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ABSTRACT. We prove a novel and general result on the asymptotic behavior of stochastic
processes which conform to a certain relaxed supermartingale condition. Our result provides
quantitative information in the form of an explicit and effective construction of a rate of con-
vergence for this process, both in mean and almost surely, that is moreover highly uniform in
that it only depends on very few data of the surrounding objects involved in the iteration. We
then apply this result to derive new quantitative versions of well-known concepts and theo-
rems from stochastic approximation, in particular providing effective rates for a variant of the
Robbins-Siegmund theorem, Dvoretzky’s convergence theorem, as well as the convergence of
stochastic quasi-Fejér monotone sequences, the latter of which formulated in a novel and highly
general metric context. We utilize the classic and widely studied Robbins-Monro procedure as
a template to evaluate our quantitative results and their applicability in greater detail. We
conclude by illustrating the breadth of potential further applications with a brief discussion on
a variety of other well-known iterative procedures from stochastic approximation. Throughout,
we isolate and discuss special cases of our results which allow for the construction of fast, and
in particular linear, rates.
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1. INTRODUCTION

Stochastic approximation methods are fundamental to modern science, with applications
in optimization, statistics, machine learning, control theory, and many other areas. Accord-
ingly, a rich mathematical theory on stochastic approximation has been developed, some of the
most useful results being general convergence theorems that can be used to guarantee good
asymptotic behaviour for large classes of approximation methods.

Several of the most important abstract convergence results for stochastic approximation
utilise supermartingale convergence (as embodied by the famous Robbins-Siegmund theorem
[86]), or similar abstract descent properties (as in Dvoretzky’s convergence theorem [32]), along
with the closely related phenomenon of stochastic quasi-Fejér monotonicity [26, 34]. Each of
these represents, in a slightly different guise, a formal perspective on the strategy for proving
convergence that exploits the fact that for many stochastic algorithms, the distance of the
iterates from a target point decreases in some way, where here both the notion of distance and
decreasing are rather general and can take various forms. The power and broad applicability
of supermartingale convergence and quasi-Fejér monotonicity has been recently surveyed in
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[41], and there exists a large body of literature where these methods are applied in concrete
scenarios, either explicitly or (even more commonly) implicitly.

Aside from their general utility, abstract convergence theorems take on additional signifi-
cance in that they give insight into the relationship between different stochastic algorithms
and can therefore guide the development of new methods. Even more interestingly, strength-
enings of abstract theorems with, for example, quantitative information, propagate down to
the many concrete methods whose convergence has been established using those theorems, pro-
viding new insights and results for both well-known and newly discovered stochastic algorithms.

This paper is concerned with abstract convergence results of this type for stochastic al-
gorithms, and in particular their quantitative aspects. Concretely, we develop new abstract
convergence theorems and strengthen existing ones, before demonstrating the applicability of
these results across the field of stochastic optimization.

Our contributions fall into three main parts. We first provide a novel and very general
convergence theorem (Theorem 2.8) under which each of the aforementioned strategies (that
is supermartingale convergence, Dvoretzky’s convergence theorem, and stochastic quasi-Fejér
monotonicty) is subsumed. Most importantly, we equip our convergence theorem with concrete
convergence rates which can be effectively constructed in terms of a modest amount of surround-
ing quantitative data, which can essentially always be supplied in practice. We then show that
these rates are inherited by all three of the aforementioned strategies for analysing stochastic
methods, where we formulate, in turn, quantitative variants of the Robbins-Siegmund theorem
(Theorem 3.4) and Dvoretzky’s convergence theorem (Theorem 4.2), along with a quantitative
convergence result for stochastic quasi-Fejér monotone sequences in metric spaces (Theorem
5.8), where the latter is even qualitatively new. Finally, we present an array of case studies
where explicit convergence rates are obtained for concrete stochastic algorithms by utilizing
these results. In many cases, these rates are provided for the first time, or at a higher level of
generality than before.

Our overall aim is to provide a general methodology for obtaining quantitative convergence
guarantees for stochastic methods, a methodology that is broadly applicable whenever con-
vergence can be established using classic descent-based methods. Our intention is that this
methodology can be applied to analyse specific algorithms as well as to produce new abstract
quantitative convergence results for various classes of approximation methods, as illustrated
through our study of the well-known Robbins-Monro procedure in Section 6 and the many
further examples which are given in Section 7.

Convergence rates for general stochastic methods are of obvious practical importance given
that such methods underlie numerous concrete algorithms (as a canonical example, the Robbins-
Monro procedure is instantiated as stochastic gradient descent, which is in turn of fundamental
importance in modern machine learning). Though the convergence rates attached to our ab-
stract convergence theorems are necessarily general, we in particular highlight how our frame-
work can be readily refined to produce fast (e.g. linear) rates in special cases. In this way, we
demonstrate that our abstract approach is capable of generating quantitative information that
is of clear practical use.

Finally, and as elaborated further in Section 1.3 below, the aforementioned results are ob-
tained using the logic-based proof mining program [50, 51], where this paper represents one of
the first applications of proof-theoretic techniques to stochastic methods. We therefore con-
sider this implicit connection between proof theory and stochastic approximation to be a further
novel contribution of the paper.
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1.1. Overview of the main results. We now describe our main results in more detail, with a
particular emphasis on our most general abstract convergence result, which is both qualitatively
and quantitatively new. Concretely, at our most abstract, we consider general nonnegative real-
valued stochastic processes (X,,) that conform to the almost-supermartingale property that

E[Xni1 | Ful < (1 + An)X, + Cy

almost surely for all n € N, formulated relative to a filtration (F,,) of an underlying probability
space. The general idea is that X, represents the distance between the element z,, of a stochastic
algorithm and some target point, with the perturbation 1+ A, and error term C,, arising in some
way from stochastic noise. Together with natural conditions on the errors and the perturbations,
we provide a convergence result for such processes, both in expectation and almost surely, in
the presence of an additional approximation assumption

lim inf E[f(X,,)] = 0

where f belongs to a certain class of well-behaved functions (containing in particular n-th roots
and logarithms) that slow down the process X,,, and hence substantially weaken the stronger
assumption that liminf, . E[X,,] = 0, typically required to establish convergence. Our ability
to slow down the process in this way is crucial for the applications that follow.

The proof of our general result is rather elementary, relying only on fundamental properties
of martingales and conditional expectations (notably Ville’s inequality for nonnegative super-
matingales), and the corresponding quantitative convergence result not only guarantees the
convergence to zero of f(X,,) in mean and of X,, almost surely, but also provides rates in both
cases in the form of explicitly constructed functions p : (0,0) — N with

Ve >0 Vn = p(e) (E[f(X,)] < e)
and p’ : (0,0)? - N with
VA e>0(P@En = p'(\e) (X, =¢)) <)),

respectively.

The motivation behind our approximation assumption is the observation from practice that
in many concrete scenarios, the above approximation property for the process f(X,) for a
suitable “slowdown” function f naturally comes into existence through a decomposition into
a similar property liminf, ., E[V,] = 0 for a secondary process (V},), which in many cases
can be naturally and easily obtained, together with a type of regularity assumption relating
E[V,] to E[f(X,)], which in this paper will be concretely represented through a modulus
7:(0,00) — (0,0) satisfying

¥ne N Ve > 0(E[V,] < 7(e) — E[f(X,)] <¢).

As we will show, this modulus 7 represents a powerful abstraction of many commonly made
regularity or uniqueness assumptions from the literature, a range of concrete examples of which
will be discussed in detail.

Going from the abstract to the concrete, we then illustrate that the three distinct (but con-
ceptually overlapping) approaches to convergence as discussed above, that is supermartingale
convergence in the form of the Robbins-Siegmund theorem, Dvoretzky’s convergence theorem
and convergence of stochastic quasi-Fejér monotone sequences, are all (in their respective quan-
titative variants) consequences of our abstract theorem, where the regularity moduli as detailed
above naturally manifest themselves through commonly made assumptions in all these cases.
This provides not only a uniform proof strategy for these three central approaches to stochastic



4 M. NERI, N. PISCHKE, T. POWELL

approximation, but furthermore yields rates in each case, phrased in terms of corresponding
regularity moduli.

We then demonstrate the applicability of these concrete instantiations of our general result by
considering a series of examples. We first consider classic stochastic approximation algorithms
based on the Robbins-Monro scheme, where in particular our results manage to reproduce the
well-known O(1/4/n) bounds for strongly monotone operators under various commonly made
assumptions in that case, but can also be used to formulate more abstract rates under much
weaker assumptions.

We then conclude the paper by indicating further applications of our results in stochastic
optimization by surveying

(1) a range of natural optimization and approximation scenarios together with commonly
made assumptions on the objective functions that entail the existence of our general
regularity moduli discussed above, including (quasi-) contractions, functions with sharp
minima as well as uniformly accretive set-valued operators;

(2) a variety of stochastic methods commonly studied in the literature which are stochasti-
cally quasi-Fejér monotone and hence entail the almost-supermartingale condition dis-
cussed above, and where the other surrounding quantitative data can be naturally in-
stantiated, including the Krasnoselskii-Mann iteration in general Hadamard spaces and
a variant of the proximal point algorithm in Hilbert spaces (both with stochastic noise)
along with random-order metric splitting algorithms.

1.2. This paper as a foundation for future work. The main purpose of our abstract
quantitative convergence results is to develop a framework that can be applied to provide
quantitative insights into stochastic algorithms across stochastic optimization and related fields.
For that reason, already in this paper we provide a detailed account of how our results are
applicable to both classic and modern methods of a wide variety (as will be discussed in Sections
6 and 7). However, the methods discussed here should merely be viewed as illustrative of our
framework’s potential, and a great deal of further work is anticipated, exploiting in particular
the fact that we cover not one but three distinct convergence techniques that are of central
importance in the literature, and that our approach is highly versatile and modular.

Our brief study of the Robbins-Monro scheme via the quantitative Robbins-Siegmund the-
orem in Section 6 could be readily extended to a more detailed quantitative study of gradient
descent methods with more general conditions, as represented, for example, by the classic pa-
per [13], or in the more abstract setting of Hilbert spaces as in [7]. A more recent example
along these lines is the unified supermartingale convergence theorem of [63], which is tailored
to establishing convergence for a range of stochastic methods, including varieties of stochastic
gradient descent.

Indeed, we envisage that a particularly effective use of our results would be to provide
abstract, quantitative versions of the various unified convergence theorems already known in the
literature, such as the aforementioned result from [63], which are themselves often adaptations
of the well-known convergence techniques covered in this paper. In this way, any rates of
convergence immediately propagate down to the class of algorithms covered by those unified
theorems. Another important example along these lines, this time connected to Dvoretzky’s
theorem, is the widely used convergence theorem presented in [45], originally conceived to
provide a rigorous convergence proof for dynamic programming based learning algorithms such
as @-learning [98], and which continues to be used in this way to prove convergence of new
reinforcement learning algorithms.
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Several concrete directions for future applications of our quantitative approach to stochastic
quasi-Fejér monotonicity beyond those provided in Section 7 also immediately present them-
selves. For example, our work can be utilized to provide quantitative results for stochastic
splitting methods for monotone inclusions as in particular studied in [23, 27, 77, 88, 97| as well
as for stochastic variants of the proximal point method as in particular studied in [4, 14], both
of which have become staples in the applied literature.

Finally, we emphasise that the basic convergence strategies studied in this paper, though
classically applied to algorithms in R?, continue to be applicable in more exotic settings. Two
such examples are already surveyed as applications in this paper, both of which can be found in
Section 7: Concretely, we discuss the classical Kransnoselskii-Mann iteration as well as a metric
splitting algorithm in the setting of general Hadamard spaces, a class of spaces that beyond
infinite dimensional Hilbert spaces also in particular encompasses the Hilbert ball and general
Hadamard manifolds as well as more unique examples like the Billera-Holmes-Vogtmann tree
space which has fundamental applications in computational biology. We therefore anticipate
that our results (or extensions thereof) will also be applicable to more such sophisticated
geometric settings, such as those of e.g. [2, 17, 18], which are concerned with establishing the
convergence of gradient descent-type algorithms on various classes of Riemannian manifolds
using similar methods.

