such modulus of uniform pseudomonotonicity a priori. We refer to the master thesis
of the first author [21] for a more in-depth discussion of the surrounding logical aspects.

We end this section by mentioning two further quantitative results that allow for a sim-
plification of the constant C featuring in Theorem 4.14 under additional assumptions on the
parameters. Concretely, as {βk}k can be freely chosen, and since ( 1

γ−8η
, 1
4η
) is nonempty, a per-

missible restriction for applying (PPA) would be to choose {βk}k from a compact subinterval
of ( 1

γ−8η
, 1
4η
). If one follows this line, both the constant C and the resulting arguments for the

convergence of the method simplify drastically, to the point where the adaptive choice of λk

depending on βk, as facilitated above by the function N from (†), is no longer necessary. We
collect the resulting quantitative estimates in the following theorem, but omit the (simplified)
proofs for them, which can be found in the master thesis of the first author [21].

Theorem 4.18. Let X be a Hadamard space and let f : X ×X → R be a bifunction satisfying
(Ai) with i = 2, 4, 5, 6. Let Θ > 0 with 1

γ−8η
< Θ < 1

4η
and let {βk}k ⊆ [ 1

γ−8η
,Θ]. Suppose that
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(PPA) is well-defined and let {xk}k be its generated sequence. Suppose that S(f) ̸= ∅. Then
{xk}k converges to the (unique) equilibrium point x∗ of f . Further, we have the non-asymptotic
guarantee

∀k > 2

(
d(xk, x

∗) <
C ′

√
k − 2

)
where

C ′ :=
24bγ√

Θ∗(3γ − 8η)

with b2 ≥ d2(x0, x
∗) and Θ∗ := 1− 4ηΘ. If we further have a θ > 0 such that {βk}k ⊆ [θ,Θ] ⊆

( 1
γ−8η

, 1
4η
), then we can set

C ′ := max

{
1,

3

2θ∗

}
b√
Θ∗

with b and Θ∗ as before as well as θ∗ := (γ − 8η)θ − 1.

5. Regularized selection methods

5.1. The method and preliminaries. We now move to the second method for solving the
equilibrium problem (EP) over a Hadamard space (X, d) for a given bifunction f : X×X → R,
now following the first type of method discussed in the introduction which regularizes the
bifunction as a whole (yielding the notion of a resolvent of the bifunction). We recall it here
first over a Hilbert space (X, ⟨·, ·⟩) and a given closed and convex set K ⊆ X. Given a starting
point x0 ∈ K and a sequence {βk}k ⊆ (0,∞), recursively define xk+1 by choosing

(%) xk+1 ∈ S(K, fk) for fk(x, y) := f(x, y) +
1

βk

⟨x− xk, y − x⟩,

where S(K, fk) refers to the solution set of the equilibrium problem defined by fk over K,
similar to before. Over Euclidean spaces, Iusem and Lara show that the sequence {xk}k gener-
ated by this algorithm converges to an equilibrium point in the context of a suitable strongly
quasiconvex and pseudomonotone bifunction:

Theorem 5.1 (cf. [37, Corollary 3.2]). Let X = Rd and K ⊆ X be closed and convex. Let
f : K ×K → R be a bifunction satisfying (A1) – (A5). Take β > 0 such that βk ≥ β for all
k ∈ N and let {xk}k be the sequence generated by (%) over K. Then {xk}k converges to a point
x∗ ∈ S(K, f).

In fact, in [37, Proposition 3.6], Iusem and Lara further “show” that (%) is well-defined, i.e.
that S(K, fk) ̸= ∅ for all k ∈ N. However, we cannot confirm their result. The following remark
provides a detailed discussion in that vein, and in particular provides a counterexample to their
main line of reasoning.

Remark 5.2. In the proof of the well-definedness of the method generated by (%) under the
assumptions of Theorem 5.1 as given in [37, Proposition 3.6], it is argued that the nonemptyness
of S(K, fz,β) for the function fz,β(x, ·) := f(x, ·)+ 1

