
CONVERGENCE GUARANTEES FOR STOCHASTIC ALGORITHMS
SOLVING NON-UNIQUE PROBLEMS IN METRIC SPACES

NICHOLAS PISCHKE AND THOMAS POWELL

Department of Computer Science, University of Bath,
Claverton Down, Bath, BA2 7AY, United Kingdom,

E-mails: {nnp39,trjp20}@bath.ac.uk

Abstract. We prove a general quantitative theorem on the asymptotic behavior of stochastic
quasi-Fejér monotone sequences in a broad metric context. Concretely, our result explicitly
constructs a rate of convergence for such process, both in mean and almost surely, under an
abstract stochastic regularity assumption, derived from previous work of Kohlenbach, López-
Acedo and Nicolae [Isr. J. Math. 232(1), pp. 261-297, 2019] on such notions in a deterministic
context. Our notion of regularity extends and unifies many common conditions from the liter-
ature, such as generalized contractivity for self maps, weak sharp minima and error bounds for
real-valued functions, uniform monotonicity and global metric subregularity for set-valued oper-
ators, related Polyak- Lojasiewicz or Kurdyka- Lojasiewicz conditions, as well as expected sharp
growth as e.g. studied by Asi and Duchi [SIAM J. Optim. 29(3), pp. 2257-2290, 2019]. The
rate is moreover highly uniform, depending only on very few data of the surrounding objects.
We also discuss special cases which allow for the construction of fast rates in the form of linear
non-asymptotic guarantees. We conclude by presenting three concrete methods from stochastic
approximation where our results yield new rates of convergence, including the classical exam-
ple of the stochastic proximal point method, a randomized variant of the Krasnoselskii-Mann
scheme for solving stochastic fixed-point equations, and a Busemann subgradient method re-
cently introduced by Goodwin, Lewis, López-Acedo and Nicolae [Math. Program., to appear],
all of which make use of our metric generality by being formulated over complete geodesic
metric spaces of nonpositive curvature.
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1. Introduction

1.1. The setup. We are concerned with the study of stochastic algorithms (xn) that approxi-
mate almost-sure solutions to the abstract problem

find a zero z ∈ zerF := {z ∈ X | F (z) = 0} for a function F : X → [0,∞],

over arbitrary separable and complete metric spaces (X, d). A wide range of deterministic and
stochastic problems can be naturally brought into this form, including almost-sure fixed point
problems or mean minimization problems (see Section 3.3 later on).

As with the problem formulation, we consider a broad class of algorithms: Instead of con-
fining ourselves to a specific iteration schema, we consider arbitrary stochastic processes (xn),
adapted to a filtration (Fn) over a probability space (Ω,F,P), that are stochastically quasi-Fejér
monotone, i.e.

E[d(z, xn+1) | Fn] ≤ (1 + ζn)d(z, xn) + ξn a.s.

for all n ∈ N and all z ∈ zerF and where (ζn), (ξn) are summable nonnegative random variables
adapted to (Fn). This represents a relaxed supermartingale condition in line with similar
abstract approaches in the literature.
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The driving question of our paper is concerned with quantitative aspects of convergence:

Fundamental question: When can effective rates towards solutions, in mean and almost
surely, be explicitly described, for general classes of problems F and algorithms (xn)?

As is well-known, this problem is in particular nontrivial since effective rates cannot always
be found, a phenomenon that in optimization theory is sometimes referred to as arbitrary
slow convergence. This can be formally explained using tools from mathematical logic and
computability theory, where so-called Specker sequences [88] can be used to show that already
in very simple deterministic cases, computable rates of convergence are generally unachievable
for general quasi-Fejér monotone methods (xn) and problems F (see in particular [72]).

1.2. The theoretical contributions of the paper. Inspired by the work of Kohlenbach,
López-Acedo and Nicolae [53],1 we consider a broad class of problems that can be characterised,
in an abstract way, by considering functions F : X → [0,∞] that satisfy a generalized regularity
assumption. Indeed, we extend the generalized notion of regularity introduced in [53] here to
a stochastic context, taking the form of a modulus τ : (0,∞) → (0,∞) satisfying

∀ε > 0 ∀x ∈ D (E[F (x)] < τ(ε) → E[distzerF (x)] < ε)

for a suitable collection of X-valued random variables D. As we will show, such regularity
conditions are intimately related to associated growth conditions in mean

∀x ∈ D (E[F (x)] ≥ τ(E[distzerF (x)]))

for the mapping F .
As we will discuss in detail (see Section 3.3), these conditions uniformly cover various notions

such as: generalized contractions and retractions; generalized weak sharp minima in the sense
of [53] (extending [28], see also [27, 43, 58]) and related to that corresponding notions of
error bounds (see e.g. [22, 39]) as well as polynomial growth conditions (see e.g. [87]) and
expected sharp growth [5]; generalized metric subregularity (see e.g. [49, 59], extending [56, 38])
and related Polyak- Lojasiewicz, or more generally Kurdyka- Lojasiewicz conditions (see e.g.
[21, 22, 89]); uniform and strong accretivity and monotonicity for operators and vector fields;
uniform and strong convexity for functions. We note that many of these conditions, along
with our abstract regularity notion in general, do not necessarily entail that zerF has a unique
solution.

It is known that already for the deterministic Picard iteration, such a (deterministic) modulus
of regularity can be explicitly constructed from an associated (uniform) rate of convergence for
the process towards a solution (see Proposition 4.4 in [53]), illustrating that the presence of
this generalized regularity condition is fundamentally connected to the existence of explicit
(and suitably uniform) rates of convergence. This in particular justifies the wide generality of
the approach not only in the deterministic but also in the stochastic setting.

Our main results are general quantitative convergence theorems for stochastically quasi-Fejér
monotone iterations relative to solution sets of problems that satisfy such a stochastic notion
of regularity, requiring in addition only a mild approximation property (see Theorems 4.8 and

1The present paper is part of an ongoing effort, initiated in the last two years, to bring methods from proof
mining [51, 52] systematically to bear on probability theory and stochastic optimization. The works that this
paper builds on, notably [53] and [69] together with [75] (as well as the related [44, 70]) are similarly part of
this proof-theoretic approach to computational results in mathematics. Here, for example, this logical approach
in particular influenced the way in which we formulated the various (stochastic) moduli. The rest of the paper
avoids any technical reference to mathematical logic.
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4.11). These results provide explicit constructions for rates of convergence, in mean and almost
surely, which are moreover highly uniform, depending only on very few data of the surrounding
objects, and in particular being independent of the distribution of the space. Furthermore, we
provide a similarly general result on fast (that is in this case linear) nonasymptotic guarantees
in the context of linear regularity and suitable assumptions on the surrounding parameters
(see Theorem 4.13). Finally, all of these results are formulated in the even broader context of
general distance functions ϕ : X ×X → [0,∞), following previous work of the first author in
a deterministic context [75] (and of the authors and Neri [69] in certain stochastic settings, as
discussed below), which allow us to uniformly cover perturbations of the metric and distance
functions beyond that, such as Bregman distances.

Some initial results on effective convergence for stochastic quasi-Fejér monotone sequences are
contained in the authors’ earlier work [69], confined to the more restrictive class of problems with
unique solutions. The present paper extends those results substantially: Along with a much
more general and extensive treatment of stochastic regularity, we are confronted with multiple
demanding technical difficulties that are entirely absent in the case of unique solutions. For
example, to deal with non-unique problems, our main results combine a quantitative martingale
argument motivated by [69] with a new measurable selection argument along the filtration (Fn)
of the process (xn). By nature of the filtration, these results from measurable selection theory
cannot assume the completeness of the measure space and hence require additional care beyond
that of canonical results. In that context, we are forced to consider a strengthened variant of
stochastic quasi-Fejér monotonicity, introduced abstractly for the first time here, which allows
one to maintain the supermartingale condition

E[d(z, xn+1) | Fn] ≤ (1 + ζn)d(z, xn) + ξn a.s.

even for Fn-measurable and suitably integrable zerF -valued random variables z. This notion is
often satisfied outright for many methods (in particular for the applications discussed in this
paper), but we additionally examine this stronger property in relation to the usual formulation,
providing a general lifting result for a class of distances including metric powers (abstracting
recent work of Combettes and Madariaga [35]).

1.3. The applied contributions of the paper. We provide three example applications of
our theoretical work, yielding new results for both classical and recently introduced methods.
To illustrate the metric generality of our framework, all applications are set in the context
of Hadamard spaces, that is complete geodesic metric spaces with nonpositive curvature in
the sense of Alexandrov (see e.g. [25]), covering in particular Hilbert spaces, R-trees, as well
as Hadamard manifolds (i.e. complete simply connected Riemannian manifolds of nonpositive
sectional curvature). This generality is particularly beneficial since stochastic optimization
over nonlinear spaces such as manifolds plays a key role in modern machine learning (see
e.g. [90]). However, Hadamard spaces are not limited to such settings and beyond that also
cover practically relevant spaces without immediate differentiable structure, such as the Billera-
Holmes-Vogtmann tree space [18] prominently used in phylogenetics, and its recent variation
for networks [67]. In all cases, our results not only provide rates at a level of generality not
considered previously, but also yield the strong convergence of these methods without local
compactness assumptions, which for our abstract notion of regularity is qualitatively novel,
even disregarding the quantitative aspects.

The first method we discuss is a stochastic variant of the proximal point method for mini-
mizing the mean of a randomized convex function satisfying a relaxed Lipschitz condition as
studied e.g. in [13, 73] (see also [11]). Here we extend the strong convergence results provided in
[73] to more general regularity assumptions on the function, and quantitatively outfit them with
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explicit rates. The second is a randomized variant of the central Krasnoselskii-Mann iteration
for solving stochastic common fixed point problems, similar in nature to recent work by Com-
bettes and Madariaga [35] and recently studied over proper Hadamard spaces in [70]. Finally,
we consider the recently introduced projected subgradient method of Goodwin, Lewis, López-
Acedo and Nicolae [45] and its extension studied in [77] for stochastic minimization, which
utilizes the so-called Busemann subgradients introduced in [45], a new type of subgradient that
is particularly suitable for nonlinear geometric contexts.