1.3. This paper as part of the proof mining program. As already mentioned, the results
developed in this paper have been established using the logic-based methodology of proof mining
[50, 51] (going back to G. Kreisel’s program of unwinding of proofs [57, 58]). In particular, the
present paper is part of a recent and ongoing effort by the authors to bring methods from proof
mining to bear in probability theory and stochastic optimization for the first time. In particu-
lar, it builds on the recent work [73] by Neri and Pischke which provides the logical foundations
for such an approach, the works [75, 76] by Neri and Powell which provided an initial quantita-
tive approach to martingales as well as to the Robbins-Siegmund theorem from the perspective
of proof mining, and the work [82] which was likewise concerned with the (fast) asymptotic
behavior stochastic approximation procedures and underlying general principles for stochastic
process. Other applications of proof mining and related logical perspectives to probability the-
ory and the study of random processes can be found in [71, 72, 74], which are methodologically
similar to the present paper, as well as [3, 5, 6]. Furthermore, the present results, in particular
the parts focused on stochastic quasi-Fejér monotonicity and the corresponding derivation of
rates through quantitative notions of regularity and uniqueness, are influenced and inspired by
preceding work on abstract convergence results for quasi-Fejér monotone sequences as devel-
oped in [53, 54, 80] (see also [78]), similarly produced using methods from proof mining. As is
common in proof mining, all the results and proofs given in this work are formulated in a way
which avoids any reference to mathematical logic.

1.4. Structure of the paper. The paper is now organized as follows: In Section 2, we present
our general theorem on rates of convergence for stochastic processes. In Section 3 — 5, we then
apply these results to the Robbins-Siegmund theorem, Dvoretzky’s convergence theorem, and
to stochastic quasi-Fejér monotone sequences, respectively. These results are then gauged and
compared in Section 6 against the backdrop of the well-known Robbins-Monro process and
further, more novel, applications are sketched in Section 7.

2. A GENERAL THEOREM ON RATES OF CONVERGENCE FOR STOCHASTIC PROCESSES

We begin the paper with a very general convergence theorem for stochastic processes that
satisfy an almost-supermartingale condition. Crucially, this theorem is not just concerned
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with plain convergence, but in particular also provides a rate of convergence for the associated
process, both in expectation and almost surely, as described in the introduction above. This
convergence theorem will then be instantiated in the subsequent sections to yield various ap-
plications in stochastic approximation, all of which inherit the convergence rates formulated
here. We also take the opportunity to provide some useful results concerning regularity moduli,
which will be essential for the various applications of our main theorem.

For both this section and the remainder of the paper, we fix a probability space (2, F,P)
and we understand all measure-theoretic and probabilistic notions, such as random variables,
(conditional) expectations E and almost-sureness (which we abbreviate by a.s.), to be defined
relative to it. All random variables, unless specified otherwise, are assume to be real-valued
and (in-)equalities between random variables, if not specified otherwise, are understood to hold
almost surely.

We now discuss the main ingredients required for our main theorem. We begin by recalling
some fundamental results, the first of which is a well-known concentration inequality for non-
negative supermartingales due to Ville [96] (see also [67] for a detailed overview of concentration
inequalities for martingales):

Lemma 2.1. Let (U,) be a nonnegative supermartingale. Then for any a > 0 we have

P <sup U, > a) < E[UO].

neN a

Further, we will rely on Jensen’s inequality for (conditional) expectations (the following
formulation of which is taken from [48], see Theorems 7.9 and 8.20 therein):

Lemma 2.2. Let G be a sub-c-algebra of F and let X be a nonnegative integrable random
variable. Let ¢ : [0,00) — [0,0) be a measurable function. If ¢ is convex, then

P(E[X | G]) < E[p(X) | G] a.s. and p(E[X]) < E[p(X)],
where if ¢ is concave, then

p(E[X [ G]) = E[p(X) | G] a.s. and p(E[X]) = E[p(X)].

Our convergence result and the construction of associated rates of convergence rests on a key
descent condition of lim inf-type for the associated process, forcing it to have expectation below
¢ for each € > 0 infinitely often. Crucially, this descent condition however is “slowed down” as
already discussed in the introduction, i.e. in the sense that only the expectation of the process
under a suitable given function f is expected to decrease asymptotically in this sense. This
generality will be crucial for some of our applications that follow.

We now introduce the relevant class of admissible functions f. For that, we begin with the
following general notion:

Definition 2.3. A function f : [0,00) — [0, 0) is called #-supermultiplicative for a function
Y [0,1] — [0,1] if f(xa) = f(x)¥(a) for all z € [0,00) and a € [0,1] and 1) satisfies ¢(x) > 0
for xz > 0.

Definition 2.4. A function f : [0,00) — [0, c0) is called continuous at 0 = f(0) with a modulus
k:(0,00) = (0,00) if x < k(e) implies f(x) < ¢ for all z € [0,0) and € > 0.

The general class of functions f that we in the following want to allow is then the following:

Definition 2.5. A function f : [0,00) — [0, 0) is called s.i.c.c. (with moduli ¢ and k) if
(1) f is ¢-supermultiplicative for a function # : [0, 1] — [0, 1],
(2) f is strictly increasing,
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(3) f is concave,
(4) f is continuous, and & : (0,0) — (0, 0) is a modulus of continuity at 0 = f(0).

Before we discuss the main theorem, we shortly give some illuminating examples for typical
s.i.c.c. functions and discuss some closure properties of that class.

Example 2.6. (1) The function 27 for ¢ € (0,1] is s.i.c.c. with moduli a? and e. In par-
ticular, /x and z are s.i.c.c. To see this, note that x? is clearly increasing and concave.
Further, since (za)? = x%? for any x,a > 0, we get that 27 is a%-supermultiplicative.
Lastly, 7 is clearly continuous and since x < /¢ implies z? < ¢, it immediately follows
that /¢ is a modulus of continuity for z? at 0 = 0¢.

(2) The function log.(1 + x) for ¢ > 1 is s.i.c.c. with moduli a and ¢® — 1. To see this, note
that log,(1+ z) is increasing and concave. Further, log.(1 + x) is clearly continuous and
since x < ¢ — 1 implies log.(1 + ) < ¢, the function ¢© — 1 is a modulus of continuity
for log.(1 + ) at 0 = log,(1). Lastly, log.(1 + ) is also a-supermultiplicative since we
have (14+2)* < 14 za for all x > 0 and all a € [0, 1], so that alog,(1+ z) < log.(1+ xa)
for all such z, a.

The next proposition, which lists some closure properties of the class of s.i.c.c. functions,
follows immediately from some simple calculations. We hence omit the proof.

Proposition 2.7. Let f be s.i.c.c. with moduli v and k and let g be s.i.c.c. with moduli )’ and
k. Then:

(1) af + By, given o, 5 > 0, is s.i.c.c. with moduli min{y, '} and min{k(e/2a), k' (¢/25)}.
(2) fogis s.i.c.c. with moduli ¥ o)’ and K’ o k.
(8) min{f, g} is s.i.c.c. with moduli min{, ¢’} and max{x, '}.

We now state and prove the main theorem of this section:

Theorem 2.8. Let (F,) be a filtration of F and let (X,), (A,) and (C,) be sequences of
nonnegative, integrable real-valued random variables adapted to (F,,). Suppose that for alln € N:

E[Xpt1 | Fo] < (14 An)X, + G, as.
Also, suppose that there exist K =1 and x : (0,00) — N satisfying

0 0
H(l + A;) < K as. and Ye >0 Z E[Ci] <€

1=0 i=x(¢e)

Further, let f : [0,00) — [0,00) be s.i.c.c. with moduli ¢ and k. Finally, suppose that ¢ is a
lim inf-modulus for (f(X,)) in expectation in the sense that

Ve > 0 YN e N Ine [N;o(e, N)| (E[£(X,)] < e).
Then E[f(X,)] — 0 with rate

o (0 (25)

and X, — 0 a.s. with rate
p'(Ag) = p(Af(e)).
Proof. For any n € N, define
X, <o !
U, = B, +E [Z B | Fn] where B; := H(l + A;),

i=n =0
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with the convention that B_; := 1. The stochastic process (U,,) is a nonnegative supermartin-
gale, since for any n € N we have

Xn+1 < CZ

i=n+1

_ ]E[Xn+1 ‘ ‘Fn] - Cz
B > 5 | Fn

i=n+1
X, G, e’
< —+E — n
B, B [Z Bi’]:]
i=n-+1
:Una

using that B; > 1 for every j. Thereby (f(U,)) is also a nonnegative supermartingale since for
an arbitrary n € N, we have

ELfUn1) | Ful < f(E[Unsa | Fu]) < f(Un)

using Jensen’s inequality (and that f is continuous as well as concave) as well as that f is

monotone. Further, for any n € N, we get
Xn o Oz =
f(Un)<f(B ) +f<E > E ) <f(Xn)+f<E[ZCiFnD

1=n
using that f is subadditive (since f is concave) and that f is monotone together with B; > 1
for every j. In particular, using Jensen’s inequality (and so the concavity and continuity of f)
again, we have

(4) E[/(U.)] < E[f(X.)] + | (E [i c]) |

Now, let € > 0 and choose

e L) (5 (45 )

such that E[f(X,))] < ey(K1)/2. Let m = n(e) be arbitrary. Then

E[f(Un)] < E[f(Un)] <E[f(Xne)] + f | E Z Ci| | <ev(K)

= n

using that (f(U,)) is a supermartingale as well as (+) and that f is monotone and continuous
at 0 together with the defining property of x, which implies

E ZC </@(¢<§_1))

i=n(e)
Finally, we get that

w0 < £ (F2) < £ (52) < 10

as B,,_1 < K, using also the monotonicity and -supermultiplicativity of f, and after taking

expectations we get
Y(KTDE[f(Xn)] < E[f(Un)] < eb(K™)
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and so E[f(X,,)] < e. As m was arbitrary, this yields that p is a rate of convergence for
E[f(X,)] — 0. For the rate that X,, — 0 a.s., note that

P(Em = n(e)(Xpm = a)) < P(Em = n(e) (U, = a/K))
P@Em = n(e)(f(Un) = f(a/K)))
P(3m = n(e)(f(Un) = fla)p(K™)))
< [f(Un(e))]

= fla)p(K)
where the first inequality follows from the fact that X,,/K < X,,/B;,-1 < U, for all m e N

and the last inequality follows from Ville’s inequality. This immediately implies that X,, — 0
a.s. with rate p'. O

<
<

Disregarding the quantitative information in the above result, we in particular get the fol-
lowing qualitative theorem on the convergence of certain stochastic processes:

Corollary 2.9. Suppose that (X,,), (A,) and (C,) satisfy the supermartingale-type property
of Theorem 2.8 and assume that [].2,(1 + 4;) < o as., that Y, E[Ci] < o0, and that
liminf, ., E[f(X,)] = 0 for some s.i.c.c. function f. Then E[f(X,)] — 0 and X,, — 0 a.s.

Remark 2.10. The conclusion of E[f(X,)] — 0 in the above Theorem 2.8 is in general the
best one can hope for when allowing for general s.i.c.c. functions f other than the identity.
Concretely, already in the case of f = /-, it can naturally not be guaranteed that we further
also have E[X,] — 0. For that, consider the following example: Let (Y,) be a nonnegative
i.i.d. stochastic process with E[Y,] = 1 but E[\/Y,] = 1 € (0,1) for all n € N (arising e.g.
naturally through a Bernoulli process with values 0 and 2, each with probability %) Defining
X, = HZ:O Y) as well as choosing F,, := o(Yp,...,Y,), i.e. F, is the o-algebra generated by
Yo, ..., Yy, we immediately obtain that (X,,) is a martingale w.r.t. the filtration (F,). As (Y,,)

is independent, we have
n

ElVX,] = [[EWYil =] [n—0.
k=0 k=0
In particular, the conditions of Theorem 2.8 are trivially satisfied for A,, := C,, := 0. However,
for similar reasons we have E[X,,] = [[}_,E[Ys] = 1 for any n € N, ie. (E[X,]) does not
converge to 0.

In many cases where we subsequently apply the above Theorem 2.8, the crucial lim inf-
property for (f(X,)) in expectation and its corresponding modulus arise through a composition
of two other properties, quantitatively witnessed by corresponding moduli in an analogous way.
Concretely, in many applications a lim inf-modulus ¢ for (f(X,)) in expectation comes into
existence through a lim inf-modulus ¢’ for an auxiliary sequence (V) in expectation, i.e.

Ve >0VN eNdne[N;¢' (e, N)](E[V,] <),
together with a type of regularity modulus 7 : (0,00) — (0, 0) connecting (V) and f(X,) in
expectation, by which we here concretely mean that

Vne N Ve > 0(E[V,] < 7(e) = E[f(X,)] <e).
In the presence of these two moduli, we immediately get that

p(e) = ¢(7(e), N)

is a lim inf-modulus for (f(X,)) in expectation.
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We later discuss various concrete situations where such moduli naturally arise. For now, we
set out some abstract conditions under which a regularity modulus 7 as above exists and can
be determined.

Proposition 2.11. Let I be a non-empty index set and let (X;)icr, (Vi)ier be two families of
nonnegative real-valued random variables with

Vi = 7(X;) as.

for all i € I, where 7 : [0,00) — [0,00) is a convex and strictly increasing function. Assume
that each X; is integrable. Then T satisfies

VieIVe>0(E[V]]<7(e) > E[X;] <e).