β
⟨x− z, · − x⟩ (and hence the nonemptyness

of S(K, fk)) follows from the fact that fz,β(x, ·) attains its minimum on K for any z, x ∈ K and
β > 0. However it seems like this implication should not hold. Towards a counterexample, we
utilize [37, Example 4.2]. Take α > 0 and K = [0, 2]. Define the bifunction f : K ×K → R by

f(x, y) :=
√
y −

√
x+ ⟨αx, y − x⟩.
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Note that ⟨a, b⟩ := ab for all a, b ∈ R. If follows by [37, Example 4.2] that the assumptions
(A1) – (A6) hold for this function. Also, the function

fz,β(x, ·) :=
√
· −

√
x+ ⟨(α + 1/β)x− z/β, · − x⟩

clearly attains a minimum on K = [0, 2] for any z, β and x. Now, consider β = 1 and z = 1.
We will show that S(K, f1,1) = ∅. For a contradiction, assume that x∗ ∈ S(K, f1,1). Then by
assumption

f1,1(x
∗, y) =

√
y −

√
x∗ + ⟨(1 + α)x∗ − 1, y − x∗⟩ ≥ 0

for all y ∈ K. Suppose that x∗ = 0. Then, for y = 2, we obtain

f1,1(0, 2) =
√
2 + ⟨−1, 2⟩ =

√
2− 2 < 0,

contradicting that x∗ ∈ S(K, f1,1). However if x
∗ > 0, we obtain for y = 0 that

f1,1(x
∗, 0) = −

√
x∗ + ((1 + α)x∗ − 1) (−x∗) = −

√
x∗ − (1 + α)(x∗)2 + x∗.

But now, if x∗ ≤ 1 we have
√
x∗ ≥ x∗ and if x∗ > 1, we have (x∗)2 > x∗. Thus, the above

expression is strictly negative for all choices of x∗ > 0. We conclude that S(K, f1,1) must be
empty.

Nevertheless, we now move on towards generalizing the method (%) and its convergence result
contained in Theorem 5.1 to the nonlinear setting of Hadamard spaces, and outfitting it with
quantitative information. So, fix a Hadamard space (X, d) and a bifunction f : X ×X → R.
Similar to before, as closed and convex subsets of Hadamard spaces are again Hadamard spaces,
we will (without loss of generality) not consider a relativization onto such sets.

There are now multiple ways to generalize the method (%), based on different ways of reg-
ularizing f in a Hadamard space: Concretely, two immediate regularizations corresponding to
the above definition in Hilbert spaces are

fk(x, y) := f(x, y) +
1

βk

⟨ #    »xkx,
# »xy⟩

on the one hand, using the quasi-inner product on X, as well as

fk(x, y) := f(x, y)− 1

βk

gx(logx xk, logx y)

on the other, using the pseudo-inner product on TxX. Yet another possible regularization
utilizes the Busemann function of an associated geodesic ray: Supposing thatX has the geodesic
extension property, one can consider

fk(x, y) := f(x, y)− 1

βk

d(xk, x)(brxk,x(y)− brxk,x(x)),

where brxk,x is the Busemann function corresponding to the (unique) geodesic ray rxk,x such
that rxk,x(0) = xk and rxk,x(d(xk, x)) = x (which exists since X has the geodesic extension
property).3

Indeed, all regularizations coincide with (%) in Hilbert spaces. The first is employed in [46]
in the context of Hadamard spaces. The second was previously taken as a point of depar-
ture in work of Colao, López, Marino and Mart́ın-Márquez [18] for equilibrium problems over

3Since we rely on X having the geodesic extension property for the last type of regularization based on
Busemann functions, there would be a gain in generality if we would formulate our equilibrium problem and
resulting method over a fixed closed and convex set K ⊆ X. However, since the approach we outline here can
be trivially extended to such situations, and to not create notational mismatch between the methods, we refrain
from introducing such a relativization in the following.
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Hadamard manifolds and is considered here (to our knowledge) for the first time in general
Hadamard spaces. The last represents a regularization of a bifunction based on Busemann
functions motivated by the recent work of Bento, Cruz Neto, Melo, et al. [8, 9], also set
over Hadamard manifolds, modified here to both adequately extend the resulting object to
Hadamard spaces and to allow applications in the context of strongly quasiconvex functions.
All have previously however only been considered for convex bifunctions f .

Based on this plurality, and to provide a uniform study of (at least) these three methods
above, we in the following consider a more abstract regularized selection method via

(RS) xk+1 ∈ S(fk) for fk(x, y) := f(x, y) +
1

βk

r(xk, x, y),

where r : X3 → R is an abstract regularization function for which we will assume two key
properties for any u, v, w ∈ X:

(R1) r(u, v, w) ≤ 1
2
(d2(w, u)− d2(w, v)− d2(u, v)),

(R2) r(u, v, w) ≤ d(u, v)d(v, w).

Before moving on, the next two lemmas quickly note that (R1) and (R2) hold for the two
regularization functions used above.

Lemma 5.3. Define r(u, v, w) := ⟨ # »uv, #  »vw⟩. Then r satisfies (R1) and (R2).