1.4. Future work. We envisage this paper as the basis for future work, not only as a tool for
providing effective convergence guarantees for various other methods in stochastic optimization
and approximation, but also for instigating further theoretical developments. On the applied
side, future work should in particular be concerned with stochastic iterations that make use of
our generalized distances. For example, a unified approach to stochastic optimization via Breg-
man distances, extending stochastic quasi-Fejér monotonicity in the particular form treated in
[35], has been recently considered in [91], and we anticipate that several of the examples given
there can be suitably adapted to our framework. Also, the present work could provide guiding
principles for developing effective convergence guarantees for stochastic algorithms with super
relaxations in the style of [35] also over metric contexts such as Hadamard spaces, making
use of geodesic rays. On the theoretical as well as applied side, future work could include
extensions of the present results to continuous-time processes, combining the approach of this
paper (as well as [69, 70]) with the recent work [44] of the first author and Freund on simi-
larly broad quantitative considerations of continuous-time dynamical systems in a deterministic
setting. These results would presumably rely on a strategy that, in the style of the present
paper, combines measurable selection theory with continuous-time martingale theory, a general
quantitative approach to the latter being interesting in its own right. Potential applications of
these combined results could then in particular include works such as [19, 20, 60, 61, 64, 65] on
stochastic differential equations and inclusions and related dynamical systems.

Preliminaries and notation. Throughout, we fix a probability space (Ω,F,P) together with
a filtration (Fn). We denote the (conditional) expectation over that space by E[·] and we denote
characteristic functions of measurable sets A ∈ F by 1A. Further, if not stated otherwise, (X, d)
will denote a separable and complete metric space. If seen as a measure space, we assume that
X is endowed with its Borel σ-algebra B(X). We denote closed balls relative to the metric by

Br(a) := {x ∈ X | d(x, a) ≤ r},

given r > 0 and a ∈ X. We often call a sequence of X-valued random variables an X-valued
stochastic process. If a stochastic process (xn) is such that xn is Fn-measurable for any n ∈ N, we
call it adapted to (Fn). We write ℓ+(Fn) for the set of all sequences (ξn) of nonnegative random
variables adapted to (Fn) and ℓ1+(Fn) for all such sequences that further satisfy

∑∞
n=0 ξn < ∞

a.s. Above, and throughout the paper, we generally write ∞ for +∞, unless we are explicitly
differentiating +∞ from −∞.

2. Carathéodory distance functions and stochastic approximation properties

At our most abstract, we will be concerned with general distance functions ϕ : X × X →
[0,∞), potentially distinct from the metric. For such a distance and a non-empty set S ⊆ X,
we write

distϕS(x) := inf
s∈S

ϕ(s, x)
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and we omit the superscript ϕ only if ϕ = d. Naturally, not all such distance functions will be
permissible in stochastic contexts, and we have to place some assumptions on the measurability
of ϕ. The central such assumption will be that ϕ is a Carathéodory function:

Assumption 2.1 (Carathéodory distance). Assume ϕ is a Carathéodory distance, in the sense
that ϕ is continuous in its left argument and measurable in its right argument.

Throughout, whenever we use ϕ to refer to a general distance function, we always implicitly
assume the above even if not stated explicitly. As we ultimately care for metric convergence,
we will be concerned with converting from a generic distance ϕ back to the underlying metric
d. If points equal in the sense of the distance ϕ are also equal in the sense of the metric, we
call such a distance consistent. The following uniform quantitative formulation of consistency
defines our main assumption in that direction:

Definition 2.2 (Uniformly consistent distance). A distance ϕ is called uniformly consistent
with modulus θ : (0,∞) → (0,∞) if

∀ε > 0 ∀x, y ∈ X (ϕ(x, y) < θ(ε) → d(x, y) < ε) .

Such a modulus essentially induces a growth condition on the distance ϕ in terms of the
metric, as we highlight in the following remark:

Remark 2.3. Let θ : [0,∞) → [0,∞) be such that θ(0) = 0 and θ(ε) > 0 for ε > 0. If θ is a
modulus of uniform consistency for ϕ, then ϕ(x, y) ≥ θ(d(x, y)) for all x, y ∈ X.

Some key examples of uniformly consistent distances are collected in the following example:

Example 2.4. The following distance functions are Carathéodory distances:

(1) Perturbed metric distances, that is ϕ = G ◦ d where d is the metric of the space and
G : [0,∞) → [0,∞) is continuous. In particular, if G is inverse continuous at 0 with a
modulus g : (0,∞) → (0,∞), that is

∀a ≥ 0 ∀ε > 0 (G(a) < g(ε) → a < ε) ,

then ϕ is uniformly consistent with modulus θ(ε) := g(ε). A common example of a
perturbation function is G = (·)2, which is immediately inverse continuous at 0 with
modulus g(ε) := ε2.

(2) Perturbed Bregman distances, that is ϕ = G ◦Df for G continuous as above and

Df (x, y) := f(x) − f(y) − ⟨x− y,∇f(y)⟩
over a reflexive Banach space (X, ∥·∥), where f : X → R is lsc, convex and Fréchet
differentiable on X. Suppose further that G is inverse continuous at 0 with modulus g
as above, and that f is sequentially consistent2 with a modulus of sequential consistency
ρ : (0,∞)2 → (0,∞) in the sense of [78], i.e.

∀ε, b > 0 ∀x, y ∈ Bb(0) (Df (x, y) < ρ(ε, b) → ∥x− y∥ < ε) .

Then ϕ is uniformly consistent on every ball Bb(0) ⊆ X with modulus θ(ε) := g(ρ(ε, b)).
Indeed, if x, y ∈ Bb(0) are such that G(Df (x, y)) < g(ρ(ε, b)), then Df (x, y) < ρ(ε, b)
as before and so ∥x− y∥ < ε. We refer to [78] for related discussions.

If a distance is consistent, then we can in particular also convert the associated set-distance
functions:

2Crucially, if X contains at least two points, a function f as above is sequentially consistent iff it is totally
convex on bounded sets iff it is uniformly convex on bounded sets (see Theorem 2.10 in [30] and see also [29]).
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Lemma 2.5. Let ϕ be uniformly consistent with modulus θ. Further, let S ⊆ X be non-empty.
Then for any ε > 0 and any x ∈ X:

distϕS(x) < θ(ε) → distS(x) < ε.

Proof. Suppose distϕS(x) < θ(ε). Thus, there exists an s ∈ S with ϕ(s, x) < θ(ε). By the
assumption on θ, we get d(s, x) < ε and so in particular distS(x) < ε. □

We now turn to measurability properties of Carathéodory distances. Firstly, this assumption
entails the following crucial measurability properties on ϕ and distϕ:

Lemma 2.6. If ϕ is a Carathéodory distance, then

(1) ϕ is measurable w.r.t. B(X) ⊗ B(X),

(2) distϕS(x) is measurable for any non-empty S ∈ B(X).

Proof. Joint measurability of ϕ, that is item (1), follows from e.g. Lemma 8.2.6 in [6]. The

measurability of distϕS(x) follows from e.g. the first part of Lemma 8.2.11 in [6], noting that for
that first part it suffices to just work over a measurable space. □

As a key step in our convergence proofs and construction of associated rates, we will later
crucially rely on the property that given a set S ⊆ X, we can measurably select points s ∈ S
so that ϕ(s, x) approximates distϕS(x), and that with arbitrary degree of precision. A result in
that vein appears, for ϕ = d, in the work of Römisch [84] and our results effectively extend
his. However, [84] operates under the assumption that the underlying σ-algebra is complete.
Indeed, it is exactly this completeness of the underlying probability space, which occurs as
a common assumption whenever results from measurable selection theory are used, that is
problematic in our context as we will later require this property for all elements Fn of an
associated filtration, which will generally not be complete. Nevertheless, the above property
can be guaranteed without any completeness assumptions of the underlying probability space
for the present Carathéodory distances ϕ, as we will now show.

For this, we rely on a few results from measurable selection theory which we now collect.
Given a measurable space (T,T) and a complete separable metric space X, a set-valued map
φ : T → 2X is called graph measurable if

gra(φ) := {(t, x) ∈ T ×X | x ∈ φ(t)} ∈ T⊗ B(X).

Over complete σ-finite measure spaces, and if φ has non-empty closed images, this is equivalent
to the (weak) measurability of φ as commonly considered in measurable selection theory but
generally, the above presents a weaker notion. We refer to [3, 6, 31] for further background on
that area.

We begin with the well-known measurable selection theorem of Aumann [7], which forms a
crucial ingredient for dispensing of completeness.

Lemma 2.7 (Aumann [7], see also Corollary 18.27 in [3]). Let (T,T, µ) be a finite measure
space and let X be a complete separable metric space. Let φ : T → 2X be a graph measurable
with non-empty values. Then there is a measurable function x : T → X such that x(t) ∈ φ(t)
almost everywhere.

Beyond this selection theorem, the other main result we need is a variant of the inverse
image theorem in measurable selection theory (see e.g. Theorem 8.2.9 in [6]). This result is
commonly stated under the assumption that the measure space is complete, an assumption
which we, as discussed before, crucially want to avoid. We in the following give a variant which
dispenses of that assumption while weakening the conclusion to the graph measurability of the
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respective function, which will however suffice in the context of Aumann’s selection theorem.
That argument essentially follows the usual proof of the inverse image theorem, and so harbors
no surprises. Nevertheless, we rederive it here for the convenience of the reader.

Lemma 2.8. Let (T,T) be a measurable space and let X,Y be complete separable metric spaces.
Let φ : T → 2X and ψ : T → 2Y be graph measurable and let c : T ×X → Y be a Carathéodory
function. Then χ defined by

χ(t) := {x ∈ φ(t) | c(t, x) ∈ ψ(t)}
is graph measurable.

Proof. Define d(t, x) := (t, c(t, x)) and note that

gra(χ) = gra(φ) ∩ d−1(gra(ψ)).