Proof. Take € > 0 and i € I with E[V;] < 7(¢). Thus E[7(X})] < 7(¢) by the above inequality.
Using Jensen’s inequality, as 7 is convex, we have

7(E[X;]) < E[7(X;)] < 7(e).
As 7 is increasing, we have E[X;] < e. O

Remark 2.12. The above condition that V; = 7(X;) a.s. for all i € I can, for a strictly increasing
7, be equivalently recognized as requiring that 7 satisfies

Ve>0(Vi<t(e) > X; <¢e) as.

for all 7 € I and is hence equivalent to a pointwise version of the regularity property in expec-
tation. Clearly V; > 7(X;) a.s. implies the above property as 7 is strictly increasing and for the
converse, note that X; = X; a.s. and so V; = 7(X;) a.s. follows by the above property.

The previous proposition can be generalized to avoid the assumption of convexity of the mod-
ulus 7 and allow for a more general pointwise premise, at the expense of a uniform integrability
assumption.

Proposition 2.13. Let I be a non-empty index set and let (X;)ier, (Vi)ier be two families of
nonnegative real-valued random variables with

Ve, l >0(X;€le,l] =V, =m(e,l)) as.
for all i € I and where 7 : (0,0)* — (0,0). Let K > E[X;] for all i € I and let (X;)is be
uniformly integrable with modulus w : (0,00) — (0,00), i.e.
VAe FVe>0Viel (P(A) <pu(e) > E[X;14] <e).

Then we have
Viel Ye > 0(E[V;] < 7(e) > E[X;] < ¢)

@ = (5 aem)

Proof. Let i € I be given and assume that E[X;] > 0. For any L, > 0 we have
E[X;] = E[X;1x,56] + E[X;1x,]

E[X'].X >5] +0

E[Xils<x,<r] + E[Xi1x,>1] + 6

LIPO< X; <L)+ E[X;1x,>1]+6.

for T defined by

NN N
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Setting L9 := E[X;]/u(0) and using Markov’s inequality, we have P(X; = L?) < u(5). Therefore
we get E[X;1y.o;s] < 0 and so E[X;] < LIP(6 < X; < L?) + 26 for any 6 > 0. In particular,
we have shown that

K E[X,] — 26 2
(5 =S u(5)> PROSX<Li)> L 1o ( EW])

Now, let € > 0 be given and assume that E[X;] > e. Setting § := /4 in the above, we obtain

P (Z <X, < ﬁ) > u(e/4) <1 - QEEXi]> > “(52/4).

This in particular implies that

=1V > Eltnexammonl > (5 ) 2 (5 <0< ) 2= (G em) 5

using the properties of . O

Remark 2.14. If (X;)e is even almost surely bounded in the above Proposition 2.13, say with
K > X, a.s. for all 7 € I, then the uniform integrability assumption can be omitted and we can
simply defined 7 via

€
2K

To see this, note that by the reverse Markov inequality we have

P(5<X K)=P(5<Xi)>w>i
2 K—¢/2 ~ 2K

T(e) :==m(e/2, K)

N

for E[X;] = ¢ and therefore

3

E[V] > E[Vilpex.ex] > nle/2, K)P (5 < Xi < K) > m(/2, K)5-

2K
3. APPLICATIONS TO THE ROBBINS-SIEGMUND THEOREM

The first application of our general result that we discuss is concerned with the seminal
theorem of Robbins-Siegmund on supermartingale convergence:

Theorem 3.1 ([86]). Let (X,), (An), (By) and (C,,) be sequences of nonnegative integrable real-
valued random variables adapted to a filtration (F,). Assume that Y-y A; < o0 and Y-, C; <
w0 a.s. and

]E[XnJrl ‘ Fn] < (1 + An)Xn - Bn + Cn

a.s. for alln € N. Then (X,,) converges a.s. and > - B; < % a.s.

As anticipated by the range of applications presented in the original work [86] by Robbins
and Siegmund, this result has become a fundamental tool for establishing the convergence of
stochastic approximation algorithms, and we refer to the recent survey paper [41] for a broad
overview of the many applications up to 2022.

Our starting point here is the recent work [75] by the first and third author, where a quantita-
tive variant of the “full” Robbins-Siegmund theorem is given, deriving so-called rates of uniform
learnability (which are in turn closely related to fluctuation or oscillation bounds) for the con-
vergence in the conclusion under very general conditions. These rates of uniform learnability
represent a quantitative formulation of convergence which is computationally weaker than direct



12 M. NERI, N. PISCHKE, T. POWELL

rates of convergence, and computable rates of convergence for the Robbins-Siegmund theorem
in the sense of the present paper are in general not possible!.

However, in many applied cases where the Robbins-Siegmund theorem is utilized, one is
actually in the situation that B, := u,V,, for (u,) a sequence of nonnegative control parameters
with divergent sum, where moreover the circumstances of the problem at hand allow one to
derive a modulus of regularity connecting the process V,, with the process X,,, in the style of
the preceding Section 2. As the particular form of the relaxed supermartingale condition in
the Robbins-Siegmund theorem additionally guarantees that liminf, ., E[V,] = 0 a.s. with a
corresponding modulus, we can apply Theorem 2.8 in these situations to derive the convergence
of X, in mean and almost surely, together with explicit rates of convergence. This is in
particular the case in the context of the first four applications in the original paper of Robbins
and Siegmund [86], including their well-known proof and generalization of Dvoretzky’s theorem,
along with the Robbins-Monro procedure, both of which will be discussed in more detail below.

To obtain our quantitative version of the Robbins-Siegmund theorem in the above circum-
stances, we first require two preliminary quantitative results. The first is a quantitative version
of slight strengthening of a lemma of Qihou [83], which itself is a non-stochastic analogue of
the Robbins-Siegmund theorem.

Lemma 3.2. Let (z,), (), (8,) and (v,) be sequences of nonnegative reals with
Tn+1 < (1 + an)$n - 5n + Tn
forallme N. If [T2,(1 + o) < 0 and Y2 v < ©, then (z,) converges and ¥, B; < .

Further, if K, L, M > 0 satisfy zo < K, [[1=o(1 + ;) < L and 3.2 vi < M, then >~ B; <
L(K + M).

The first part of the above result appears e.g. as Lemma 5.31 in [8] and the bound on the series
Yoo Bi appears as Theorem 3.2 in [75] (together with a quantitative result on the convergence
of the sequence (x,,) which, in the absence of the terms (f,,), was already discussed in [52]).

Second, we also require the following result on the asymptotic behavior of the summands of
certain series.

Lemma 3.3. Suppose that (u,), (v,) are sequences of nonnegative reals with >, u,v, < L
where L > 0 and Z?ff}fb) Up = b for allb > 0 and k € N where § : N x (0,00) — N. Then
liminf,, v, = 0 with

Ve >0VNeNdne|[N;0(N,L/e)]|(v, < e).

Proof. Fix e > 0 and N € N. If v, > ¢ for all n € [N;6(N, L/e)], we would have
6(N,L/e) 0(N,L/e

) ©
L<e Z Up < Z unvn<2unvn<L
n=N n=N n=0

which is a contradiction. O

We now give a version of the Robbins-Siegmund theorem [86], slightly adapted to use-cases
in stochastic approximation theory such as Dvoretzky’s theorem which will be discussed in the
coming section. An alternative quantitative variant of the Robbins-Siegmund theorem in its
fully general form was recently given by the first and third author in [75]: Here, direct rates of

"n more detail, this limitation arises as the Robbins-Siegmund theorem in particular allows one to derive
the convergence of nonnegative supermartingales, and so in particular of monotone sequences of real numbers,
in which context well-known results on the computability theory of real analysis due to Specker [93] rule out
general computable rates of convergence. See [75] for a more detailed discussion of this point.
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convergence are not generally possible, and a result connected to fluctuation bounds is given
instead, as mentioned before, and we refer to [75, Section 4.2] for a discussion of this type of
result as well as the recent related literature on quantitative supermartingale convergence.

Theorem 3.4. Let (X,), (V,) and (C,) be sequences of nonnegative integrable real-valued
random variables adapted to (F,), and (ay), (u,) be sequences of nonnegative reals. Suppose
that

E[Xn1 | Ful < (14 an) X, — u, Vi + Gy acs.

for alln € N. Also, suppose that there exist K, L, M > 0 satisfying E[Xo] < L, [ [}2,(1+a;) < K
and Y- E[Ci] < M along with x : (0,00) = N and 6 : N x (0,00) — N such that

0(k,b) ©
Vb>OVkEN(Zui>b> and Ve >0 ZE[Q’]<€
i=k i=x(g)

Finally, suppose that 7 : (0,00) — (0,0) satisfies
Ve > 0Vn e N(E[V,] < 7(e) = E[f(X,)] < ¢)
for some s.i.c.c. f:[0,00) — [0,00) with moduli ¢ and k. Then E[f(X,)] — 0 with rate

K(L+ M)) for <+ ep(KY)

T(g)

ple)i= 0 (x (6 ). :

and X, — 0 a.s. with rate
p'(A ) == p(Af(e)).
Proof. Integrating both sides of the supermartingale property we obtain
E[X,i1] < (1 + a,)E[X,] — w,E[V,,] + E[C,.].

Lemma 3.2 yields Y, °  u,E[V,] < K(L+M). Therefore by Lemma 3.3 we have lim inf,,_,, E[V,,] =
0 modulus ¢'(e, N) := (N, K(L + M)/e) and thus a liminf-modulus for (f(X,)) is given by
o(e,N) := ¢'(1(¢), N). Applying Theorem 2.8 with A,, := a, gives the result. O

If the regularity modulus is linear in the above special case of the Robbins-Siegmund theorem,
then we can also obtain linear rates of convergence under suitable assumptions on the other
parameters. For that, we make use of a quantitative result about real numbers that is a slight
generalisation of a standard argument (see e.g. [70]).

Lemma 3.5. Suppose that (x,) is a sequence of nonnegative reals such that for ¢ > 1, d =0

and r € N\{O}, we have
i < 1-— ¢ Ty +
n+1l X n (TL )2

for all n e N. Then for all n € N:

u

d
Ty < for u > max ,TXo p .
n+r c—1
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Proof. We show the claim by induction. The case n = 0 holds by definition and for the induction

step we note that since d < u(c — 1), we have d < u (c — niﬁl) for all n,r, and therefore

< +
Tl n+r> Tn (n+1)?

(
(1‘nir>nir+<nfr>2
<u(<1—nir) n—1f—r+ <C_n7j——::1> (njr)2>
:u(n—li-T_ (n+r+11)(n+7")>

B U n+r+1 1
n+r+1 n+r n+r
u

n+r+1
which completes the induction. O]

A

This gives the following result on fast rates for the Robbins-Siegmund theorem in the context
of suitably fast parameters and a linear regularity modulus 7, i.e. with 7(g) = te for some ¢ > 0.

Theorem 3.6. Let (X,,), (V) and (C,) be sequences of nonnegative integrable real-valued
random variables adapted to (F,), and (ay), (u,) be sequences of nonnegative reals. Suppose
that

E[Xni1 | Ful < (1 + an) X, —u, Vi + Gy acs.
for alln e N. Also, let K > 1 and L > 0 be such that [[;-,(1 + a;) < K and L > E[X,] and
assume that

E[C,] < d/(n+7)* and a, + c¢/(n + 1) < tu,

for alln € N where ¢ > 1, d = 0 and r € N\{0}. Finally, suppose we have E[V,,] = tE[X,,] for
alln e N with t > 0. Then

U d
E[X,] < > ,rL
[X] . for u max{c_l r }
as well as
1 K 2d
P@m > n(X,, > ) < & 2t 2d)
5 n+r

Proof. Integrating the inequality, we get

E[X,i1] < (14 a,)E[X,] — u,E[V,] + E[C,]
< (1+ a, — tu,)E[X,,] + E[C,]

< (1—nir>E[Xn]+ﬁ.