Proof. By definition, we have

⟨ # »uv, #  »vw⟩ = 1
2

(
d2(w, u)− d2(w, v)− d2(u, v)

)
which yields (R1). Further, by (CS), we get ⟨ # »uv, #  »vw⟩ ≤ d(u, v)d(v, w) which is (R2). □

Lemma 5.4. Define r(u, v, w) := −gv(logv u, logv w). Then r satisfies (R1) and (R2).

Proof. Lemma 2.1 yields

−gv(logv u, logv w) ≤ 1
2

(
d2(w, u)− d2(w, v)− d2(u, v)

)
which is (R1). Further, recall from Section 2.3 that

−gv(logv u, logv w) ≤ ∥logv u∥v∥logv w∥v = d(u, v)d(v, w)

by (CS) on TxX, which is (R2). □

To deal with the last regularization, we first require the following result about Busemann
functions.

Lemma 5.5. Let X have the geodesic extension property. Then, for any u, v, w ∈ X:

d(u, v)bru,v(w) ≥
1

2

(
d2(w, v)− d2(w, u)− d2(u, v)

)
.

Proof. To simplify notation, write r for ru,v and a for d(u, v). Given t > a, note that v =
(1− a

t
)u⊕ a

t
r(t). Hence, using (CN+), we get

d2(w, v) ≤
(
1− a

t

)
d2(w, u) +

a

t
d2(w, r(t))− a

t

(
1− a

t

)
d2(u, r(t)).

As r is a geodesic ray issuing at u, we have d2(u, r(t)) = t2 and so a
t
(1 − a

t
)t2 = a(t − a).

Rearranging the above and multiplying by t
a
, we get

d2(w, r(t)) ≥ t

a

(
d2(w, v)− d2(w, u)

)
+ d2(w, u) + t(t− a)

≥ t2 + tc+ d2(w, u)
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where c = 1
a
(d2(w, v)− d2(w, u)− a2). Hence, we get

d(w, r(t))− t ≥
√

t2 + tc+ d2(w, u)− t

=
tc+ d2(w, u)√

t2 + tc+ d2(w, u) + t
≥ tc+ d2(w, u)

2t+
√

tc+ d2(w, u)

so that we get bru,v(w) = limt→∞(d(w, r(t))− t) ≥ c
2
. Multiplying by a gives the result. □

Now, we can recognize the last type of regularization as an instance of our abstract schema.

Lemma 5.6. Let X have the geodesic extension property. Define r(u, v, w) := −d(u, v)(bru,v(w)−
bru,v(v)). Then r satisfies (R1) and (R2).

Proof. It is easy to see that bru,v(v) = −d(u, v). Hence, using Lemma 5.5, we get

d(u, v)(bru,v(w)− bru,v(v)) = d(u, v)bru,v(w) + d2(u, v)

≥ 1

2

(
d2(w, v)− d2(w, u)− d2(u, v)

)
+ d2(u, v)

≥ 1

2

(
d2(w, v)− d2(w, u) + d2(u, v)

)
so that

r(u, v, w) ≤ 1

2

(
d2(w, u)− d2(w, v)− d2(u, v)

)
which is (R1). For (R2), note that we have

−d(u, v)(bru,v(w)− bru,v(v)) = d(u, v)(bru,v(v)− bru,v(w)) ≤ d(u, v)d(v, w)

since bru,v is nonexpansive (recall Section 2). □

In comparison to (%), where the well-definedness of the algorithm was already unclear even
in the linear case for strongly quasiconvex functions, this abstract phrasing via (RS) makes
the well-definedness of the method even more precarious, especially in Hadamard spaces and
already for convex bifunctions. We will hence in the following generally only assume (and not
show) that S(fk) ̸= ∅ for all k ∈ N in the Hadamard space setting, so that the method (RS) is
well-defined. However, we briefly comment on some partial results in that vein in Remark 5.7
below.

In that way, although the proof of the main convergence theorem and its corresponding
quantitative estimates given below (see Theorem 5.10) are simpler than their counterparts
for (PPA) from the previous section (recall Theorems 4.14 and 4.18), the great disadvantage
of (RS) is that it is less clear whether the algorithm is well-defined, and it further does not
seem immediate in what respect the corresponding subproblems are easy to solve, as they lack
important structure (e.g. w.r.t. quasiconvexity).