As c is a Carathéodory function, it is T⊗ B(X)/B(Y )-measurable. In particular, we thus have

d−1(A×B) = c−1(B) ∩ (A×X) ∈ T⊗ B(X)

for any A ∈ T and B ∈ B(Y ). In particular, we thus have d−1(C) ∈ T ⊗ B(X) for any
C ∈ T⊗ B(Y ) and so d is measurable. In particular, as gra(φ) and gra(ψ) are measurable, we
thus have that gra(χ) is measurable as well. □

The following result now is an extension of the canonical result that closed balls in complete
separable metric spaces are measurable if their origins and radii are (see e.g. Corollary 8.2.13
in [6]). For that, given r > 0 and x ∈ X, we define

B
ϕ

r (x) := {y ∈ X | ϕ(y, x) ≤ r}
as the closed ball around x with radius r, relative to ϕ.

Lemma 2.9. Let (T,T) be a measurable space and let f : T → X, ρ : T → [0,∞) be measurable

and let ϕ be a Carathéodory distance. Then t 7→ B
ϕ

ρ(t)(f(t)) is graph measurable.

Proof. Define c(t, x) := ϕ(x, f(t)). As ϕ is a Carathéodory distance as described above, we get
that also c is a Carathéodory function. The result now follows from the previous Lemma 2.8
by setting φ ≡ X and ψ(t) := [0, ρ(t)]. □

Lemma 2.10. Let F be a sub-σ-algebra of F. Further, let ϕ be a Carathéodory distance and
let S ∈ B(X) be non-empty. Then distϕS has F-measurable approximations in the sense that
for all F-measurable X-valued random variables x and any ε > 0, there exists some X-valued
F-measurable random variable s such that

s ∈ S and ϕ(s, x) ≤ distϕS(x) + ε a.s.

Proof. Let x be an X-valued F -measurable random variable and let ε > 0 be given. Define

A(ω) := {s ∈ S | ϕ(s, x(ω)) ≤ distϕS(x(ω)) + ε} = S ∩Bϕ

r(ω)(x(ω))

where r(ω) := distϕS(x(ω))+ε. As distϕ is measurable, r(ω) is an F -measurable random variable.

By Lemma 2.9, we get that B
ϕ

r(ω)(x(ω)) is graph measurable w.r.t. F . As we have

graA = gra
(
B

ϕ

r (x)
)
∩ (Ω × S)

and since S is Borel, we also get that A is graph measurable w.r.t. F . Aumann’s measurable
selection theorem, that is Lemma 2.7, now yields the existence of an X-valued F -measurable
random variable s such that s ∈ S and ϕ(s, x) ≤ distϕS(x) + ε a.s. □
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We will actually only rely on the above property being true in mean:

Corollary 2.11. Let F be a sub-σ-algebra of F. Further, let ϕ be a Carathéodory distance and
let S ∈ B(X) be non-empty. Then distϕS has F -measurable approximations in mean, in the
sense that for all F -measurable X-valued random variables x and any ε > 0, there exists some
X-valued F -measurable random variable s such that

s ∈ S a.s. and E[ϕ(s, x)] ≤ E[distϕS(x)] + ε.

3. Stochastic regularity for abstract problems

3.1. Regularity in mean. As motivated in the introduction already, we consider an arbitrary
function F : X → [0,∞] and the associated problem of finding an element of

zerF := {z ∈ X | F (z) = 0}
for a general and abstract problem formulation. Naturally, also not all such problem formula-
tions will be permissible in stochastic contexts. We make the following assumption:

Assumption 3.1 (Stochastic problem). Assume F is measurable, and that zerF is a closed
non-empty set.

As we will see, a range of stochastic problems can be formulated in this simple manner,
satisfying the above assumption (see in particular Section 3.3 later). In particular, while the
function F and its associated zero problem are themselves deterministic, they also naturally
cover stochastic zero problems as illustrated abstractly in the following example:

Example 3.2. Let (T,T, µ) be a σ-finite measure space and h : T × X → [0,∞] be a
Carathéodory function. The associated stochastic problem

zerh := {z ∈ X | h(t, z) = 0 almost everywhere}
can be recognized as an instance of a problem zerF as above by setting F (z) :=

∫
h(t, z) dµ(t).

In particular, F is measurable by the Fubini-Tonelli theorem as h is T ⊗ B(X)-measurable.
Further, note that zerF is closed: If (zn) ⊆ zerF with limn→∞ zn = z, then h(t, zn) = 0 almost
everywhere for all n ∈ N, say on T c

n with Tn of measure 0. Define T ′ :=
⋃

n∈N Tn. Then T ′

still has measure 0 and for t ∈ (T ′)c, we have h(t, zn) = 0 for all n ∈ N. As h is continuous
in its right argument, we have h(t, z) = 0. Therefore h(t, z) = 0 almost everywhere, so that
z ∈ zerF .

We are primarily interested in quantitative stochastic regularity conditions on such problems
which allow for the construction of explicit rates of convergence of stochastic processes that
satisfy a standard almost-supermartingale condition. An important “regularity” assumption
that is often imposed in this regard, even though often left implicit, is that the respective
problem has a unique solution zerF = {z} quantified by an explicit modulus of uniqueness in
the following stochastic sense:

Definition 3.3 (Stochastic uniqueness in mean). Let ϕ be a Carathéodory distance and let D
be a collection of X-valued random variables. Assume zerF = {z}. A modulus of ϕ-uniqueness
for F in mean w.r.t. D is a function τ : (0,∞) → (0,∞) with

∀ε > 0 ∀x ∈ D (E[F (x)] < τ(ε) → E[ϕ(z, x)] < ε) .

The more general regularity notion we introduce below arises as a natural extension of this
quantitative notion of uniqueness in mean to non-unique problems, obtained by replacing the
distance ϕ(z, x) to the (unique) solution z with the distance distϕzerF (x) to the solution set zerF .
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Definition 3.4 (Stochastic regularity in mean). Let ϕ be a Carathéodory distance and let D
be a collection of X-valued random variables. A modulus of ϕ-regularity for F in mean w.r.t.
D is a function τ : (0,∞) → (0,∞) with

∀ε > 0 ∀x ∈ D
(
E[F (x)] < τ(ε) → E[distϕzerF (x)] < ε

)
.

If D is the class of all X-valued random variables, we simply call such a function τ a modulus
of ϕ-regularity for F in mean. We note that this notion coincides with the previous modulus of
uniqueness if zerF = {z}. Crucially, such a function induces a growth condition on F in mean,
as we collect in the following remark.

Remark 3.5. Let τ : [0,∞) → [0,∞) be such that τ(0) = 0 and τ(ε) > 0 for ε > 0. If τ is a
modulus of ϕ-regularity for F in mean w.r.t. D, then

E[F (x)] ≥ τ(E[distϕzerF (x)])

for all x ∈ D. Further, if τ is additionally nondecreasing, these two properties are equivalent.
To see this equivalence, simply note that for any ε > 0, if E[F (x)] < τ(ε), then it holds that

τ(E[distϕzerF (x)]) < τ(ε) which yields that E[distϕzerF (x)] < ε, as τ is nondecreasing.

Instantiations of such general stochastic moduli of regularity appear in various situations
already throughout the literature, as we will survey later in this section. It is the goal of this
paper to develop a uniform quantitative theory of these regularity assumptions and in particular
to illustrate how they can be used to systematically derive rates of convergence for stochastic
algorithms. As discussed in the introduction, related (but slightly different) results for the
notion of stochastic uniqueness in mean were obtained by the present authors and Neri in [69]
(with moduli of uniqueness in mean called moduli of strong uniqueness in expectation therein),
derived from more abstract quantitative results for certain stochastic processes, and these
also motivate part of our approach here. However, as also highlighted before, the uniqueness
assumption heavily simplifies the problem, so that the present paper in particular relies on
substantiative additional theory that complements the work [69].

3.2. Variants of stochastic regularity. We now discuss abstract ways in which regularity
in mean can arise, and how corresponding moduli can be derived and defined in these cases.
These abstract results are then used later on to capture well-known regularity notions from the
literature as instances of our abstract notion. Our first result in this vein shows how stochastic
regularity in mean can be obtained from a pointwise property, for suitable τ .

Definition 3.6 (Pointwise regularity). Let ϕ be a Carathéodory distance. A modulus of ϕ-
regularity for F is a function τ : (0,∞) → (0,∞) with

∀ε > 0 ∀x ∈ X
(
F (x) < τ(ε) → distϕzerF (x) < ε

)
.

For ϕ = d, this property coincides with (a special case3 of) the deterministic notion of a
modulus of regularity as defined in [53]. The case of more general distance functions first
appeared in [75]. Similarly to before, we can recognize such a regularity property as a different
formulation of a growth condition for F . This was already highlighted in [53] (see Remark 3.2
therein), after which the following remark (and in fact already Remark 3.5) are modelled.

3In [53], the authors further consider a “local” variant of this notion, with the property required only on a
ball around a fixed solution z ∈ zerF (see Definition 3.1 therein). In this paper, we omit this additional locality
condition, as it has implications on the boundedness of random variables that seem to limit the stochastic
theory. In any way, most regularity notions commonly encountered in the literature are even of this “global”
form, as we will later survey in Section 3.3, so that this creates no severe limitations.
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Remark 3.7. Let τ : [0,∞) → [0,∞) be such that τ(0) = 0 and τ(ε) > 0 for ε > 0. If τ is a
modulus of ϕ-regularity for F , then

F (x) ≥ τ(distϕzerF (x))

for all x ∈ X. Again, if τ is additionally nondecreasing, these two properties are equivalent,
which can be shown as in Remark 3.5.

While in [53] (and [75]) this modulus is studied only in the context of nonstochastic problems,

we can now show that in the case that τ is nondecreasing and convex and distϕzerF (x) integrable
for all x ∈ D, any such deterministic modulus is also a modulus of ϕ-regularity for F in
mean w.r.t. D. In particular, it thus follows that essentially all deterministic regularity notions
as studied in [53], which are rather numerous as we will later discuss, immediately entail a
stochastic regularity notion with the same modulus under mild conditions that are in most
cases satisfied.

Lemma 3.8. Let τ : [0,∞) → [0,∞) be convex and nondecreasing with τ(0) = 0 and τ(ε) > 0

for all ε > 0, and let D be a collection of random variables such that distϕzerF (x) is integrable
for all x ∈ D. Then, if τ is a modulus of ϕ-regularity for F , it also a modulus of ϕ-regularity
for F in mean w.r.t. D.