Applying Lemma 3.5 yields the rate for E[X,,]. For the second claim, we proceed similar to the
proof of Theorem 2.8. Concretely, note first that

E[C,] = d < 2d _2d<1 1 >

(n+7)2 " (n+r)(n+r+1) n+r n+r+1
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so that . .
1 1 2d
; €] ;<n+r n+7’+1> n+r

Now defining
X, ¥ 4
Uy, = - +E [Z o \ fn] , where b; := g(l + a;)
with b_; := 1, analogously to Theorem 2.8, we have that (U, ) is a supermartingale. Since

E[U,] = ELX > E[bci] <E[X,] + Z E[C)] < “5 Zd,

bn—l ‘ i n+r

1=n

i=n

using Ville’s inequality, this yields
K(u+ 2d)

K
P(Am = n(X,, = <P@Em>= L =>e/K)) < —-
(Im = n( £)) (Am = n(U, e/K)) . -

1
ElU,| < -
UARS

4. APPLICATIONS TO DVORETZKY’S THEOREM

A notable application of the Robbins-Siegmund theorem, as already highlighted in the orig-
inal paper [86], is a generalization of the seminal theorem of Dvoretzky [32] in stochastic
approximation to Hilbert spaces?. Concretely, the following theorem is established in [86] via
an application of the Robbins-Siegmund theorem:

Theorem 4.1 ([86], based on [32]). Let X be a separable Hilbert space and let, for any n =1,
T, : X™ — X be a Borel-measurable function such that there exists a point z € X along with
sequences of nonnegative real numbers (a,), (b,), (¢,) such that

T (205 - -y 2n—1) — 2| < max{a,_1, (1 + bp_1) ||2n_1 — 2|| — Cn_1}

for all zy,..., 2,1 € X™. Fiz X-valued random variables xo and (y,) such that Ely, | F.] =0
for each n € N, where F,, := o(xo,Yo, - --,Yn_1), i-€. the o-algebra generated by xq, Yo, - - -, Yn_1-
In xy and (y,), define the iteration

Tp+1 = Tn-&-l(an s 7$n) + Yn-
Suppose that a, — 0, Y° b, < 0, 3° cp =0 and Y5 E[||ya|’] < 0. Then x, — z a.s.

A number of stochastic approximation algorithms take the form of the general iterative

procedure

Tpy1 = Tn+1(x0a s 7xn) + Yn
of the above theorem, most notably the Kiefer-Wolfowitz scheme [47] and (many variants of) the
Robbins-Monro procedure [85]. Even further, Dvoretzky’s result presented general conditions
on the parameters of the previously introduced iterative scheme that unified many stochastic
approximation results in the literature.

In this section, we provide a quantitative version of Dvoretzky’s theorem by combining an
analysis of the proof of this result given in [86] with our previously established quantitative
version of the Robbins-Siegmund theorem. Before we do this, we briefly discuss the assumptions
in the above result. Concretely, for one, note that as in the proof presented in [86], beyond the
assumption that Zfzo ¢, = 0, the sequence (c¢,) can be assumed, without loss of generality,
to additionally satisfy >, ¢2 < o0 (and actually even ¢, < 1 for all n € N, although we will
not really rely on this). In that way, the quantitative results presented below will feature this

2Dvoretzky later offered an alternative proof of this generalization in [33], see also [95].
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additional assumption together with a quantitative rendering thereof. For another, note that
it is an immediate consequence of the assumptions of the above result that E[||z,||*] < oo for
all n € N. While, in the following quantitative result, we could also calculate a bound on these
means in terms of the other parameters recursively in n € N, we will for simplicity assume
bounds L,, > 0 on these means as primitive inputs.

Our quantitative version of Dvoretzky’s theorem in stochastic approximation now takes the
form of the following Theorem 4.2, and the proof in particular heavily relies on the fact that our
general result, as well as the resulting quantitative version of the Robbins-Siegmund theorem,
allow for processes slowed down by a s.i.c.c. function, which here will be instantiated by the root,
as it is only the presence of that function which in the end allows us to produce a corresponding
modulus of regularity.

Theorem 4.2. Let X be a separable Hilbert space and let, for any n > 1, T, : X" — X
be a Borel-measurable function such that there exists a point z € X along with sequences of
nonnegative real numbers (ay), (by), (¢n) such that

T (205 - -y 2n—1) — 2| < max{a,—1, (1 + bp_1) ||2n—1 — 2|| — Cn-1}

for all zg, ..., 2,—1 € X™. Fiz X-valued random variables xo and (y,) such that Ely, | F.] =
0 for each n € N, where F, := o(xo,Y0,---,Yn-1), &.€. Fn is the o-algebra generated by
0, Yoy - - -y Yn—1- In xo and (y,), define the iteration

Tpt1 = Tn—&-l(an s .an) + Yn-

Suppose that a, — 0, 317 b, < 00, 3° 2 < o and X7 E[||yn|*] < 0 with upper bounds
A, B,C,M > 0 and rates of convergence @, ﬂ v, 1 : (0,00) - N, d.e.

¥n = o(e) (an < &) as well as Z b, 2 Z [lynll®]

n=p()  n=1() nu)

for any € > 0. Further, assume >, _, ¢, = o with a rate of divergence 6 : N x (0,0) — N, i.e.

Ze(kkb) ¢n = b for any k € N and b > 0. Lastly, assume that E[||z,||*] < o for all n € N with
upper bounds L, > 0. Then x,, — z a.s. with a rate

p(Ae) =0 (max {Xs/2 ( e ) ,90(5/2)} : 2K o/ Kepp(Lip(eyo) + Maﬂ))

4KE/2 Ae

where, for any 6 > 0, we define
Ks = (1+ B%)e",
Ms:= (1+6B)C+6(1+0B)B + M,

=1 (5) 7 (r57) - (s om ) )

Proof. We reduce the result to the Robbins-Siegmund theorem, following (a slight modification
of) the well-known argument given in [86]. For this, we first fix a 6 > 0 and, writing (z)* for
max{z, 0}, we set

2
Wos = ((|2n — 2l = 6)")
as well as the X-valued random variables T}, := T, (zo,...,z,_1) — 2z for n > 1 and

Tt
Up = n+11||Tn+1||<6+5”T ||1HTn+1H>5
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for n € N. By definition, 7}, is F,,_i;-measurable and so u, is J,-measurable. Further, we
immediately have ||u,| < 0 pointwise everywhere which implies

Warrs = ((2n1 = 2l =) < ((Jonsr — 2 = unll + lual| = 6)7)

for all n € N. Further, note that by definition we have

)
Tn — Up = l— Tn 1 n
+1 ( ||Tn+1||) +14|Th41]|>6

so that ||T41 — un|| = (|| Ths1]] — 0)". Combined with the assumption that E[y, | F,] = 0, we
can then derive that

E[Wn+1,6 | ]:n] <

2
< @4 — 2 - un”2

2nsr — 2 — ual* | F]

1+ 9 — wnl® | Ful

Tt = all® | Fol + Ellyall” | Fol + 2B, Tosr = | Ful
= | Ter = unll” + Eflfyal® | Fo]

= ((IT0all = 6)%)° + Elllgall” | Fu]

for all n € N. Setting N := ¢(0) yields that ay.,, < ¢ for all n € N, so that our main assumption
on the mappings 7,, yield

(1T +nall = 0)™

E
E
E

ax{ann = 0, (L + byin) o84 = 2l = engn — 0,0}
ax{(1 + bnin) [T54n — 2l = cnn — 6,0}

(1 + bnen)([|onsn — 2]l = 8) = cnan + Obyn) "

m
m

NN

Now, either we have || T ns1]| > 6 so that (|| Tninsil — )" = | Tvins1]| — 0 > 0 and therefore
0 < (ITwsns1ll = 0)" < ((L+ bxvsn) (l2nsn — 2l = 8) = v + 6bx4n)”
= (1 + bNJrn)(HxNJrn - ZH - 5) — CN+n + 6bN+n
< (14 byin)([Jenn = 2ll = 6)" = enn + by 4m

which yields

(Tl = 5)+)2 < (1 +bvn)(lznsn — 2l = )" = enin + byind)

in this case. However, if | Ty ny1]| < 6, then it holds that (||Txyni1] —9)" = 0 and so the
above inequality is true unconditionally. Finally, from this we get that

((||TN+n+1|| - 5)+)2 < (]- + 5bN+n) (]- + bN+n)2WN+n,5 - 2(]— + bN+n)cN+n \V WN+n,5
+ (1 + 5bN+n) C?V-H’L + (SbN.;,_n (1 + 5bN+n) .

2

which we derive utilizing that (z + y)?> < (1 +y)z* + y(1 + y) for any 2 € R and y > 0,
instantiated with

T = (14 bnan)(|TN1nll — 5)+ —cnin = (1 + byin) WNtns — CN4n

as well as y := dby,,, and noting that 1 + dby,,, = 0.
All in all, we have derived that

E[Wnint16 | Fran) < (L4 anins) Wiins — Uninv/ Wiins + Cning
holds for all n € N, where u,, := 2(1 + b,)c, as well as a,, 5 := (1 + db,) (1 + b,)* — 1 and

Chs = (1+0b,) 2 + b, (1 + 6b,) + E[||ynll® | Ful.
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It is elementary to verify that, by construction, we have >, E[Cnins] < 0 with a bound
M; and rate of convergence max{xs(¢) — IV, 0}. Further, we have [["_ (1 + anins) < 00 with
a bound Kj and it can be immediately verified that (/N + n,b) — N is a rate of divergence for
(UN—G-n)'

Hence, we can apply Theorem 3.4 with X,, := Wi_p5, Vi, 1= A/Wnins and F,, := Fniy (88
well as f(x) := /z so that we set ¥(a) := \/a and k() := £? following Example 2.6, (1)) to
derive that Wy, s — 0 a.s. with a certain rate A°(\, ¢) arising from Theorem 3.4. At last, let
g, A > 0 be given. Then for § = £/2, we obtain thereby that

P (3n = A%2(\,e%/4) + N (||lz, — || = ¢))
—P <3n > A2(), £2/4) (((men — 2l —/2)%) = 52/4))
=P (3n = A2 (N, e2/4) (Wisnep = €2/4)) < A
and so ||x,|| — 0 a.s. with a rate given by
p(\,€) = A2\, 2/4) + N = A2(\,€2/4) + ¢(c/2).

The rate presented in the above theorem follows from simplifying the corresponding expressions
arising from Theorem 3.4. U

It should be observed that there exist alternative proofs of Dvoretzky’s theorem, notably
that of Derman and Sacks [29], which are more closely tailored to the specific assumptions of
the theorem and do not make direct use of supermartingale convergence. A careful analysis of
such proofs might result in a different rate of convergence and thus an alternative quantitative
version of Dvoretzky’s theorem than the one give here.?

5. STOCHASTIC QUASI-FEJER MONOTONICITY IN THE PRESENCE OF UNIQUENESS

We now apply our general results on rates of convergence to one further abstract scenario,
by providing a general result on rates of convergence, under a certain stochastic uniqueness
assumption, for stochastic quasi-Fejér monotone sequences, a class of (in this paper potentially
metric-valued) stochastic processes that encompasses a wide array of common methods em-
ployed in these areas, such as the Robbins-Monro method, stochastic variants of the proximal
point method, Krasnoselskii-Mann iterations and many others.

The notion of (quasi-)Fejér monotonicity? belongs to one of the most central notions for
the study of iterative methods in nonlinear analysis and optimization, and we refer to the
well-known expositions in [8, 24, 25] for further information on this concept in these contexts.
In rather general contexts, in particular encompassing a metric setting, Fejér monotonicity
(and generalizations thereof) was studied in [53, 54, 55, 80], where these works are particularly
relevant as they are both of a quantitative nature and logically motivated by the perspective
of proof mining similar as the present paper.

The first stochastic variants of quasi-Fejér monotonicity seem to have been considered in
the pioneering works [34, 35, 37|, set in Euclidean spaces, which subsequently where refined
in [26, 28] to general separable Hilbert spaces. The latter work [28] in particular is concerned
with fast rates for resulting processes under a quasi-contractivity assumption on the involved
operators, which as will be discussed later is a particular example of a situation where one

3This observation is due to R. Arthan and P. Oliva (private communication), who are working on an analysis
Derman-Sacks proof.

4The notion seems to have first been named as such in [68], after the use of a similar concept made by L.
Fejér in [39].



ON THE ASYMPTOTIC BEHAVIOUR OF STOCHASTIC PROCESSES 19

naturally obtains the existence of a strongly unique solution in expectation, so that these
results in particular fall under the breadth of the present paper.

Throughout this section, let (X, d) be a fixed metric space. At our most abstract, we will
be concerned with finding a zero F'(z) = 0 of a general measurable function ' : X — [0, ],
assuming that the set of zeros zerF' is nonempty and actually a singleton, i.e. zerF’ = {z}, and
that, moreover, this property is quantitatively witnessed in the following uniform way:

Definition 5.1. Let D be a collection of X-valued random variables. We say that the zero z
of F' is strongly unique in expectation (over D) if there exists a function 7 : (0,0) — (0, 0)
such that

Ve e D Ve > 0(E[F(z)] <7(e) = E[d(z, 2)] <e).

Such a 7 is then called a modulus of strong uniqueness in expectation for F' (over D).

More illustratively, F' has a strongly unique zero in expectation if any random variable which x
is a good-enough approximate zero of F' in expectation already is close to z in expectation. This
notion of a strongly unique zero is closely related, in the presence of a uniqueness assumption,
to the abstract general regularity notion studied in [54].

This property is a strengthening of the plain uniqueness of the zero of F' and this strength
re-manifests itself in the general type of convergence result we are able to prove for certain
stochastic iterations approximating such a zero. However, as will be illustrated in the following
part of this section where we discuss a rather general situation as well as an array of examples
where such a modulus of strong uniqueness in expectation can be naturally given, the condition,
while being strong, is still rather comprehensive and allows for the uniform treatment of a variety
of regularity conditions commonly assumed in the literature on stochastic optimization.