Remark 5.7. In [46], Khatibzadeh and Mohebbi consider well-definedness of (RS) in Hadamard
spaces for r(u, v, w) := ⟨ # »uv, #  »vw⟩, but where f is convex in its second argument. They encounter
a different difficulty compared to the above Remark 5.2 in this nonlinear context: They can
show that S(f) is nonempty if f is convex in its right argument, is θ-undermonotone (see [46,
p. 233]) and satisfies (A0) and (A1). However, as the function y 7→ ⟨ # »zx, # »xy⟩ is not necessarily
convex in general Hadamard spaces, neither is fz,β(x, ·) := f(x, ·) + 1

β
r(z, x, ·) for the above

r. Thus, the previous arguments, reliant on the convexity property of f , cannot be applied to
show nonemptyness of S(fz,β). Khatibzadeh and Mohebbi leave it as an open question whether
the algorithm is well-defined only assuming (A0), (A1), convexity and θ-undermonotonicity
of f and only show nonemptyness of S(fz,β) under additional assumptions on f (e.g. if f is
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cyclically monotone). It was claimed in [18, Proposition 2.9] (as well as [72, Proposition 3.4,
(ii)]) that the issue of the convexity of the regularization function r is mitigated for r(u, v, w) :=
−gv(logv u, logv w) over Hadamard manifolds, which was used in [18, Theorem 4.9] to establish
that S(fz,β) is nonempty whenever f convex in its right argument, monotone and satisfies
some further auxiliary conditions (including a compactness condition). However, as shown in
[53], these results from [18, 72] are actually false in general and the function r is only convex
over linear spaces. The last type of regularization r(u, v, w) := −d(u, v)(bru,v(w) − bru,v(v)) is
actually concave in w since the Busemann function is convex (recall Section 2). This is contrary
to the regularization d(u, v)brv,u(w) introduced in [8], which served as a motivation for the above
regularization introduced in this paper. Indeed, the convexity of this regularization is crucially
used therein to establish the well-definedness of the method (cf. [8, Theorem 1.1]). In any
case, such convexity results for r would not immediately solve the associated problem in the
strongly quasiconvex case as the addition of a strongly quasiconvex and a convex function need
not be strongly quasiconvex, so that not even Theorem 3.9 can be applied without additional
considerations. Naturally, if fz,β happens to be strongly quasiconvex for all β > 0 and z ∈ X
in its right argument and further satisfies (A0),(A1) and (A2), then Theorem 3.9 of course
guarantees S(fz,β) ̸= ∅.
5.2. Quantitative convergence results. We now turn to the main focus of this section, the
generalized and effective variant of Theorem 5.1. In [37], Iusem and Lara refer4 to [42, Theorem
1] where, in a Hilbert space setting, weak convergence of the sequence generated by (%) is shown
under the assumptions that S(f) ̸= ∅ and that f is suitably semicontinuous, monotone and
convex. They then argue that this can easily be transferred to the strongly quasiconvex setting
of Theorem 5.1. Inspired by [67], we follow a slightly different argument which in particular
will allow us to show a strong convergence result together with a rate of convergence in the
general setting of strongly quasiconvex and pseudomonotone bifunctions on Hadamard spaces.

We begin by adapting [42, Proposition 4] to our setting, which will allow us to show Fejér
monotonicity of {xk}k and derive a quantitative result on the asymptotic behavior of d(xk+1, xk).
The proof is an easy adaptation of the proof of [42, Proposition 4].

Lemma 5.8. Let f be a bifunction satisfying (A2) and let r satisfy (R1). Let {βk}k ⊆ (0,∞).
Suppose that (RS) is well-defined and let {xk}k be its generated sequence. Let x∗ ∈ S(f). Then,
for every k ∈ N:

d2(xk+1, x
∗) ≤ d2(xk, x

∗)− d2(xk+1, xk).

Proof. Fix k ∈ N. As xk+1 ∈ S(fk), we obtain

0 ≤ fk(xk+1, x
∗) = f(xk+1, x

∗) +
1

βk

r(xk, xk+1, x
∗)

and thus −f(xk+1, x
∗) ≤ 1

βk
r(xk, xk+1, x

∗). As x∗ is an equilibrium point for f , we have

f(x∗, y) ≥ 0 for all y ∈ X, and by pseudomonotonicity of f it follows that f(y, x∗) ≤ 0
for all y ∈ X. In particular, we have f(xk+1, x

∗) ≤ 0, and hence

0 ≤ 1

βk

r(xk, xk+1, x
∗) ≤ 1

2βk

(
d2(x∗, xk)− d2(x∗, xk+1)− d2(xk+1, xk)

)
,

using (R1). As βk > 0 for all k ∈ N, this implies the result. □

The approach towards our quantitative convergence theorem for (RS) is now similar as with
(PPA). First, we derive an effective estimate for the asymptotic behavior of d(xk, xk+1) from
the above.