Proof. Let τ be a modulus of ϕ-regularity for F . Using Remark 3.7, we in particular have
τ(distϕzerF (x)) ≤ F (x) pointwise everywhere for all x ∈ D. Using that τ is convex, Jensen’s
inequality yields

τ(E[distϕzerF (x)]) ≤ E[τ(distϕzerF (x))] ≤ E[F (x)]

for all x ∈ D. As in Remark 3.5, since τ is nondecreasing, this yields that τ is a modulus of
ϕ-regularity for F in mean w.r.t. D. □

As this relation between pointwise and stochastic regularity has a crucial impact on the range
of the stochastic theory laid out in this paper, a natural question is when such convex moduli
of regularity can be obtained. Interestingly, if τ satisfies a certain mild growth condition, then
we can always guarantee this:

Remark 3.9. Suppose that τ : [0,∞) → [0,∞) is strictly increasing with τ(0) = 0. If τ satisfies
lim infx→∞ τ(x)/x > 0, then its convex envelope

τ̌(x) := sup{f(x) | f ≤ τ is convex}
is also strictly increasing. While this result seems folklore, we are not aware of a reference and
so provide a proof below. However, first note that in such a case, by virtue of Remark 3.7,
the convex envelope τ̌ is also a modulus of ϕ-regularity for F , provided τ was one, as we in
particular have

F (x) ≥ τ(distϕzerF (x)) ≥ τ̌(distϕzerF (x))

for all x ∈ X. Now, to see the above result, note that since lim infx→∞ τ(x)/x > 0, we
have τ(x)/x > c > 0 for all x ≥ x0 > 0 for some c and x0. Take x1 ∈ (0, x0) and define
m := min{c, τ(x1)/(x0 − x1)}. The function f(x) := m(x − x1) is clearly convex and further
satisfies f ≤ τ . In particular, we therefore have 0 < f(x) ≤ τ̌(x) for all x ∈ (x1,∞) and as x1
can be chosen arbitrarily close to 0, we have τ̌(x) > 0 for all x ∈ (0,∞). This implies that τ̌ is
strictly increasing as for 0 < x < y, using convexity of τ̌ and that τ̌(0) = 0, we have

τ̌(x) = τ̌(x
y
y) ≤ x

y
τ̌(y) < τ̌(y),

using that τ̌(y) > 0.
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We return to the setting of the previous Example 3.2 and now consider problems of the
form F (z) :=

∫
h(t, z) dµ(t) where h : T × X → [0,∞] is a Carathéodory function over a

σ-finite measure space (T,T, µ). In that context, we can generally guarantee the existence
of a stochastic modulus of regularity already under a relatively broad probabilistic condition,
stating that h has a pointwise modulus of regularity with positive probability. This property
is readily checked in concrete scenarios, as we discuss briefly in Section 3.3, and in particular
bears a resemblance to probabilistic regularity notions recently investigated by Asi and Duchi
[5] (see Sections 4.1 and 4.2 therein) or Combettes and Madariaga [35] (see eq. (5.7) therein).

Lemma 3.10. Let (T,T, µ) be a σ-finite measure space and let h : T × X → [0,∞] be a
Carathéodory function, where we set F (z) :=

∫
h(t, z) dµ(t). Suppose that τ, σ : [0,∞) → [0,∞)

are nondecreasing functions with τ(0), σ(0) = 0 and τ(ε), σ(ε) > 0 for ε > 0. If

µ
({
t ∈ T | h(t, x) ≥ τ(distϕzerF (x))

})
≥ σ(distϕzerF (x))

for all x ∈ X, then (σ · τ)(ε) := σ(ε)τ(ε) is a modulus of ϕ-regularity for F . In particular,

whenever τ and σ are convex and distϕzerF (x) is integrable for all x ∈ D, then σ · τ is a modulus
of ϕ-regularity for F in mean w.r.t. D.

Proof. Given x ∈ X, write Sx for the set {t ∈ T | h(t, x) ≥ τ(distϕzerF (x))}. Then we have

F (x) ≥
∫
Sx

h(t, x) dµ(t) ≥
∫
Sx

τ(distϕzerF (x)) dµ(t) ≥ µ(Sx) · τ(distϕzerF (x)) ≥ (σ · τ)(distϕzerF (x))

which yields the first part using Remark 3.7, as σ · τ must also be nondecreasing. The second
part then follows from Lemma 3.8 using the standard fact that the product of two convex,
nondecreasing, nonnegative functions is convex. □

Remark 3.11. Let (T,T, µ) be a probability space. In the special case of σ defined as σ(0) := 0
and σ(ε) := p for ε > 0, given a p ∈ (0, 1], Lemma 3.10 represents the following stochastic

variant of Lemma 3.8: If, for any x ∈ X, we have h(t, x) ≥ τ(distϕzerF (x)) with probability
p w.r.t. µ, where τ is a suitable (in particular convex) function, then p · τ is a modulus of
ϕ-regularity for F in mean w.r.t. D.

3.3. Examples from practice. There are numerous concrete instantiations of the abstract
notions of regularity presented above. As already highlighted, by virtue of Lemma 3.8, es-
sentially all of the examples studied in [53] immediately lift to the stochastic setting. Among
others, these encompass:

• Fixed point problems, formalized via F (x) := d(Tx, x) for some measurable mapping
T : X → X such that FixT ̸= ∅ is closed. Here, explicit pointwise moduli of regularity
can be constructed when, e.g., T is a quasi-contraction, a continuous orbital contraction,
a retraction onto a subset of X or the composition of reflected resolvents for convex semi-
algebraic sets in the sense of [23]. Explicit constructions of such pointwise moduli are
given in Example 3.6 in [53] (with quasi-contractivity being a simple modification of
the construction given therein). Moreover, these moduli of regularity are all linear, and
hence in particular convex, and so lift to regularity in mean by Lemma 3.8.

• Minimization problems, formalized via F (x) := f(x)−min f for some measurable func-
tion f : X → (−∞,+∞] such that argminf ̸= ∅ is closed. Here, explicit moduli of
regularity can be constructed when, e.g., f has a τ -global weak sharp minimum for
some strictly increasing τ : [0,∞) → [0,∞) with τ(0) = 0, i.e.

f(x) − min f ≥ τ(distargminf (x)) for all x ∈ X.
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Concretely, τ is then immediately a pointwise modulus of regularity. This notion was
introduced in [53] (see Example 3.7 therein), extending the well-known notion of weak
sharp minima [28] (see also [27, 43, 58]). Inverses of this property, that is increasing
functions τ̃ such that

τ̃(f(x) − min f) ≥ distargminf (x) for all x ∈ X,

are also known as error bounds [22, 39]. In particular, weak sharp minima as defined in
[28] arise from the above by considering τ(ε) = kε for k > 0, so that this immediately
induces regularity in mean by Lemma 3.8. However, by that lemma, the above pointwise
property of course induces a regularity property in mean also for more general convex
moduli τ , which in particular further encompasses polynomial growth conditions (see
e.g. [87] among many others), that is

c(f(x) − min f) ≥ (distargminf (x))θ for all x ∈ X,

for some c > 0 and θ ≥ 1. The quadratic growth condition θ = 2 in particular is closely
related (and under suitable condition equivalent) to the well-known Polyak- Lojasiewicz,
or more generally Kurdyka- Lojasiewicz conditions, where we refer e.g. to [21, 22, 89].
A particular situation where a function has weak sharp minima, and which moreover
guarantees uniqueness of the solution, is e.g. when f is uniformly (and hence in particular
strongly) quasiconvex.

• Set-valued inclusion problems, formalized via F (x) := dist(OY , A(x)) for A : X → 2Y

where X, Y are two given metric spaces and OY ∈ Y is a designated point such that
A−1(OY ) := {x ∈ X | OY ∈ A(x)} ̸= ∅ is closed. Here, explicit moduli of regularity can
be constructed when e.g. A is τ -global metrically subregular for some strictly increasing
τ : [0,∞) → [0,∞) with τ(0) = 0, i.e.

distA(x)(OY ) ≥ τ(distA−1(OY )(x)) for all x ∈ X.

Concretely, τ is then immediately a pointwise modulus of regularity. A local variant of
this generalized notion of metric subregularity was studied recently in [59], extending
the well-known notion of (local) metric subregularity [56, 38] (a global variant of which
was studied, in the context of stochastic iterations, in [49]). In particular, this usual
notion of metric subregularity arises from the above by considering τ(ε) = ε/k for k > 0,
which immediately implies regularity in mean by Lemma 3.8. However, as before this
is not limited to that case but holds more generally whenever τ is convex, in particular
encompassing polynomial growth conditions similar to the above, that is

cdistA(x)(OY ) ≥ (distA−1(OY )(x))θ for all x ∈ X,

for some c > 0 and θ ≥ 1, and we refer again to [21, 22, 89] for discussions of such condi-
tions for subgradients and other set-valued operators as well as their relation to Polyak-
 Lojasiewicz or Kurdyka- Lojasiewicz conditions. Another case where such a regularity
conditions for set-valued inclusions arise naturally, and moreover guarantee uniqueness
of the solution, is when, over Banach spaces, the operator is τ -uniformly accretive for a
strictly increasing (convex) τ as above, covering in particular strongly accretive opera-
tors (see Example 3.9 in [53]). This moreover applies to other notions of monotonicity
for set-valued operators, in particular uniformly and strongly monotone vector fields
over Hadamard manifolds (see e.g. [57]) or Hadamard spaces (see [32]).

These examples already encompass many of the standard regularity assumptions from de-
terministic and stochastic optimization. In the setting of stochastic optimization, some further
problem formulations and associated regularity notions, which are of a genuinely probabilistic
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nature, feature prominently, and we now illustrate how some of these examples fit into our
general notion:

• Consider the generic (sometimes called online) stochastic minimization problem

find some minimizer of f(x) :=

∫
f(e, x) dµ(e)

for some suitable4 function f : E × X → (−∞,+∞], over some suitable probability
space (E,E, µ). Assume that a minimizer z ∈ argminf exists. Instead of requiring
a direct growth condition on f , such as quadratic growth considered e.g. in [87], or
the more general conditions surveyed above, which in particular leads to associated
expected growth conditions (recall Lemma 3.8), one can assume a more pointwise and
probabilistic condition. Assume for this that the above z is actually a minimizer almost
everywhere, that is

f(e, z) = inf
x∈X

f(e, x) for µ-almost every e.