Now, as mentioned before, to solve this problem we study the special class of stochastic
iterations (x,) (i.e. (z,) is a sequence of X-value random variables) which are stochastically
quasi-Fejér monotone in the following sense:

Definition 5.2. Let (F,,) be a filtration and let (x,) be a sequence of X-valued F,,-measurable
random variables. Then (z,,) is called stochastically quasi-Fejér monotone w.r.t. S € X and
(Fp) if

Eld(xns1, 2) | Ful < (14 G)d(zn, 2) + &, as.
for all z € S and all n € N, where >}" (&, 207 C, < 0 a.s.

In analogy to the non-stochastic quasi-Fejér monotonicity, also here the only further property
needed to induce convergence of a stochastically quasi-Fejér monotone sequence relative to the
zero of a function F' which is strongly unique in expectation is that the iteration has approximate
zeros for the function F' infinitely often, which we require to be in expectation in this stochastic
context in the following sense:

Definition 5.3. Let (x,) be a sequence of X-valued random variables. We say that (z,)
has the liminf-property in expectation relative to F' if liminf, ,, E[F(z,)] = 0. A function
¢ :(0,00) x N — (0, 00) witnessing this property quantitatively in the sense that

Ve >0 VN eNdne |[N;p(e, N)](E[F(z,)] <e)
is called a lim inf-bound in expectation for (x,) relative to F.

As it will turn out, most properties of the metric are actually very inessential for the proofs of
our main arguments and so we in the following will actually follow the approach of the recent
work [80] and consider this notion to be relativized to a more general measurable mapping
¢ X x X — [0,00) which measures the distances in the quasi-Fejér monotonicity property
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instead, and which allows us to capture even wider classes of iterations uniformly and abstractly
with this approach. To connect back to the metric, the strongest assumption placed on that
distance function in this section will be the property of uniform consistency similarly introduced
in [80]:°

Definition 5.4. A mapping ¢ : X x X — [0,00) is called uniformly consistent if there exists
a function & : (0,00) — (0, 00) such that

Ve > 0Vx,ye X (o(x,y) < k(e) = d(z,y) <e).
Such a « is then called a modulus of uniform consistency for ¢.

We refer to [80] (and to recent applications [79, 81] featuring this or similar notions) for
further illustrations on the breadth of this perspective.

In the context of this modification of the distance function, both the strong uniqueness in
expectation as well as the stochastic quasi-Fejér monotonicity have to be relativized to yield a
sensible convergence result. For the strong uniqueness in expectation, this yields the following
relativization:

Definition 5.5. Let D be a collection of X-valued random variables. Let ¢ : X x X — [0, o0)
be a mapping which is measurable in its first argument. We say that the zero z of F' is strongly
¢-unique in expectation (over D) if there exists a function 7 : (0,00) — (0,0) such that

Ve e D Ve > 0(E[F(x)] < 71(e) = E[¢p(x, 2)] <e).
Such a 7 is then called a modulus of strong ¢-uniqueness in expectation for F' (over D).

Remark 5.6. The above notion can be recognized as an instantiation of the notion of a modulus
of regularity from Section 2 by regarding (F(z)) and (¢(z, 2)) as families of nonnegative real-
valued random variables over the index set D. Thereby, akin to the previous Remark 2.12
(and akin to the circumstances of the general notion of a modulus of regularity introduced
and studied in [54], see Remark 3.2 therein), this kind of regularity notion induces a growth
condition on the premise in terms of the conclusion in the sense that for a strictly increasing ,
requiring that 7 is a modulus of strong ¢-uniqueness in expectation for F' over D is equivalent
to requiring E[F(x)] = 7(E[¢(z, 2)]) for all x € D.

For the stochastic quasi-Fejér monotonicity, this yields the following relativized version:

Definition 5.7. Let ¢ : X x X — [0, 00) be a mapping which is measurable in its first argument.
Let (F,,) be a filtration and let (z,,) be a sequence of X-valued F,,-measurable random variables.
Then (z,,) is called stochastically ¢-quasi-Fejér monotone w.r.t. S < X and (F,) if

Elp(xni1,2) | Fol < (1 + G)o(xn, 2) + &, aus.

for all z € S and all n € N, where (&,), ((,) are suitable sequences of nonnegative, integrable
real-valued random variables.

Under these main assumptions, together with some minor assumptions on surrounding (quan-
titative) data, we get the following result on the convergence of such sequences as well as their
speed from our main Theorem 2.8.

°Tt should be noted that the notion of uniform consistency introduced in [80] also includes a converse to the
property highlighted here, which will however not be needed for the results of this paper and is hence omitted
from the definition.
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Theorem 5.8. Let (X, d) be a metric space and let ¢ : X x X — [0,0) be a mapping which
is measurable in its first argument. Let F': X — [0,00] be measurable with zerF = {z}, where
the zero z is strongly ¢-unique in expectation over a collection D of X -valued random variables
with a modulus 7 : (0,00) — (0,00), i.e.

Ve e DVe>0(E[F(z)] <7(e) > E[p(z,2)] <e).
Let (F,) be a filtration and let (x,) < D be a sequence of X-valued F,-measurable random

variables such that ¢(x,, z) is integrable for alln € N. Suppose further that (x,,) is stochastically
o-quasi-Fejér monotone w.r.t. zerF' and (F,), i.e.

El¢(zns1,2) | Fu] < (14 Co)d(n, 2) + & acs.
for allm € N, where (§,), (¢,) are sequences of integrable real-valued random variables such that

there exist K > 0 and x : (0,00) — N with

0

H + () <K as. and Ve>0 Z Elén] < ¢

n=x(e)
Suppose furthermore that (x,) has the iminf-property in expectation relative to F' with a bound
¢ :(0,00) x N— (0,00), i.e.
Ve >0 VN eNdne[N;p, N)](E[F(x,)] <e).

Then E[¢(x,,, 2)] — 0 with rate
=¢(~(x) ¥ (1))

and ¢(T,, z) — 0 a.s. with rate p ()\ e) := p(Ae). If furthermore ¢ is uniformly consistent with
modulus k : (0,00) — (0,00), i.e.

Ve >0 Va,ye X (6(z,y) < r(e) — d(z,y) <e),
then d(x,, z) — 0 a.s. with rate p'(\, k(g)).

Proof. Define X,, := ¢(x,, z) for any n € N. As (x,) is adapted to (F,) and ¢ is measurable in
its first argument, also (X,,) is adapted to (F,). As in the discussion after Theorem 2.8, by the
assumptions on ¢ and 7, we have that ¢(7(g), V) is a lim inf-modulus for E[X,,] = E[¢(x,,, 2)].
For A, :=(, and C,, := &, as well as f := id, Theorem 2.8 then yields the respective rates for
E[¢(zn, 2)] — 0 and ¢(x,, z) — 0 a.s. The latter in particular means

Ve, A > 0 (P@En = p' (N e)(d(xn, 2) =€) < A).
If ¢ is then also uniformly consistent, we further have for any €, A\ > 0 that
P(An = p'(\ k() (d(z,, 2) =€) <K PEn = p' (A k(€)) (P, 2) = K(g))) < A
so that p'(\, k(g)) is a rate for d(z,, z) — 0. O
In analogy to Corollary 2.9, we also here want to highlight the following qualitative theorem

on the convergence of stochastically quasi-Fejér monotone sequences under a strong uniqueness
assumption, which we obtain from the above result by disregarding the quantitative information:

Corollary 5.9. Given a metric space (X, d) and functions ¢ : X x X — [0,00) and F : X —
[0, 0], the former being measurable in its first argument and the latter being measurable,
suppose that F' has a unique zero z which is strongly ¢-unique in expectation over a collection
D of X-valued random variables. Suppose that (z,) € D is a sequence of X-valued random
variables which is stochastically ¢-quasi-Fejér monotone w.r.t. zerF' (and a suitable filtration)
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and that it has the liminf-property in expectation relative to F. Then E[¢(z,, z)] — 0 and
&(Tn, 2) — 0 a.s. If ¢ is uniformly consistent, then d(z,, z) — 0 a.s.

Similar to Theorem 3.6, we also want to highlight a result on fast rates of convergence for
certain stochastic quasi-Fejér monotone sequences in the context of linear moduli of strong
uniqueness.

Theorem 5.10. Let (X, d) be a metric space and let ¢ : X x X — [0,0) be a mapping which
is measurable in its first argument. Let F': X — [0,00] be measurable with zerF' = {z}, where
the zero z 1s strongly ¢p-unique in expectation over a collection D of X -valued random variables
where further BE[F(z)] = tE[¢(z, 2)] for all x € D with t > 0. Let (F,) be a filtration and
let (z,) < D be a sequence of X -valued F,-measurable random variables such that ¢(z,, z) is
integrable for all n € N. Suppose further that (x,) satisfies

E[(rb(xn—&-la Z) | fn] < (1 + Cn)gb(xn; Z) - nnF(xn) +&n a.s.

for all n € N, where (¢,), (n,) are sequences of nonnegative reals and (§,) is a sequence of
integrable real-valued random variables such that

E[¢] <d/(n+71)* and (, +c/(n+71) <tn,

for all n € N where ¢ > 1, d = 0 and r € N\{0}. Finally suppose that K > 1 and L > 0 are
such that [[2,(1 + ¢) < K and L = E[¢(zo, 2)]. Then

u

Elp(zn, 2)] <

n—+r

d
for u > max{ ,TL}
c—1

as well as

1 K 2d
P(3m = n(éd(xm, 2) =¢€)) < - %

As the above is an immediate corollary of Theorem 3.6, we omit the proof.

We end this section with some general consideration on situations where the unique zero
z of a function F' : X — [0,00] is even strongly unique in expectation, akin to the previous
Propositions 2.11 and 2.13. Note for this again as in Remark 5.6 that the notion of strong
uniqueness in expectation can be recognized as an instantiation of the notion of a modulus
of regularity from Section 2 by regarding (F(x)) and (¢(x, z)) as families of nonnegative real-
valued random variables over the index set D. As the proofs are then rather immediate, we
omit them here.

Proposition 5.11. Let D be a collection of X -valued random variables. Let ¢ : X x X — [0, o0)
be a mapping which is measurable in its first argument and let F : X — [0,00] be measurable
with z € zerF' and such that ¢(x, z) is integrable and

F(x) = 17(¢(x, 2)) a.s.

for all x € D, where T : [0,00) — [0,0) is a convex and strictly increasing function. Then z is
strongly ¢-unique in expectation over D and T is a modulus.

Proposition 5.12. Let D be a collection of X -valued random variables. Let ¢ : X x X — [0, o0)
be a mapping which is measurable in its first arqgument and let F' : X — [0, 0] be measurable
with z € zerF' and such that

F(z) = m(¢(x,2)) a.s.
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for all x € D and where m : (0,00) — (0,00). Let K > E[¢(x,2)] for all x € D and let
(¢(x, 2))zep be uniformly integrable with modulus p : (0,00) — (0,00). Then z is strongly
o-unique in expectation over D with a modulus T defined by

e (Z u(f/z;)) HeS,

In both cases, note that the above requirement that F(x) > 7(¢(x, 2)) a.s. for all x € D is in
particular true if F(z) > 7(¢(x, z)) for all x € X.

6. THE ROBBINS-MONRO PROCEDURE

Having presented three abstract quantitative convergence frameworks, we now focus on ap-
plications. These fall into two categories. In this section, we deliberately focus on one of the
best known stochastic approximation algorithms, namely the Robbins-Monro scheme, in order
to illustrate our work with a familiar example, and to thereby demonstrate how algorithms
based on Robbins-Monro fit into our general approach. In the section that follows this, we
then list a wide range of different iterations, many of which arise from recent work, in order to
emphasise the scope and potential of our approach in producing new quantitative information
for stochastic algorithms.

The Robbins-Monro scheme [85] represents one of the first stochastic approximation algo-
rithms, originally designed as a recursive procedure for finding the unique root z of a function
M : R — R in situations where we do not have direct access to the function M but can only
take noise-corrupted samples. The basic scheme is defined by

Tpi1 i= Ty — an(M(z,) + €5)

where (e,) represents the random errors made by (approximately) calculating M (x,) and (ay,)
is a positive sequence of reals satisfying the (now classic) conditions

o0 e}

2%20@ and Zai<oo.

n=0 n=0

A similar scheme for finding the maximum of a function was considered by Kiefer and Wol-
fowitz [47], and these early results were strengthened by Blum in [15] who established almost
sure convergence of the scheme under weakened assumptions. A detailed survey of the Robbins-
Monro scheme and well-known algorithms connected to it, along with the various different
approaches to establishing convergence, can be found in all standard references on stochastic
approximation (see in particular [31, 59, 60]).