4They actually reference [40], but we believe this might be a typo.
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Lemma 5.9. Let f be a bifunction satisfying (A2) and let r satisfy (R1). Let {βk}k ⊆ (0,∞).
Suppose that (RS) is well-defined and let {xk}k be its generated sequence. Let x∗ ∈ S(f). Then,
for any ε > 0:

∃k ≤
⌈
b2

ε

⌉ (
d2(xk, xk+1) < ε

)
,

where b2 ≥ d2(x0, x
∗).

Proof. Immediately follows with Lemma 4.10 and Lemma 5.8. □

The above asymptotic estimate for d(xk, xk+1) can now already be used to show the main
quantitative convergence theorem.

Theorem 5.10. Let X be a Hadamard space and let f be a bifunction satisfying (A2), (A4) and
(A5). Further, let r satisfy (R1) and (R2). Let {βk}k ⊆ (0,∞) be a sequence such that β ≤ βk

for all k ∈ N. Suppose that (RS) is well-defined and let {xk}k be its generated sequence. Suppose
that S(f) ̸= ∅. Then {xk}k converges to the (unique) equilibrium point x∗ of f . Further, we
have the non-asymptotic guarantee

∀k > 2

(
d(xk, x

∗) <
D√
k − 2

)
where D := 4b/βγ with b2 ≥ d2(x0, x

∗).

Proof. It is enough to show the quantitative result, and to that end we show

(Q’) ∀ε > 0 ∀k ≥
(⌈

D2

ε2

⌉
+ 1

)
(d(xk, x

∗) < ε).

The non-asymptotic guarantee above can then be derived similar as in Theorem 4.14. Given
ε > 0, using Lemma 5.9, choose

k ≤
⌈

16b2

β2γ2ε2

⌉
≤
⌈
D2

ε2

⌉
such that d(xk+1, xk) <

βγ

4
ε.

Using that xk+1 ∈ S(fk), by definition we obtain

0 ≤ f(xk+1, y) +
1

βk

r(xk, xk+1, y)

for all y ∈ X. Consider y := (1− λ)xk+1 ⊕ λx∗ where λ ∈ (0, 1). Then

0 ≤ f(xk+1, (1− λ)xk+1 ⊕ λx∗) +
1

βk

r(xk, xk+1, (1− λ)xk+1 ⊕ λx∗)

By strong quasiconvexity of f and (R2), we obtain

0 ≤ max
{
f(xk+1, x

∗), f(xk+1, xk+1)
}
− λ(1− λ)

γ

2
d2(x∗, xk+1)

+
1

βk

d(xk+1, xk)d((1− λ)xk+1 ⊕ λx∗, xk+1).

As x∗ is an equilibrium point for f , we know f(x∗, y) ≥ 0 for all y ∈ X and thus by pseu-
domonotonicity of f , we in particular have f(xk+1, x

∗) ≤ 0. Further, f(xk+1, xk+1) = 0 by (A0)
(which follows from (A2) and (A5)). Thus, using convexity of d in its first argument, we obtain

λ(1− λ)
γ

2
d2(x∗, xk+1) ≤

λ

βk

d(xk+1, xk)d(x
∗, xk+1).
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Choosing λ = 1/2 and using β ≤ βk, this now finally yields

βγ

4
d2(x∗, xk+1) ≤ d(xk+1, xk)d(x

∗, xk+1).

If d(x∗, xk+1) = 0, we are done by Lemma 5.8. Otherwise, we obtain

βγ

4
d(x∗, xk+1) ≤ d(xk+1, xk) <

βγ

4
ε.

As βγ
4
> 0, we get d(x∗, xk+1) < ε and again we are done with Lemma 5.8. This completes the

proof of (Q’). □

Remark 5.11. Already over Rd, the above result strengthens the convergence result of Iusem and
Lara (recall Theorem 5.1) by providing quantitative estimates, which (to our knowledge) are
already novel in the Euclidean case. Again, the above approach allows for a careful examination
of the main assumptions on the bifunction, whereby (A1) and (A3) are not needed to show the
convergence result if the existence of an equilibrium point and well-definedness of the algorithm
are assumed.

Further, both Remark 4.16 and Remark 4.17 extend from (PPA) to this setting of (RS), and
we again refer to the master thesis of the first author [21] for additional discussions in these
regards.

Acknowledgments: This paper is a revised version of parts of the master thesis [21] of the
first author, written under the supervision of Prof. Dr. Ulrich Kohlenbach at TU Darmstadt
and co-supervised by the second author. Both authors want to thank Prof. Kohlenbach for
many insightful comments on the topic of the thesis [21]. The authors also want to thank
Sorin-Mihai Grad and Felipe Lara for helpful conversations on and around the topic of this
paper.
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