Problems satisfying this condition are called interpolation problems in [4] (or easy prob-
lems in [5], where it is however required that the above condition holds for all solutions
z; see also e.g. [86] for similar such conditions). We can then consider the following
probabilistic growth condition

µ
({
e ∈ E | f(e, x) − f(e, z) ≥ τ(distargminf (x))

})
≥ p for all x ∈ X,

for some p ∈ (0, 1] and a convex strictly increasing function τ : [0,∞) → [0,∞) with
τ(0) = 0, i.e. that f satisfies a growth condition induced by τ with non-zero probability.
By Lemma 3.10 (setting h(e, x) := f(e, x) − f(e, z)), we thereby in particular get that
p · τ is a modulus of regularity for F (x) := f(x) − min f in mean.

This in particular generalizes examples surveyed in [5] (see in particular Sections 4.1
and 4.2 therein), where the special cases of τ(ε) := λε or τ(ε) := λε2 are considered,
which are reasonably easy to check in some situations as discussed in [5], in particu-
lar including (see Section 4.3 in [5]) overdetermined linear systems, data interpolation
problems, or convex feasibility problems for suitable sets (such as halfspaces [5], or more
generally convex semi-algebraic sets [23], as discussed also above).

• Consider the generic stochastic common fixed point problem

find some point z such that Tkz = z P-a.s.

for some suitable5 family of mappings (Tk)k∈K over some measurable space (K,K) and a
K-valued random variable k : Ω → K over a probability space (Ω, F,P). Assuming that
a solution z ∈ FixT := {z ∈ X | Tkz = z P-a.s.} exists, we can consider the probabilistic
condition

P
({
ω ∈ Ω | d2(Tk(ω)x, x) ≥ τ(dist2FixT (x))

})
≥ p for all x ∈ X,

for some p ∈ (0, 1] and a convex strictly increasing function τ : [0,∞) → [0,∞) with
τ(0) = 0, similar to before. Again, by Lemma 3.10 (setting h(ω, x) := d2(Tkx, x)), we
thereby in particular get that p · τ is a modulus of regularity for F (x) := E[d2(Tkx, x)]
in mean. For a linear function τ(ε) := ε/v, given some v ∈ [1,∞), the above is a

4A very common assumption on f in particular is that f is a normal convex integrand, that is f is E⊗B(X)-
measurable and f(e, ·) is proper, lower-semicontinuous and convex, which we discuss in our applications later.

5A common assumption might be that each Tk is continuous (e.g. nonexpansive), and that the function
(k, x) 7→ Tkx is K⊗ B(X)/B(X)-measurable, as we discuss in our applications later.
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probabilistic variant of the common assumption of pointwise linear regularity of (Tk) in
the sense of

dist2FixT (x) ≤ vE[d2(Tkx, x)] for all x ∈ X,

as e.g. recently considered in the work of Combettes and Madariaga (cf. condition (5.10)
in [35], and also Remark 5.6 of that paper which discusses related literature in which
variants of this regularity notion appear), which by Lemma 3.8 of course also imme-
diately induces a resulting regularity modulus for F in mean. A simple example in
which linear regularity is achieved is for finite families T1, . . . , TN of nonexpansive map-
pings where k : Ω → {1, . . . , N} is some random variable with 0 < pi := P(Ei) for

Ei := {k = i} for all i = 1, . . . , N . Then FixT =
⋂N

i=1 FixTi and linear regularity
follows, for example, from the piecewise property

∀x ∈ X (distzerF (x) ≤ ad(Tix, x) for some i ∈ {1, . . . , N}) ,

which by Lemma 3.10 yields linear regularity with v := a2/µ for µ := mini∈{1,...,N} pi.

4. Rates for monotone stochastic processes under regularity conditions

We now utilise moduli of regularity in mean in order to derive explicit rates of convergence
for stochastic methods that solve problems of the form zerF . Here, we will focus on methods
that are suitably monotone.

4.1. Stochastic quasi-Fejér monotonicity. Our central notion is motivated by the property
of stochastic quasi-Fejér monotonicity:

Definition 4.1 (Stochastic quasi-Fejér monotonicity). Let (Fn) be a filtration and let (xn) be
an X-valued stochastic process adapted to (Fn). Then (xn) is called stochastically ϕ-quasi-Fejér
monotone w.r.t. S ⊆ X and (Fn) if

E[ϕ(z, xn+1) | Fn] ≤ (1 + ζn)ϕ(z, xn) + ξn a.s.

for all n ∈ N and all z ∈ S, where (ζn), (ξn) ∈ ℓ1+(Fn).

Already in the deterministic context, quasi-Fejér monotonicity is one of the most fundamental
concepts in the modern study of numerical algorithms (see e.g. [33, 34]), and this notion retains
its relevance in stochastic contexts, where it is typically also referred to simply as a “super-
martingale property”, and indeed the convergence theory of supermartingales fundamentally
underlies this notion (in particular the Robbins-Siegmund theorem [81]). In Euclidean contexts,
this stochastic notion appears already in the pioneering works of Ermol’ev [40, 41, 42] together
with a wide theory. In the general context of Hilbert spaces, central convergence results (almost
surely and in mean) are then presented and streamlined in the seminal work of Combettes and
Pesquet [36, 37], which were extended to the metric context of nonlinear Hadamard spaces in
the recent work [77] (see also [69, 70] for different metric considerations).

As it appears above, this general notion of stochastic quasi-Fejér monotonicity was already
investigated in the preceding work [69]. While this notion proved suitable for constructing
rates of convergence under uniqueness conditions, it turns out that the generality gained by the
abstract regularity notions considered here, which in particular allow for non-unique problems,
requires us to consider a strengthened version of the above quasi-Fejér monotonicity property,
where we allow z to be an S-valued Fn-measurable random variable:
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Definition 4.2 (Strong stochastic quasi-Fejér monotonicity). Let (Fn) be a filtration and let
(xn) be an X-valued stochastic process adapted to (Fn). Then (xn) is called strongly stochas-
tically ϕ-quasi-Fejér monotone w.r.t. S ⊆ X and (Fn) if

E[ϕ(z, xn+1) | Fn] ≤ (1 + ζn)ϕ(z, xn) + ξn a.s.

for all n ∈ N and all S-valued Fn-measurable random variables z with z ∈ S a.s. such that
E[ϕ(z, xn)] <∞, where (ζn), (ξn) ∈ ℓ1+(Fn).

As we will see in Section 5 below, many standard methods satisfy our strong stochastic
quasi-Fejér monotonicity property outright, virtue of the fact that they naturally satisfy an even
stronger pointwise inequality. However, we can further justify the reach of our strong stochastic
quasi-Fejér property by showing that it immediately arises from the standard property under a
relaxed variant of the triangle inequality for ϕ, which is satisfied in many cases. In this context,
we in particular generalise an argument set out in [35] to establish a similar fact, tailored to
a specific iteration at hand, in Hilbert spaces and for ϕ = ∥·∥2 (contained in their Proposition
2.4 and Theorem 3.2 (iii)).

Definition 4.3 (Weak quasi-triangle inequality). A distance ϕ is satisfies the weak quasi-
triangle inequality if there is a concave and nondecreasing function H : [0,∞) → [0,∞) such
that

ϕ(x, y) ≤ H(ϕ(x, o) + ϕ(y, o))

for any x, y, o ∈ X.

Related notions are e.g. studied in [46] in the context of generalized distance functions. We
here restrict ourselves to the canonical examples of p-th orders of the metric, similar to Example
3.1 in [46], and certain examples of Bregman distances.

Example 4.4. The following distance functions satisfy the weak quasi-triangle inequality:

(1) In the case that ϕ = dq for some q ≥ 1, it follows by the (discrete) Jensen’s inequality
that

dq(x, y) ≤ 2q−1(dq(x, o) + dq(y, o))

for all x, y, o ∈ X. Hence, ϕ = dq satisfies the weak quasi-triangle inequality with
function H(a) := 2q−1a.

(2) In the case that ϕ = Df over a reflexive Banach space (X, ∥·∥), where f : X → R
is lsc, convex and Fréchet differentiable on X, assume further that there are non-
decreasing functions θ,Θ : (0,∞) → (0,∞) such that Df (x, y) ≥ θ(b) ∥x− y∥2 and
∥∇f(x) −∇f(y)∥ ≤ Θ(b) ∥x− y∥ for any b > 0 and x, y ∈ Bb(0). Such functions are
(essentially) considered over Euclidean spaces in particular in [9], where it is shown
that they exist whenever f is very strictly convex. Related discussions for the infinite
dimensional case can be found in [74]. In particular, by Lemma 2.5 in [74], the latter
condition on the gradient in particular implies that Df (x, y) ≤ Θ(b) ∥x− y∥2 for any
b > 0 and x, y ∈ Bb(0). As such, for b > 0 and x, y, o ∈ Bb(0), we ultimately have

Df (x, y) ≤ Θ(b) ∥x− y∥2

≤ 2Θ(b)

θ(b)

(
θ(b) ∥x− o∥2 + θ(b) ∥y − o∥2

)
≤ 2Θ(b)

θ(b)
(Df (x, o) +Df (y, o)),

using in particular also item (1) above. Hence, in such a case, ϕ = Df satisfies the weak
quasi-triangle inequality on every ball Bb(0) ⊆ X with function H(a) := (2Θ(b)/θ(b))a.
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We now give our central result on the relation between stochastic quasi-Fejér monotone and
strongly stochastic quasi-Fejér monotone processes.

Proposition 4.5. Let X be a separable and complete metric space and let S ⊆ X be non-
empty and closed. Further, let (xn) be an X-valued stochastic process adapted to (Fn) which
is stochastically ϕ-quasi-Fejér monotone w.r.t. S and (Fn). Suppose that E[ϕ(o, xn)] < ∞ for
all n ∈ N, where o ∈ S is fixed. If ϕ is such that ϕ(x, x) = 0 for all x ∈ X, and ϕ satisfies
the weak quasi-triangle inequality with a concave and nondecreasing function H, then (xn) is
strongly stochastically ϕ-quasi-Fejér monotone w.r.t. S and (Fn).