Our aim in what follows is to give a version of the Robbins-Monro scheme that matches our
level of abstraction, and in line with our overall approach, comes equipped with a quantita-
tive convergence theorem with the corresponding rate formulated in terms of abstract moduli.
Concretely, we consider a generalized variant of the Robbins-Monro scheme taking values in
a separable Hilbert space H (the expansion of Robbins-Monro algorithms to general Hilbert
spaces was first considered in [84, 89] and then developed later in e.g. [100]) which, starting
at some arbitrary initial point xg € H, takes the form of a sequence (z,) of H-valued random
variables recursively defined by

(RM> Tp+1 = Tp — AnlYn

where (y,) another sequence of H-valued random variables and (a,) a sequence of nonnegative
reals. The classic Robbins-Monro scheme as discussed above is then just an instance of (RM)
for H =R and y,, = M(z,) + €,.
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There are numerous strategies for establishing the convergence of (RM), and indeed, each of
our three abstract convergence results can be applied in this context. Supermartingale conver-
gence in the form of the Robbins-Siegmund theorem is possibly the most well known technique
in this regard (as detailed in e.g. [60]), while Dvoretzky’s theorem [32] was conceived specifi-
cally as a generalisation of the Robbins-Monro and Kiefer-Wolfowitz procedures. Approaches
to convergence of (RM) focusing on stochastic quasi-Fejér monotonicity as a central principle
essentially coincide with the introduction of stochastic quasi-Fejér monotonicity as a concept
(see e.g. [34]), where stochastic gradient descent was one of the first algorithms studied from
this perspective. Other well known approaches not covered in this paper include ODE methods,
an overview of which can be found in [59].

With Theorem 6.1, we now present an abstract convergence result for (RM) based on our
quantitative Robbins-Siegmund theorem (recall Theorem 3.4), although the core of our argu-
ment could also be used, mutatis mutandis, to present a similar such result through the use
of the other abstract approaches to the convergence of stochastic approximation schemes, like
e.g. stochastic quasi-Fejér monotonicity. The specific conditions we impose on (z,) and (yy,)
are essentially “reverse-engineered” to ensure that the premises of Theorem 3.4 are satisfied
in this case, but nevertheless work very well as abstractions of various well-known conditions
for establishing convergence of Robbins-Monro schemes, and we give several examples of this
in what follows. For details on how standard concepts like conditional expectations extend to
Hilbert spaces, the reader is directed to [61].

Theorem 6.1. Suppose that (z,), (yn) and (a,) satisfy (RM). Let z € H and suppose that
L > 0 satisfies ||zg — 2H2 < L. Define F,, := 0(%0,Y0,- -, Tn-1,Yn-1), i-e. Fp is the o-algebra
generated by xo, Yo, ... Tn_1,Yn_1, and suppose that the following conditions are satisfied:

(i) there ezist c¢,d > 0 and a sequence of nonnegative random variables (d,) satisfying
sup,en Eld,] < d such that

Bllual | 7] < elfan =21+ do 0.0

for alln e N;
(i1) {xy, — 2, Blyn | Ful) =0 for all n € N;
(iii) there ezists a function T : (0,00) — (0,0) such that
E[en — 2,Eyn | Fal)] < 7() = E[f(lza — 2)] <&
for alle > 0 and n € N, where f is a s.i.c.c. function with moduli ¢ and k;

(iv) 3. an, = o with rate of divergence 0 and >, a2 < M with rate of convergence x,

i.e. Zi(f}f) a, = b and ZZO:X(E) a’? < e for any e,b >0 and any k € N.

Then E[f(||lz, — z||*)] — 0 with rate

o= (1 (FU521) Ko )

for Ky := 1 (e7M) and Ky := ™ (L + dM) as well as x,, — z a.s. with rate

(A ) i=p(Af(?)).
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Proof. We first observe that z,, is JF,, measurable for all n € N, and thus
Ell|lzns1 — 21” | Fu] = Elllza — anyn — 2]* | Fo]
= Elllzn — 21 | Ful = 20,E[(0n = 2,40) | Ful + a2E[lyal® | Fo]
= [lzn = 2[I* = 2anCtn — 2, Elyn | Ful) + arE[l[yall” | Fu]
almost surely for any n € N. Using property (i) we therefore have
E[||zner — 2|17 | Ful < (1 + ca?) |zn — 2|° = 2an(zn — 2, B[y, | Fu]) + a2d,, a.s.

for any n € N. We now apply Theorem 3.4 for X,, := ||z, — z||” and V}, := (z,, — 2, E[yn | Fn]),
by which the given rates follow. For that, we simply note that nonnegativity of V,, follows
from (ii) and we have [ ]2 (1 4+ ca?) < ™ as well as Zz(j;fm 2a, > 22;‘1(35/2) a, = b and

n

Z;O:X(E/d) Ela?z,] < de:X(E/d) a? < e. 0
Setting f = 4/- the gives the following corollary:

Corollary 6.2. Assuming that condition (iii) of Theorem 6.1 is simplified to
E[{zn — 2, E[yn | Fu])] < 7(e) = E[f|zn — 2[l] <&,

then the conclusions of Theorem 6.1 simplify to E[||z,, — z||] — 0 with rate

ple) =0 (x <<Kcli€) > | T(ﬁg))

for Ky := e /2 and K, := e®M (L + dM) as well as z, — z a.s. with rate p/(), &) := p(Xe).

We now give a series of examples where we demonstrate how a number of standard instances
of (RM) follow from Theorem 6.1, and more importantly, inherit rates of convergence formulated
in terms of general moduli.

6.1. Computing zeroes of set-valued monotone operators. The canonical use of (RM)
is to compute solutions to equations of the form M(z) = 0, where the function M : H — H
typically satisfies some kind of strong monotonicity property, and y, represents an estimator
for M(z,). One can readily extend this to set-valued operators M : H — 2 where we are then
in turn, in this more general context, interested in solving inclusions of the form 0 € M (z). In
that case, y, is then an estimator for an element of M (x,), which we represent abstractly via
the condition
Ely, | Fu] € M(x,,).

Suppose now that z € zerM, i.e. 0 € M(z). A rather general condition on the operator M
which ensures that the zero z is unique, and which hence ensures condition (iii) above, is the
7T-uniform monotonicity of M at the zero z, i.e. M satisfies

V(z,u) e M ((x = 2,u) = 7(||z = 2[),

with a modulus 7 : [0,00) — [0,0) which is convex, strictly increasing and satisfies 7(0) = 0.
This assumption is a particular special case of the notion of uniform monotonicity (see e.g. [8]),
restricted to a particular zero at hand and we refer to Section 7.1 below where this notion, and
in particular its generalization to Banach spaces and so-called accretive operators, is discussed
in further detail. In any way, by Proposition 2.11, the conditions (ii) and (iii) of Theorem
6.1 immediately follow from this assumption, with the latter even in the simplified form of
Corollary 6.2. Thus, assuming that (i) and (iv) also hold, both E[||z, — z||]] — 0 and z,, — 2
a.s. follow from Corollary 6.2 with corresponding rates as indicated therein.
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For the special but still widely studied case that M is S-strongly monotone (see again e.g.
[8]) in the sense that
(x—y,u—v)=fBllz -yl
whenever (x,u), (y,v) € M, a simple adaptation of the proof of Theorem 6.1 puts us in the
scope of fast rates as in Theorem 3.6: As in the proof of Theorem 6.1, we have

E[ X1 | Fo] < (14 ca) X, — 2a,V, + a2d, as.

for all n € N, where X,, := ||z, — z||* and V,, := (&, — 2, E[yn | F]), but now, using the 5-
strong monotonicity of M, we can derive the stronger relation that V,, > X, hold almost
surely, and so in particular that E[V,,] = SE[X,,] for all n € N. Defining

1 ; - 2c
ap = ——— for r>—,
Bln+r) 82
it is easy to show that E[a2d,] < d/B*(n + r)? and ca? + 3/2(n + r) < 2a,3 and so Theorem
3.6 applies, yielding in particular
u

E [, — 2] < —

for all n € N where v > max {2d/f3, rL}.

In this way, we derive the asymptotic estimate E[||z,, — z||]] = O(1/4/n) for Robbins-Monro
schemes on strongly monotone operators, further noting rather in passing that it is also ap-
plicable in general seperable Hilbert spaces, and so in particular under the conditions of e.g.
Theorem 1 of [89].

6.2. Stochastic subgradient methods. The discussion of the previous section instantiates
naturally to stochastic subgradient algorithms, first introduced in [36] (see also [92]). Starting
as before on the more abstract level, suppose that f : H — R is a 7-uniformly convex function,
i.e. f satisfies

O+ (1 =ANy) < Mf(x) + (1 =) f(y) = A0 = N7l = yl)
for all z,y € H and X € [0,1]. In that case, it is well-known (see e.g. [8]) that the subderivative
Of + H — 2% defined by

Of(x) = {ue H | f(y) = f(z) > (uy — o) for all y e H},
is 27-uniformly monotone, and so in particular 27-uniformly monotone at a zero z € zerdf =
argminf. The corresponding stochastic subgradient method

(SG) Tn+1 = Tn — Anln fOI" E[yn ‘ ‘Fn] € af(xn)

hence reduces to RM for M = 0f and so converges in mean and almost surely to the minimizer
z of f by the discussion of the preceeding Section 6.1 (where condition (i) of Theorem 6.1 is in
particular trivially satisfied under standard bounding assumptions such as E[||y,|* | F.] < d
for all n € N, cf. [92, Theorem 2.19]). In this way, standard convergence results for stochastic
subgradient algorithms (in a very general setting) emerge naturally from our framework, and
come equipped with rates.

In the special case that f is S-strongly convex, i.e. f satisfies

A1 —A
FO+ (1= M) < A7) + (1= X)7() ~ gy

for all z,y € H and A € [0,1], it is again well-known (see e.g. [8]) that df is then [-strongly

monotone, and so, similarly following the discussion of Section 6.1, we can derive that particular

asymptotic estimate E[||x,, — z||] = O(1/4/n) for the subgradient algorithm (SG) under similar
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assumptions on the scalars in that case, where z is a minimizer of f as before. We thus also
here reobtain standard convergence rates for stochastic subgradient methods (as discussed in
e.g. [70]), noting that (SG) reduces to the standard stochastic gradient descent algorithm if f
is differentiable.

6.3. Robbins-Monro under Blum’s conditions. While the previous conditions such as uni-
form and strong monotonicity are certainly prevalent in the literature, various other generalist
approaches to the convergence of the Robbins-Monro scheme commonly feature more involved
assumptions on the mapping M which are of a certain local, pointwise, nature. For an example
where this is the case, we give a brief discussion of Blum’s conditions [15] which are perhaps
the most prominent set of assumptions of that nature. Concretely, in the context of the simple
scheme

Tpy1 = Ty — an(M(2,) + €5)

for an operator M : R — R, the key regularity condition in that context commonly takes
(following the presentation of [60]) the form of assuming
inf  {M(z)(x—2)} >0 as.
e<|z—z|<e™!
for all 0 < ¢ < 1. Now, working in a general seperable Hilbert space with a single-valued
operator M : H — H and letting f be some s.i.c.c. function as in Theorem 6.1, pointwise

conditions of this kind can be lifted to our general setting in a quantitative way by supposing
that we have a modulus 7 : (0,0)* — (0, ) satisfying

Flz =z} € [e,]] = (M(z),x — 2) > (e, 1) as.

for all z € H and 0 < € < [. Now letting (x,,) be defined as in (RM) for y,, :== M(z,) + &, with
Ele, | Fu] = 0, a modulus 7 satisfying condition (iii) of Theorem 6.1 can be constructed using
Proposition 2.13: Specifically, under the additional assumptions that E[f(]|z, — z|*)] < K for
some K > 0, along with the existence of a modulus of uniform integrability p for the sequence
(f(llzn = 2]7)), i-e. p satisfies

VAe FVe>0YneN(PA) < ule) > E[f(||z, — 2]})1a] <),
it then follows from Proposition 2.13 that
E[(tn — 2, M(2,))] < 7(¢) = E[f(|za — 2*)] < ¢

for all ¢ > 0 and n € N, with 7 as defined in Proposition 2.13, which is exactly condition (iii) of
Theorem 6.1 in this case (note also Remark 2.14 by which the modulus of uniform integrability
is no longer required if f(||z, — z||*) < K a.s. for all n € N).