Proof. We start by showing that the strong stochastic quasi-Fejér property holds for S-valued
Fn-simple functions z, that is random variables z such that there are z0, . . . , zk ∈ S and disjoint
A0, . . . , Ak ∈ Fn with

⋃k
i=0Ai = Ω and z(ω) = zi if, and only if, ω ∈ Ai. To see this, we observe

for such z that

E[ϕ(z, xn+1) | Fn] = E

[
k∑

i=0

ϕ(zi, xn+1)1Ai
| Fn

]

=
k∑

i=0

E[ϕ(zi, xn+1) | Fn]1Ai

≤ (1 + ζn)
k∑

i=0

ϕ(zi, xn)1Ai
+ ξn

= (1 + ζn)ϕ(z, xn) + ξn,

where for the second equality, we used that Ai ∈ Fn. Next, we show that for any S-valued
Fn-measurable z such that E[ϕ(z, xn)] <∞, there exists a sequence (zk) of S-valued Fn-simple
functions that converge to z a.s. and satisfy supk∈N ϕ(zk, o) ≤ ϕ(z, o) + 1 a.s. To this end, write
ψ(x) := ϕ(x, o) and let (pk) be a countable dense subset of S where p0 is chosen to satisfy
ψ(p0) ≤ infy∈S ψ(y) + 1, and define for k ∈ N and y ∈ S the set Ik,y ⊂ N by

Ik,y := {i ∈ {0, . . . , k} | ψ(pi) ≤ ψ(y) + 1},

noting that 0 ∈ Ik,y for all k and y. Now, fixing such a S-valued Fn-measurable z with

E[ϕ(z, xn)] <∞, for each k ∈ N, define (Ak,z
i ) for i ∈ {0, . . . , k} by

Ak,z
0 :=

{
ω ∈ Ω | d(z(ω), p0) = min

j∈Ik,z(ω)

d(z(ω), pj)

}
,

Ak,z
i :=

{
ω ∈ Ω | i ∈ Ik,z(ω) and min

j∈Ii−1,z(ω)

d(z(ω), pj) > d(z(ω), pi) = min
j∈Ik,z(ω)

d(z(ω), pj)

}
,

noting that some of these sets might be empty. It is easy to check that Ak,z
i ∈ Fn when z is

Fn-measurable, using also that ψ is continuous, and moreover we clearly have
⋃k

i=0A
k,z
i = Ω

where this is a union of disjoint sets. Therefore for k ∈ N, defining zk(ω) := pi if, and only if,

ω ∈ Ak,z
i , we have that zk is an S-valued Fn-simple function. We see by definition that for any

ω ∈ Ω we have ψ(zk(ω)) ≤ ψ(z(ω)) + 1, and moreover

zk(ω) = pik for the least ik ∈ Ik,z(ω) such that d(z(ω), pik) = min
j∈Ik,z(ω)

d(z(ω), pj),

and since (pk) is dense in S and ψ is continuous, we have zk(ω) → z(ω). We now finish the proof
by combining the first two steps. Fixing an S-valued Fn-measurable z with E[ϕ(z, xn)] < ∞,
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and an approximating sequence (zk) as above, it follows by the first part that

(∗) E[ϕ(zk, xn+1) | Fn] ≤ (1 + ζn)ϕ(zk, xn) + ξn a.s.

for any n, k ∈ N. Using the weak quasi-triangle inequality for ϕ, we get

ϕ(z, o) ≤ H(ϕ(z, xn) + ϕ(o, xn)),

which, using concavity of H, yields

E[ϕ(z, o)] ≤ H(E[ϕ(z, xn)] + E[ϕ(o, xn)]) <∞.

Using the weak quasi-triangle inequality again, together with ϕ(x, x) = 0 for all x ∈ X, we get

ϕ(xn+1, o) ≤ H(ϕ(xn+1, xn+1) + ϕ(o, xn+1)) = H(ϕ(o, xn+1))

and using the quasi-triangle inequality a third time, as well as that H is nondecreasing, we
have

ϕ(zk, xn+1) ≤ H(ϕ(zk, o) + ϕ(xn+1, o))

≤ H(ϕ(z, o) + ϕ(xn+1, o) + 1)

≤ H(ϕ(z, o) +H(ϕ(o, xn+1)) + 1) =: Y a.s.

So, using the concavity of H twice, as well as that H is nondecreasing, we get

E[Y ] ≤ H(E[ϕ(z, o)] +H(E[ϕ(o, xn+1)]) + 1) <∞
from the above, together with our integrability assumptions. Since zk → z and thus ϕ(zk, xn+1) →
ϕ(z, xn+1) a.s. by left continuity of ϕ, by the conditional dominated convergence theorem we
have

E[ϕ(zk, xn+1) | Fn] → E[ϕ(z, xn+1) | Fn] a.s.

and so taking limits in (∗), using also that ϕ(zk, xn) → ϕ(z, xn) a.s., the result is obtained. □

Remark 4.6. The above Proposition 4.5 features the assumption that E[ϕ(o, xn)] < ∞ for all
n ∈ N and some fixed o ∈ S. This is immediately guaranteed in essentially all cases via the
stochastic ϕ-quasi-Fejér monotonicity w.r.t. S, provided that the initial value x0 of the process
satisfies E[ϕ(o, x0)] <∞ itself.

4.2. Approximation properties and effective rates of convergence. In the context of a
stochastic regularity condition as considered in the previous section, we can now guarantee the
convergence of strongly stochastic quasi-Fejér monotone processes under a very mild asymptotic
approximation property, which takes the following (quantitative) form:

Definition 4.7 (lim inf-property in mean). Let F : X → [0,∞] be measurable. An X-valued
stochastic process (xn) has the lim inf-property in mean w.r.t. F if lim infn→∞ E[F (xn)] = 0. A
function φ : (0,∞) × N → (0,∞) witnessing this property quantitatively in the sense that

∀ε > 0 ∀N ∈ N ∃n ∈ [N ;φ(ε,N)] (E[F (xn)] < ε)

is called a lim inf-bound in mean for (xn) w.r.t. F .

Such a lim inf-bound in mean can then be combined with a modulus of regularity to give a
general construction for a rate of convergence, both in mean and almost surely, for the respective
stochastic process. This construction, which will occupy us for the most part of the rest of
this section, further depends on some minor data, quantitatively witnessing the characteristic
properties of the associated correction terms in the quasi-Fejér monotonicity condition.

Concretely, recall that (strong) stochastic ϕ-quasi-Fejér monotonicity features two stochastic
correction terms broadening the supermartingale condition, a multiplicative term (1 + ζn) and
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an additive term ξn, with (ζn), (ξn) ∈ ℓ1+(Fn). In the following, we will slightly upgrade and si-
multaneously quantitatively resolve these integrability properties as follows. For (ξn) ∈ ℓ1+(Fn),
we will further assume that

∑∞
n=0 E[ξn] <∞, quantitatively witnessed by a corresponding rate

of convergence χ : (0,∞) → N, i.e.

∀ε > 0

 ∞∑
n=χ(ε)

E[ξn] < ε

 .

For (ζn) ∈ ℓ1+(Fn), which can be equivalently expressed by
∏∞

n=0(1 + ζn) < ∞ a.s., we will
further assume the existence of a uniform almost-sure bound K > 0, i.e.

∞∏
n=0

(1 + ζn) < K a.s.

While both requirements are actually qualitative strengthenings of the properties (ζn), (ξn) ∈
ℓ1+(Fn), they allows for a much smoother development of the associated quantitative results,
and at the same time are practically speaking only very mild restrictions, as many algorithms
actually confine to a quasi-Fejér monotonicity property where (ζn) is a sequence of reals, and
in many cases even is constantly 0, and where (ξn) is summable in mean. With these minor
quantitative moduli in place, we now are in the position to give our main abstract quantitative
convergence theorem, formulated for consistent distances:

Theorem 4.8. Let F : X → [0,∞] be measurable, and such that zerF is a closed non-empty set.
Further, let ϕ : X×X → [0,∞) be a Carathéodory distance and assume that ϕ is consistent with
a modulus θ : [0,∞) → [0,∞) which is nondecreasing and convex with θ(0) = 0 and θ(ε) > 0
for ε > 0. Let (Fn) be a filtration and let (xn) be an X-valued stochastic process adapted to (Fn)
such that:

(1) (xn) is strongly stochastically ϕ-quasi-Fejér monotone w.r.t. zerF and (Fn) and error
sequences (ζn), (ξn) ∈ ℓ1+(Fn), where K > 0 is a uniform almost-sure bound for

∏∞
n=0(1+

ζn) <∞ and χ : (0,∞) → N is a rate of convergence for
∑∞

n=0 E[ξn] <∞.
(2) (xn) has the lim inf-property in mean w.r.t. F with a lim inf-bound φ : (0,∞) × N →

(0,∞).

Lastly, let τ : (0,∞) → (0,∞) be a modulus of ϕ-regularity for F in mean w.r.t. D, where D is
a collection of X-valued random variables with (xn) ⊆ D. Then there is a zerF -valued random
variable x such that d(xn, x) → 0 in mean and a.s., with rates

∀ε > 0 ∀n ≥ ρ(θ(ε/2)) (E[d(xn, x)] < ε)

as well as
∀λ, ε > 0 (P(∃n ≥ ρ(λθ(ε/2))(d(xn, x) ≥ ε)) < λ)

where ρ(ε) := φ (τ (ε/3K) , χ (ε/3K)).

Proof. Fix ε > 0 and let δ := θ(ε/2)K−1 and N := χ(δ/3). By the liminf property, we have

E[F (xn)] < τ (δ/3)

for some n ∈ [N ;φ(τ(δ/3), N)] = [N, ρ(θ(ε/2))]. Using that (xn) ⊆ D and that τ is a modulus
of regularity, we get

E[distϕzerF (xn)] < δ/3.

Using Corollary 2.11, let z be an X-valued Fn-measurable random variable such that z ∈ zerF
a.s. and

E[ϕ(z, xn)] ≤ E[distϕzerF (xn)] + δ/3 < 2δ/3.
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Now consider the stochastic process (Uk)k≥n defined by

Uk :=
ϕ(z, xk)

yk−1

+ E

[
∞∑
i=k

ξi
yi

| Fk

]
where yj :=

j∏
i=0

(1 + ζi).