In the special case of H = R and f(z) = 4/x, such a modulus 7 can be easily defined in
terms of a function ¢ : (0,1) — (0, 00) witnessing the regularity condition of Blum via

inf  {M(z)(x—2)} = d(e) as.
e<|z—z|<e~1

for all 0 < € < 1. Further, the standard conditions on the regression function M as stated in
e.g. [60] can be easily shown to imply the remaining conditions of Theorem 6.1 in this case,
where (ii) follows from the monotonicity of M and (i) from the standard bounding conditions
| M (z)| < ci|lw — 2| + ¢ and E[e2 | F,,] < ¢3 for all z € R and n € N with respective constants
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c1,C9,c3 > 0, since in that latter case we in particular have
E[yi | Ful = M(xn)Z +2M (z,)Ele, | Fn] + E[si | Ful
< (alz— 2|+ c)? +c3
<clr—z*+d

for suitable ¢,d > 0. Therefore our main abstract result can be used to provide a quantitative
convergence theorem for the Robbins-Monro scheme under classic conditions.

7. FURTHER APPLICATIONS TO STOCHASTIC OPTIMIZATION

In this last section, we survey a range of further applications of our results to stochastic
optimization and approximation. All of these examples are discussed and presented as instanti-
ations of our abstract considerations of the convergence of stochastically quasi-Fejér monotone
sequences under strong uniqueness assumptions in expectation, so that we also illustrate the
applicability of these results, although in these context we could have similarly applied our
quantitative variant of the Robbins-Siegmund theorem as we did in our presentation of the
Robbins-Monro scheme. In that vein, we separately both present a range of examples of con-
crete optimization scenarios where moduli of strong uniqueness in expectation can be attained,
as well as a range of concrete methods which are stochastically quasi-Fejér monotone and which
further satisfy a corresponding approximation property.

7.1. Examples of moduli of strong uniqueness in expectation. We begin by surveying
various concrete scenarios and assumptions which entail the strong uniqueness of the desired
solution in expectation and in particular allow for the derivation of a corresponding modulus
witnessing that property. In that context, our list of examples here is largely motivated by the
range of examples of the so-called moduli of regularity studied in the context of quantitative
results on ordinary Fejér monotone sequences as seminally pioneered and discussed in [54]. The
cases surveyed in that paper provide further examples, not discussed here, where moduli of
strong uniqueness in expectation naturally occur through classical, deterministic assumptions
although the notion is certainly not limited to them and we refer to e.g. [4, 46, 69, 91] for
further, intrinsically stochastic, assumptions which entail this special uniqueness property.

Fized-point problems and quasi-contractions. Let (X, d) be a metric space and T': X — X with
FixT # . We are then interested in solving the equation T'x = z, i.e. we want to find a fixed
point x € FixT of T'. For that, assume additionally that T is a quasi-contraction, i.e. for some
z € FixT it holds that
d(Tz,z) < rd(z,z)
for all x € X, where r € [0,1). This not only implies FixT = {z} but further yields
d(z,z) < d(x,Tz) +d(Tz,z) < d(z,Tx) + rd(z, z).

So, defining F(x) := d(z,Tz), we have zer’ = FixT = {z} (so that the problem of finding
zeros of F' correspondingly represents the problem at hand) and the above implies

(1 —=r)d(z,2) < F(x)

for all x € X. Thus the assumption of Proposition 5.11 is satisfied with 7(¢) := (1 — r)e which
is thereby a modulus for z being a strongly unique zero in expectation for F(z) := d(z, Tz).

Beyond its ubiquity in deterministic optimization, such (quasi-)contractivity assumptions
for example feature in an essential way in the seminal work [28] on rates of convergence for
stochastic block-coordinate methods or, more broadly, in the context of dynamic programming
algorithms for reinforcement learning (see e.g. [45, 94]), just to name a few.
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Minimization problems and functions with sharp minima. Let (X,d) be a metric space and
f: X — (-0, +o0] with argminf # & be a function. We are then interested in solving the
problem ming,cx f(x), i.e. we want to find a minimizer z € argminf of f. For that, assume
additionally that f has a 7-global sharp minimum, i.e. for some z € argminf it holds that

f(z) = min f + 7(d(x, 2))

for all x € X where 7 is convex, strictly increasing and satisfies 7(0) = 0, a slightly stronger
condition than the well-known notion of weak sharp minima pioneered in [22], see also the works
[21, 40, 62]. Again, this implies that argminf = {z}. Further, defining F(z) := f(z) — min f,
we have that zerF' = argminf = {z} (so that the problem of finding zeros of F' correspondingly
represents the problem at hand) and

7(d(z,2)) < F(x)

for all x € X. Thus the assumption of Proposition 5.11 is satisfied with 7, which is thereby a
modulus for z being a strongly unique zero in expectation for F'(z) := f(z) — min f.
Note that the inverse 771 of 7 satisfies

77 f(z) —min f) = d(z, 2)

for all x € X. Inequalities of that type are commonly called error bounds, as introduced in
the seminal work [16], and we thereby in particular get that if f satisfies an error bound of the
form

~(f(x) — min f) > d(z, 2)
for a concave and strictly increasing function with 7(0) = 0, then 77! is a modulus for z being
a strongly unique zero in expectation for F(z) := f(x) — min f as well.

Sharp minima (viz. error bounds) feature as crucial assumptions at various places in the
(stochastic) approximation literature, especially also in the context of stochastically quasi-
Fejér monotone iterations, and we refer to e.g. [38, 42, 44, 64, 90, 99, 101] for a few pointers to
such circumstances beyond the works mentioned above.

A particularly prominent situation where a function f has sharp minima is in the case of
uniformly quasiconvex functions (generalizing the discussion from Section 6.2 on minimizers of
uniformly convex functions on Hilbert spaces), i.e. f: X — (—o0, +00] with argminf # & on
a normed space (X, ||-||) where

fFOx+ (1= N)y) < max{f(z), f(y)} = A1 = N7 (|lz - yl])

for all z,y € X and X € [0,1] for a convex and strictly increasing 7 with 7(0) = 0. Then for
z € argminf and z € X, we have
. 1 1
min f < 7 (222) < max{f(a), £} — gl — 20 < f@) — gr(lle — =)

T+ z
2

and so

37z = 2l) < F(z) = f(z) — min f

which implies that %7’ is a respective modulus for z being a strongly unique zero in expectation
for F'. One specific such situation contains functions which are strongly quasiconvex, i.e. where

JOx + (1= Ny) < max{f(z), f(y)} — A1 - /\)g lz =yl

in which case we simply have 7(¢) := £¢* in the above. These considerations also generalize to
nonlinear hyperbolic spaces.
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Set-valued inclusion problems and uniformly accretive operators. Let X be a Banach space and
A X — 2% be m-accretive with zerA # @J. We are then interested in solving the inclusion
0 € Ax, i.e. we want to find a zero x € zerA of A. For that, assume additionally that A is
r-uniformly accretive at a zero z € zerA (as already discussed in the context of Hilbert spaces
in Section 6.1), i.e. it holds that

(@—zus=7(|z -2l
for all (x,u) € A, where T is convex, strictly increasing and satisfies 7(0) = 0 and

(@,y)+ = max{j(y) | j € J(x)}
where J : X — 2% is the normalized duality map of X defined by

J(x):={j e X* | j(z) = |=|* = |41}
This property implies zerA = {z} and we in particular have

T(lz = 2)) < F(2) := inf (x =z u),
ueAx

for all x € X. Thus the assumption of Proposition 5.11 is satisfied with 7, which thereby is a
modulus for z being a strongly unique zero in expectation for F(z) := inf,cq,{x — z,u), (so
that the problem of finding zeros of F' represents the problem of finding zeros of A in a suitable
way). The above is in particular true if A is 7-uniformly accretive in the sense that

&—yu—v)y =7(|z —yl)

for all (z,u), (y,v) € A.
Further, the above also applies where A is a 7-strongly accretive operator, i.e. where

@& =yu—v)yp 27(lz—yl)llz—yl

for all (z,u), (y,v) € A, which in particular includes the case of S-strongly accretive operator,
i.e. operators A where

2
(@ —y,u—v)r =Bz -yl
for all (x,u), (y,v) € A for some > 0. In the latter two cases, we can also move to a function
F which is defined independently of z as we in particular have

(& —zu)y I
~

([l = =l)) <
T le =

for all (z,u) € A with ||z — z|| > 0. Defining F'(x) := dist(0, Az) (the problem of finding zeros
of which similarly representing the problem of finding zeros of A), we get

Pl = 2l) < inf [Jul] = dist(0, Az) = ()

for all x € domA with ||z — z|| > 0. We further get 7(||z — z||) < F(z) for all x € X as the
inequality is trivial for x ¢ domA or for x € domA with ||z — z|| = 0. Thus the assumption of
Proposition 5.11 is satisfied with 7, which thereby is a modulus for z being a strongly unique
zero in expectation for F(z) := dist(0, Ax).

Uniform accretivity (viz. monotonicity) assumptions are, similarly to uniform convexity as-
sumptions, rather prominent in the (stochastic) approximation literature, and besides the
Robbins-Monro procedure as presented in Section 6 and the works on stochastic splitting meth-
ods [23, 27, 77, 88, 97] mentioned in the introduction, we in particular further refer to works
such as [14, 44] as representative, more genuinely stochastic, examples.
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7.2. Examples of stochastically quasi-Fejér monotone iterations. We now discuss a
variety of iterations commonly studied in stochastic approximation and optimization which are
stochastically quasi-Fejér monotone in the above sense and where we can naturally obtain a
corresponding lim inf-modulus.

A Krasnoselskii-Mann iteration with stochastic noise. Let (X,d) be a metric space and let
T : X — X be a given nonexpansive mapping, i.e. T satisfies d(Tz,Ty) < d(z,y) for all
x,y € X. We are interested in stochastically approximating fixed points of T, i.e. finding
elements of the set FixT which we in the following assume to be a singleton, i.e. FixT = {z}.
Rephrasing this in the above formalism, we have FixT = zerF for F(x) := d(Tz, z).

Naturally, most methods for solving the respective problem require a certain amount of
geometry on the space. In that vein, we here assume that the space (X,d) is a CAT(0)-
space.® The prominent CAT(0)-spaces, introduced by Aleksandrov [1] and named as such
by Gromov [43], are commonly defined as geodesic spaces with a nonpositive curvature as
captured by the Bruhat-Tits CN-inequality [20]. Complete CAT(0)-spaces are also referred to
as Hadamard spaces. Examples of such spaces in particular include Hilbert spaces, R-trees as
well as complete simply connected Riemannian manifolds with nonpositive sectional curvature,
among many more (as also discussed in the introduction already), and hence provide a strong
common metric generalization to study these various objects. We refer in particular to the
seminal monographs [11, 19] for further details on these spaces and here only discuss the bare
necessities required for the paper: Crucially, if the reader prefers, they can simply imagine
everything that follows taking place in a Hilbert space, in which case the various inequalities
that follow are completely standard.

At first, we deem it helpful to follow a slightly different approach to these spaces. Namely,
more axiomatically, CAT(0)-spaces can also be equivalently characterized as a special subclass
of so-called hyperbolic spaces in the sense of Kohlenbach [49] which are metric spaces (X, d)
endowed with a further mapping W : X x X x [0,1] — X that, via W (z,y, \), represents an
abstract access to a convex combination in X essentially replacing the geodesics (see [49] for
further details). Accordingly, in the following we utilize the intuitive notation (1 — \)x @ Ay
for z,y € X and X € [0,1] to denote a convex combination of x and y formally represented by
W (z,y,A). This convex combination satisfies various intuitive properties with respect to the
metric, notably

d(1=Nzx@d Ny, 2) < (1 —Nd(x, z) + Ad(y, 2).

In the context of hyperbolic spaces, CAT(0)-spaces arise equivalently as those hyperbolic spaces
which satisfy the so-called CN™-inequality (which is in that context actually equivalent to the
CN-inequality), given by

1 1 1 1 1
O < 12 12 _ 12
d (zx@ b ) < SPr.2) + L. 2) 1)
for all z,y,z € X and X € [0,1]. Alternatively, CAT(0)-spaces can be characterized by the
so-called quasi-linearization function

(T, T = % ((2,0) + Py u) — Pz, 0) — dP(y, )

6While this class of spaces does not exhaust the generality in which the method studied in this part, the
so-called Krasnoselskii-Mann iteration, can be studied, we here nevertheless focus on this prominent class of
spaces as it still illustrates a wide generalization beyond linear spaces and still allows for a smooth technical
development of the method.
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for z,y,u,v € X from the work of Berg and Nikolaev [12], wherein it is shown that CAT(0)-
spaces are precisely those metric spaces which satisfy the following nonlinear variant of the
Cauchy-Schwarz inequality:

()1 Ty, ut) < d(z,y)d(u,v).

The only other property that we will here require of the quasi-linearization function is that it
satisfies the following equality

(+)2 d(z,2) = d*(x,y) + d*(y, 2) + 2T, 72,

which immediately follows from the above definition. Lastly, we will require in the following
that the CN™-inequality extends beyond the midpoint (see e.g. Lemma 2.5 in [30]), i.e. that

(%)3 (1= Nr @My, 2) < (1= Nd*(z,2) + \d>(y, 2) — M1 — N d*(z, ).

holds for all z,y,z € X and X € [0,1].

In the context of CAT(0)-spaces, we then can employ the following variant of the well-known
Krasnoselskii-Mann iteration [56, 65] with stochastic errors to approximate the fixed points of
T: given an initial X-valued random variable zy, we define recursively

Tpt1 = (1 - )\n)xn (&) )\nyn

with y, such that d(y,, Tz,) < &, a.s.
where (g,) is a sequence of nonnegative real valued random variables. Both in a linear and
nonlinear context, this methods belongs to one of the most well-studied procedures for approxi-
mating fixed points and is consequently widely studied. We mainly refer to the works [8, 24, 26]
for further reading, with a particular emphasis on [26] for the presentation, phrased over linear
spaces, of a variant with stochastic noise similar to the above. Indeed, writing v, = Tz, + €,
over a linear space X for an X-valued noise sequence (e,,) as in [26] reduces the method studied
therein to the above iteration (with €, = ||e,]|).

For an analysis of the above method, we note first that we have

d(zpi1,2) < (1= N)d(xy, 2) + And(Yn, 2)
< (1= N)d(xy, 2) + Md(Txy, 2) + And(Yn, Ty)
< d(xy, 2) + Angn

by the properties of CAT(0)-spaces and using that 7" is nonexpansive, so that for F, :=
o(xg,...,xy,), i.e. the o-algebra generated by z, ..., x,, as before, we have

E[d(2n41,2) | Fol < d(20,2) + M/E[E2 | ]

almost surely for all n € N, which yields that the sequence is stochastically quasi-Fejér monotone
w.r.t. the filtration (F,). We in the following assume the existence of a K > 0 such that
E[d*(x,, 2)] < K.

Using the properties (x); — (x)3 of CAT(0)-spaces discussed above, along with standard
properties of the quasi-linearization function such as (z7, ud) = —{(T7, vy, {TY, ud) = {ud,TY),
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(&Y, 7Y) = d*(x,y) and (TP, wd) + (TP, v) = {TY, uw), we get
d*(xn11,2) < (1= X0)d (T, 2) + A (Yn, 2) = An(1 = X0) A (T, )
<2, 2) — Aa(1 = M)A (2, T) + Ay, Tan) + 20 <m TTnz’>
= A1 = Ay, ) = 2201 = Aa) (T, T )
<Pz, 2) — M1 — M)A (@0, Tn) + N2d2(y, Tn) + 22 <m m>

=22, (1=X\p) <ynTa:n, T:Unz> — 2\, (1 = Ap) <ynTxn, ﬂ>

<A (10, 2) = A(1 = X)) (2, T) + N2d? (Y, T) + 2200d (Y, Ty )d(Txy, 2)
+ 20 d (Y, Ty, )d (2, 2)
<d* (1, 2) — A (1= X))@ (T, T) + M2 + dMnend (2, 2)

almost surely for any n € N. In particular, integrating the inequality and applying Holder’s
inequality yields

E[dQ(:vnH, 2)] < ]E[dQ(xn, 2)] = A (1 — )\n)]E[dQ(Ta:n, xn)| + AN Elend(zn, 2)] + /\nE[ei]
E[d? (2, 2)] — An(1 = A\)E[dX (T2, 2,)] + 4/E[d2(20, 2) | A/ E[€2] + ME[€2]
E[d*(2,, 2)] — An(1 = M) E[d* (T2, 20)] + AV EMAE[2] + A E[€2]

Applying Lemma 3.2, we get > A\,(1 — \,)E[d*(Tz,,,2,)] < L := K + M(4VK + 1) for
M > 0 such that >” ; A\4/E[e2] < M and assuming E[e2] < 1 for all n € N (similar to [26]).
Lemma 3.3 together with Jensen’s inequality then yields

Ve >0VYN eNdne[N;0(N,L/)(E[F(x,)] <e¢)

for a rate of divergence # : N x (0,00) — N for >, ;A\, (1 = \,) = o0, Le. Zz(zk}cb) A(l—=X,) =0
for all b > 0 and k € N.

Theorem 5.8 can then be used in combination with any modulus of strong uniqueness in
expectation for FixT = zerF' = {z} with F(z) = d(Tx,x) (together with a rate of convergence
for the summability of the errors in expectation) to produce a rate of convergence for the above
iteration.

N

N

A proximal point algorithm with stochastic noise. Let (X,{:,-)) be a Hilbert space and let
A: X — 2% be a given maximally monotone operator, i.e. A satisfies (x — y,u —v) > 0 for
all (z,u),(y,v) € A and no proper extension of A satisfies this property. We are interested
in stochastically approximating zeros of A, i.e. finding elements of the set zerA. Similar to
before, we assume that zerA = {z} and further write zerA = zerF for F(z) := dist(0, Az).
The most prominent method for approximating zeros of such operators is the proximal point
method [66, 87] with utilizes the so-called resolvent .J 4 := (Id + vA)~! which is single-valued
as A is monotone, to define a Picard-like iteration. Here, we consider the following variant
incorporating stochastic errors to model inaccuracies in the evaluation of the resolvent: given
an initial X-valued random variable zy, we define recursively

Tpg1 1= Jy, ATy + En,

where (g,) is a sequence of X-valued random variables and (7,) < (0,00) is a sequence of
parameters with inf{v, | n € N} = v > 0. The analysis of this method is now similar to that of
the Krasnoselskii-Mann iteration. For one, utilizing that the resolvent is a nonexpansive and
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total mapping (as A is maximally monotone) with Fix(.J,4) = zerA, analogously to before we

get

E[l|zni1 = zl| | Ful < ll2n = 2l + A/E[llen]l” | Fo]
almost surely for all n € N, where F,, := o(xg,...,z,), i.e. F, is the o-algebra generated
by xg, ..., x,, which yields that the sequence is stochastically quasi-Fejér monotone w.r.t. the

filtration (F,). As before, in the following we assume the existence of a K > 0 such that
E[l|z, — 2] < K.

Next, we recall the fact that the resolvent is not only nonexpansive, but even firmly nonex-
pansive in the sense that

T4z = Tayll” + (@ = Jyaz) = (y = Jap)|” < ||z =yl

for any v > 0 and z,y € X (following the definitions of [8]). Similar to before, we then get
|zne1 = 2l* < (1w a2n = 2] + [leal)?
= | yuattn = 2|* + 2|1y, 420 — 2| leall + lenll®
< lzn = 2l1* = llen = Tyoazal® + 2 l2n — 2|l lleall + llenll®

almost surely for any n € N, which by Holder’s inequality yields

Ell@n1 = 2] < Efllzn = 21°] = Elllzn = Jy,a20l°] + 2V KA/El[lenl*] + Elleall’]

similarly to before. Applying Lemma 3.2, we get >,  E[|z, — J%A:BHHQ] < L := K+

M(2vVK + 1) for M > 0 such that 3% A/E[||la]|’] < M and assuming E[||e,|]*] < 1 for
all n € N, also analogously to the previous section. Lemma 3.3 together with Jensen’s inequal-
ity then yields

Ve >0 VN eN3ne[N;N + L/E(E[||lzn, — Jo,a7a]] < €).

In particular, using the resolvent inequality || Jyyaz — x| < (2—A) ||Jyaz — || for v, A > 0 with
A <1 (see e.g. Proposition 23.31 in [8]), we have

|

so that the above actually implies

=] |

J2at a:H < (2 - %) 1T, 42 — 2] < 2|\, a7 — 2|

|<2).

Theorem 5.8 can then be used in combination with any modulus 7 of strong uniqueness in
expectation for zerA = zerF' = {z} with F'(x) = dist(0, Az) (together with a rate of convergence
for the absolute summability of the errors in expectation) to produce a rate of convergence for
the above iteration. To see this, note that we have to use the following slightly modified
construction: Instead of F', we consider the map F"(z) = ||x — J,az|. The above then shows
that

Tp — Jlen

Ve >0 VN eN3ne [N;N + 4L/ (]EH

Ve >0 VN eN3ne[N;N+4L/(E[F'(z,)] < ¢).

Further, the modulus 7 can be converted to a modulus of strong uniqueness in expectation for
zerA = zerF’' = {z} with the above F’. To sce that, note that y~'(z — Jyax) € A(Jyaz) and so

dist(0, A(Jyaz)) <77

T — JleH
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for any x € X. Therefore, if E[F(x)] < min{r(g/2) - 7,£/2}, we have E[F(J,a7)] < 7(¢/2). As
7 is a modulus relative to F', we have E[||.J, a7 — z|[] < &/2 and hence

e+

Eflz — |1 <E||

Jle — IEH] < €.

Hence min{r(g/2) - 7,¢/2} is a modulus of strong uniqueness in expectation for the alternative
F’ and Theorem 5.8 can be used with that F” instead.

A stochastic metric splitting algorithm. Let (X,d) be a CAT(0)-space (recall the previous
discussion) and f : X — (—o0,+00] be a function of the form f = 25:1 fn where each
fn: X — (—00, +0] is convex and lower-semicontinuous. We want to find minimizers of said
function but instead of proceeding in the usual style of the proximal point algorithm, where
we refer to the excellent exposition in [9], and utilizing (appropriate metric analogs of) the
resolvent of f directly, which might be costly, we follow the splitting approach of [10] and study
the algorithm

Th+1 1= Jﬁz(mk)
for an initial point zo € X, parameters (\;) with >};” ( Ay = 0 and Y- A7 < o0, and (ry)
a sequence of pairwise independent random variables taking values in {1,..., N} according to
the uniform distribution which facilitates a random order selection of the individual resolvents

Ra) = argmingex () + 358 (00)).

This kind of stochastic splitting-type proximal point algorithm is, although phrased in terms of
CAT(0)-spaces and for a finite collection of convex functions, structurally similar to variants of
the proximal point algorithm which include stochastic perturbation of the involved set-valued
operator or convex function as e.g. studied in [4, 14] which, as mentioned in the introduction,
will be studied in more detail through the lens of this paper in subsequent work.

As shown in Lemma 3.6 in [10], if argmin(f) # ¢ and we have

Falan) = fa(xl ) < Ld(xp, 27, ,) as.

for some L > 0, where x},, is the result of the iteration with zy if 7, = n (which in particular
is validated if the functions f,, are locally Lipschitz, see Remark 3.8 in [10]), then it holds that

E[d* (211, 2) | Fr] < d*(xh, 2) — %(f(xk) —min f) + 4\ L7 a.s.

for all k € N and z € argminf, where F}, = o(xo,...,xx), i.e. Fj is the o-algebra generated
by o, ...,x,. In particular, the sequence is stochastically quasi-Fejér monotone w.r.t. (Fy).
Again, integrating this inequality yields
2\ .
E[d* (2411, 2)] < B[d(xx, 2)] = = (E[f(24) - min f]) + 4XPL?
for all k € N, which by Lemma 3.2 yields Y,” ) 2% (E[f(z)) — min f]) < L := K + 4ML? for
K = E[d*(z, 2)] and M > 3,7 ; A}, Lemma 3.3 then yields
Ve >0VN eNdne|[N;0(N,L/e)|(E[F(z,)] <¢)
for F(z) := f(z) —min f and for a rate of divergence 6 : N x (0,00) — N for > 2% = oo, ie.
SN 20 > p for all b> 0 and k € N.

N
As before, Theorem 5.8 can now be used in combination with any modulus of strong unique-

ness in expectation for argminf = zerF' = {z} with F'(x) = f(z)—min f (together with a rate of
convergence for the summability of the errors in expectation) to produce a rate of convergence
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for the above iteration. Such a modulus of strong uniqueness can in particular be given in the
special case where the above method is used to compute Fréchet means in Hadamard spaces
X, that is finding the (unique, as will be discussed below) point

N

: 2
argmin,, Z wyd(x, ay),
n=1

given finitely many weights wy,...,wy with 25:1 w, = 1 and points ai,...,ay € X. As
discussed in [10], this problem plays a central role in quite a few different and highly relevant
circumstances such as computational biology, more concretely phylogenetics (via a particular
Hadamard space known as the Billera-Holmes-Vogtmann tree space), diffusion tensor imaging
or consensus algorithms. We refer to the discussions in [10] for more details on these applied
aspects of Fréchet means.

In any way, as shown in Theorem 2.4 in [10], there exists a unique point z € X minimizing
the above expression which moreover satisfies

N N
d*(z, 2) + Z wpd? (2, a,) < Z wpd*(x, ay)
n=1 n=1

for any = € X, i.e. we have d*(z,2) < F(z) := f(z) — min f for f(z) := 3N w.d*(z,a,).
Hence, using Jensen’s inequality, we have (E[d(z, 2)])? < E[d*(x, 2)] < E[F(z)] for any 2 € X
so that 7(¢) := & is a modulus of strong uniqueness for the solution z.
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