Since xk and z are Fk-measurable (the latter since z is already Fn-measurable), by Lemma
2.6, (1) we have that ϕ(z, xk) and thus Uk is Fk-measurable for all k ≥ n. Using that (xn) is
strongly stochastically ϕ-quasi-Fejér monotone w.r.t. zerF and (Fn) and that z is Fk-measurable
for all k ≥ n and E[ϕ(z, xn)] < ∞, it follows by induction that E[ϕ(z, xk)] < ∞ for all
k ≥ n. Therefore, the strong stochastic ϕ-quasi-Fejér monotonicity now implies that (Uk)k≥n is
a supermartingale w.r.t. (Fk)k≥n. Concretely, using basic properties of conditional expectations:

E[Uk+1 | Fk] = E
[
ϕ(z, xk+1)

yk
| Fk

]
+ E

[
E

[
∞∑

i=k+1

ξi
yi

| Fk+1

]
| Fk

]

=
E [ϕ(z, xk+1) | Fk]

yk
+ E

[
∞∑

i=k+1

ξi
yi

| Fk

]

≤ (1 + ζk)ϕ(z, xk)

yk
+
ξk
yk

+ E

[
∞∑

i=k+1

ξi
yi

| Fk

]

=
ϕ(z, xk)

yk−1

+ E

[
∞∑
i=k

ξi
yi

| Fk

]
= Uk.

Further, for any k ≥ n, we have

Uk =
ϕ(z, xk)

yk−1

+ E

[
∞∑
i=k

ξi
yi

| Fk

]
≤ ϕ(z, xk) + E

[
∞∑
i=k

ξi | Fk

]
using yj ≥ 1 for all j ∈ N. Therefore, taking expectations, we have for any k ≥ n that

E[Uk] ≤ E[Un] ≤ E[ϕ(z, xn)] +
∞∑
i=n

E[ξi] < 2δ/3 + δ/3 = δ,

where we use that n ≥ N = χ(δ/3). As

ϕ(z, xk)

K
≤ ϕ(z, xk)

yk−1

≤ Uk,

it follows that E[ϕ(z, xk)K−1] < δ = θ(ε/2)K−1 and we thus also have E[ϕ(z, xk)] < θ(ε/2) for
all k ≥ n. As in Remark 2.3, we have ϕ(x, y) ≥ θ(d(x, y)) for all x, y ∈ X, so that since θ is
convex, we get

θ(E[d(z, xk)]) ≤ E[θ(d(z, xk))] ≤ E[ϕ(z, xk)] < θ(ε/2)

by Jensen’s inequality. As θ is nondecreasing, we get E[d(z, xk)] < ε/2 for all k ≥ n, and so we
have that (xn) is Cauchy in mean, with rate ρ(θ(ε/2)). Suppose now δ := λθ(ε/2)K−1 instead.
Then as above we get some n ≤ ρ(λθ(ε/2)) with E[Uk] < δ for all k ≥ n, so that by Ville’s
inequality we have

P(∃k ≥ ρ(λθ(ε/2))(ϕ(z, xk) ≥ a)) = P(∃k ≥ ρ(λθ(ε/2))(ϕ(z, xk)/K ≥ a/K))

≤ P(∃k ≥ ρ(λθ(ε/2))(Uk ≥ a/K))

≤
E[Uρ(λθ(ε/2))]

aK−1
<

δ

aK−1
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for any a > 0. Setting a := θ(ε/2), we observe that

P(∃k, l ≥ ρ(λθ(ε/2))(d(xk, xl) ≥ ε) ≤ P(∃k, l ≥ ρ(λθ(ε/2))(d(z, xk) + d(z, xl) ≥ ε))

≤ P(∃k ≥ ρ(λθ(ε/2))(d(z, xk) ≥ ε/2))

≤ P(∃k ≥ ρ(λθ(ε/2))(ϕ(z, xk) ≥ θ(ε/2)))

<
δ

θ(ε/2)K−1
= λ.

This shows that (xn) is Cauchy a.s. with rate ρ(λθ(ε/2)), and by inspecting the above calcu-
lations we also see that distzerF (xn) → 0 a.s., with the same rate. In particular, we thus have
that (xn) almost surely converges to some measurable x, and it follows immediately that this
is with the same rate. Lastly, we also have

distzerF (x) ≤ distzerF (xn) + d(xn, x)

so that distzerF (x) = 0 a.s. As zerF is closed, we have x ∈ zerF a.s. It follows immediately
that (xn) also converges to this limit in mean with rate ρ(θ(ε/2)). □

Remark 4.9. While formulated for Caratheodory distances ϕ above, it follows directly from the
proof that Theorem 4.8 holds whenever

(1) ϕ is measurable w.r.t. B(X) ⊗ B(X),

(2) distϕzerF is measurable for any non-empty closed S ⊆ X,

(3) for any n ∈ N, distϕzerF has Fn-measurable approximations in mean w.r.t. D, that is for
all Fn-measurable x ∈ D and any ε > 0, there exists some X-valued Fn-measurable
random variable z such that z ∈ zerF a.s. and E[ϕ(z, x)] ≤ E[distϕzerF (x)] + ε.

Remark 4.10. It follows immediately by inspection of the proof that the convexity assump-
tion for the consistency modulus θ featuring in Theorem 4.8 is not necessary to establish the
almost-sure convergence together with the corresponding rate. In particular, towards estab-
lishing convergence in mean, this assumption may hence be bypassed by, instead, assuming the
uniform integrability of the sequence. This can in particular be made quantitative by assuming
corresponding so-called moduli of uniform integrability for the sequence as studied in [79] (see
also [70]), but we do not discuss this here any further.

If we only care for the distance to the solution set, the assumption of strong stochastic
quasi-Fejér monotonicity can be weakened to the “normal” variant:

Theorem 4.11. Let F : X → [0,∞] be measurable, and such that zerF is a closed non-empty
set. Further, let ϕ : X ×X → [0,∞) be a Carathéodory distance. Let (Fn) be a filtration and
let (xn) be an X-valued stochastic process adapted to (Fn) such that:

(1) (xn) is stochastically ϕ-quasi-Fejér monotone w.r.t. zerF and (Fn) and error sequences
(ζn), (ξn) ∈ ℓ1+(Fn), where K > 0 is a uniform almost-sure bound for

∏∞
n=0(1 + ζn) <∞

and χ : (0,∞) → N is a rate of convergence for
∑∞

n=0 E[ξn] <∞.
(2) (xn) has the lim inf-property in mean w.r.t. F with a lim inf-bound φ : (0,∞) × N →

(0,∞).

Lastly, let τ : (0,∞) → (0,∞) be a modulus of ϕ-regularity for F in mean w.r.t. D, where D is

a collection of X-valued random variables with (xn) ⊆ D. Then distϕzerF (xn) → 0 in mean and
a.s., with rates

∀ε > 0 ∀n ≥ ρ(ε)
(
E[distϕzerF (xn)] < ε

)



CONVERGENCE GUARANTEES FOR STOCHASTIC ALGORITHMS IN METRIC SPACES 21

as well as

∀λ, ε > 0
(
P(∃n ≥ ρ(λε)(distϕzerF (xn) ≥ ε)) < λ

)
where ρ is as in Theorem 4.8. If ϕ is uniformly consistent with a modulus θ : [0,∞) → [0,∞)
which is nondecreasing and convex with θ(0) = 0 and θ(ε) > 0 for ε > 0, then we further have
distzerF (xn) → 0 in mean and a.s., with rates ρ(θ(ε)) and ρ(λθ(ε)) respectively.

Proof. Given any z ∈ zerF , we have distϕzerF (xn+1) ≤ ϕ(z, xn+1) and hence we get

E[distϕzerF (xn+1) | Fn] ≤ E[ϕ(z, xn+1) | Fn] ≤ (1 + ζn)ϕ(z, xn) + ξn

for any such z ∈ zerF . Taking the infimum over z, we get

E[distϕzerF (xn+1) | Fn] ≤ (1 + ζn)distϕzerF (xn) + ξn.

The remainder of the proof now follows (a simplification of) the arguments for Theorem 4.8
(now using Lemma 2.6, (2) to establish that the main supermartingale is adapted to (Fn)) and
is omitted. □

It is important to stress that our abstract results can be refined to fit more specific conditions
on (xn) and F , and in that way be used to guarantee stronger convergence guarantees. For
example, if the associated regularity modulus is linear, and the error sequences are decaying
suitably fast, then we can also obtain linear rates of convergence, even in the form of non-
asymptotic guarantees. This can be done by utilizing an almost identical strategy as that
applied to the case of unique zeros in [69].6 In that case, we will assume that the process (xn)
is stochastically quasi-Fejér monotone in a strict sense, that is it satisfies the stricter inequality

E[ϕ(z, xn+1) | Fn] ≤ (1 + ζn)ϕ(z, xn) − ηnF (xn) + ξn a.s.

for all n ∈ N and all z ∈ zerF , matching more closely the notion of stochastic quasi-Fejér
monotonicity studied e.g. over Hilbert spaces in [36]. Beyond this slightly extended property,
we further rely on a folklore quantitative result for real recursive inequalities (see e.g. [68] for
similar such results):

Lemma 4.12 (see e.g. Lemma 3.5 in [69]). Suppose that (xn) is a sequence of nonnegative reals
such that for c > 1, d ≥ 0 and r ∈ N\{0}, we have

xn+1 ≤
(

1 − c

n+ r

)
xn +

d

(n+ r)2

for all n ∈ N. Then for all n ∈ N:

xn ≤ u

n+ r
for u ≥ max

{
d

c− 1
, rx0

}
.

Our result on fast non-asymptotic guarantees is then readily derived:

Theorem 4.13. Let F : X → [0,∞] be measurable, and such that zerF is a closed non-empty
set. Further, let ϕ : X × X → [0,∞) be a Carathéodory distance. Let (Fn) be a filtration
and let (xn) be an X-valued stochastic process adapted to (Fn) which is strictly stochastically
ϕ-quasi-Fejér monotone w.r.t. zerF and (Fn), i.e.

E[ϕ(z, xn+1) | Fn] ≤ (1 + ζn)ϕ(z, xn) − ηnF (xn) + ξn a.s.

6See Theorem 5.7 therein. In fact, the present result arises as a direct application of Theorem 3.6 given in
[69]. However, we present the (rather short) argument tailored to the present situation for completeness.
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for all n ∈ N and all z ∈ zerF , where (ζn), (ηn) are sequences of nonnegative reals and (ξn) are
nonnegative random variables such that

E[ξn] ≤ d/(n+ r)2 and ζn + c/(n+ r) ≤ tηn

for all n ∈ N where c > 1, d ≥ 0 and r ∈ N \ {0}. Further suppose that K ≥ 1 and L > 0 are

such that
∏∞

i=0(1 + ζi) < K and L ≥ E[distϕzerF (x0)]. Lastly, let D be a collection of X-valued

random variables with (xn) ⊆ D and such that E[F (x)] ≥ tE[distϕzerF (x)] for all x ∈ D. Then

E[distϕzerF (xn)] ≤ u

n+ r
for u ≥ max

{
d

c− 1
, rL

}
as well as

P
(
∃m ≥ n(distϕzerF (xn) ≥ ε)

)
≤ 1

ε
· K(u+ 2d)

n+ r
.

Proof. Similarly to Theorem 4.11, we obtain

E[distϕzerF (xn+1) | Fn] ≤ (1 + ζn)distϕzerF (xn) − ηnF (xn) + ξn.

Integrating the inequality, we get

E[distϕzerF (xn+1)] ≤ (1 + ζn)E[distϕzerF (xn)] − ηnE[F (xn)] + E[ξn]

≤ (1 + ζn − tηn)E[distϕzerF (xn)] + E[ξn]

≤
(

1 − c

n+ r

)
E[distϕzerF (xn)] +

d

(n+ r)2
.

Applying Lemma 4.12 yields the rate for E[distϕzerF (xn)]. For the second claim, we proceed
similar to the proof of Theorem 4.8. Concretely, note first that

E[ξn] =
d

(n+ r)2
≤ 2d

(n+ r)(n+ r + 1)
= 2d

(
1

n+ r
− 1

n+ r + 1

)
so that

∞∑
i=n

E[ξi] ≤ 2d
∞∑
i=n

(
1

n+ r
− 1

n+ r + 1

)
=

2d

n+ r
.

We define

Un :=
distϕzerF (xn)

yn−1

+ E

[
∞∑
i=n

ξi
yi

| Fn

]
, where yj :=

j∏
i=0

(1 + ζi)

and, analogously to Theorem 4.8 (now using Lemma 2.6, (2) to establish measurability), we

can then derive that (Un) is a supermartingale. Combining the rate for E[distϕzerF (xn)] with the
above bounds yields E[Un] ≤ (u+ 2d)(n+ r). Using Ville’s inequality, this yields

P
(
∃m ≥ n(distϕzerF (xm) ≥ ε)

)
≤ P (∃m ≥ n(Um ≥ ε/K)) ≤ K

ε
· E[Un] ≤ 1

ε
· K(u+ 2d)

n+ r
. □

5. Applications to stochastic algorithms

In this final section we apply our results to concrete stochastic algorithms. In each case, we
work in the rather general context of geodesic metric spaces with nonpositive curvature. These
spaces were introduced by Alexandrov [1] and are often called CAT(0) spaces after Gromov [47].
We refer to [2, 25] for a comprehensive overview of geodesic and CAT(0) spaces and further
refer to [12] for a shorter treatment focused on aspects of convex analysis and optimization.

We introduce background from this class of spaces only as needed in each application. Beyond
this, we only need the following few notions. In a metric space (X, d), geodesics are isometries
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γ : [0, l] → X, said to join γ(0) and γ(l). The space is called (uniquely) geodesic if every two
points are joined by a (unique) geodesic. A geodesic metric space (X, d) is called a CAT(0)
space (also called a space of nonpositive curvature in the sense of Alexandrov) if it satisfies

(CN) d2(γ(tl), x) ≤ (1 − t)d2(γ(0), x) + td2(γ(l), x) − t(1 − t)d2(γ(0), γ(l))

for all x ∈ X, t ∈ [0, 1] and all geodesics γ : [0, l] → X, (an extension of) the so-called Bruhat-
Tits CN-inequality [26]. Any CAT(0) space is uniquely geodesic, and a complete CAT(0) space
is called a Hadamard space. In Hadamard spaces, we generally write (1 − λ)x ⊕ λy for the
point γ(λd(x, y)) on the unique geodesic γ : [0, d(x, y)] → X joining x and y.

5.1. Stochastic proximal point methods. The first method we study will be the classic
stochastic proximal point method. In a deterministic context, where the method originates
with the work of Rockafellar [83], Martinet [63] as well as Brézis and Lions [24], the proximal
point method was extended to Hadamard spaces by Bačák [10], establishing weak convergence
(which, by Güler’s seminal work [48], is the most one can hope for already in Hilbert spaces).

The stochastic proximal point method, widely studied over Euclidean and Hilbert spaces (we
refer to [5, 15, 16, 17, 68, 85], among many others, for various such discussions), was lifted to
the setting of (separable) Hadamard spaces in the work [13], building on preceding work [11]
on a splitting proximal point method with random order for finite sums of convex functions
over similar spaces (see also [76] for a recent related variant for general perturbed strongly
monotone vector fields over Hadamard spaces). As it is in particular over such spaces, without
additional differential structure, where proximal point methods gain relevance compared to
gradient descent (we refer to [13] as well as [15] for further discussions), we focus on these
extensions.

Let (Ω,F,P) and (E,E, µ) be probability spaces, with (E,E, µ) complete, and let X now be
a separable Hadamard space. In analogy to [82] (see also [31]), let f : E ×X → (−∞,+∞] be
a normal convex integrand, i.e. f(e, ·) is proper, lower-semicontinuous (lsc) and convex7 for all
e ∈ E and f is E⊗ B(X)-measurable. Defining f(x) :=

∫
f(e, x) dµ(e) and assuming that f is

proper and that argminf ̸= ∅, our problem is to

find some element of argminf.

We capture this problem in our general setup via F (x) := f(x) − min f (recall Section 3.3).
Note that f(x) and hence F are measurable by Fubini’s theorem and that f(x) is lsc by Fatou’s
lemma, so that argminf = zerF is closed.

To now introduce the method, define the proximal map of f via

proxf
λ(e, x) := argminy∈X

{
f(e, y) +

1

2λ
d2(x, y)

}
,

which is well-defined for all e ∈ E, x ∈ X and λ > 0 (see e.g. [50] or [66]). Further, proxf
λ(e, ·)

is nonexpansive for any e ∈ E and λ > 0 (see e.g. Lemma 4 in [50]), and also proxf
λ(·, x) is

measurable for any x ∈ X and λ > 0. Hence, proxf
λ is a Carathéodory function and so in

particular E⊗ B(X)-measurable.
The stochastic proximal point method is then given by the iteration

(SPPA) xn+1 := proxf
λn

(ξn+1, xn),

7Given a Hadamard space X, recall that a function f : X → (−∞,+∞] is called lsc if lim infn→∞ f(xn) ≥
f(x) whenever xn → x in X, and convex if f ◦ γ is convex for any geodesic γ in X.
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given a starting point x0 ∈ X and sequences (λn) of positive reals as well as (ξn+1) of random
variables Ω → E, for which we assume that

(SPPA-A1) (ξn+1) are i.i.d. with distribution µ and
∑
n∈N

λn = ∞,
∑
n∈N

λ2n <∞.

The work [13] in particular relies on a certain weak growth condition on the integrand introduced
therein, which is a generalization of many of the common growth conditions from the literature,
in particular of Lipschitz continuity of the functional. For simplicity however, we here assume
the following (slightly stronger) Lipschitz-type assumption (used throughout the literature on
this method in linear spaces, see also e.g. [73] for spaces with bounded curvature): Assume
there exists a positive function L ∈ L2(E, µ) such that

(SPPA-A2) f(e, x) − f(e, y) ≤ L(e)d(x, y)

for all x, y ∈ X and almost all e ∈ E.8

Now, as mentioned above, without any regularity assumptions the deterministic proximal
point method in general only converges weakly. For the stochastic proximal point method the
situation is even more dire, as without regularity convergence can in general only be guaranteed
on locally compact spaces and a.s. weak convergence remains, even on infinite dimensional
Hilbert spaces, an open problem (see [14]).

In both cases, there are no effective convergence guarantees in general. These however can
be obtained via additional regularity assumptions. The most common assumption used in
the literature is that of strong or at least uniform convexity of the function. Next to a very
large number of works in linear spaces, such rates for the deterministic case over Hadamard
spaces are also discussed in [10] (see also [55]). The stochastic case, in particular over Hadamard
spaces, is considerably less populated and the main strong convergence result under a regularity
assumption in that vein appears, to our knowledge, in [73]. However, no explicit rates are given
in that work.

We here present the following general result on the effective convergence of (SPPA) under a
stochastic regularity assumption:9

Theorem 5.1. Let (E,E, µ) and (Ω,F,P) be probability spaces, with (E,E, µ) complete, and let
X be a separable Hadamard space. Let f : E ×X → (−∞,+∞] be a normal convex integrand
such that f(x) :=

∫
f(e, x) dµ(e) is proper and argminf ̸= ∅. Write F (x) := f(x) − min f . Let

(xn) be the iteration given by (SPPA), and assume (SPPA-A1) as well as (SPPA-A2). Lastly,
let τ : (0,∞) → (0,∞) be a modulus of regularity for F in mean w.r.t. D, i.e.

∀ε > 0 ∀x ∈ D
(
E[f(x) − min f ] < τ(ε) → E[dist2argminf (x)] < ε

)
,

where D is a collection of X-valued random variables with (xn) ⊆ D. Then (xn) a.s. strongly
converges to an argminf -valued random variable x. Moreover, the following rates of convergence

apply: Let z ∈ argminf and let b > d(x0, z). Assume that T >
∑∞

n=0 λ
2
n and let θ : N×(0,∞) →

N as well as χ : (0,∞) → N be such that
∑∞

n=χ(ε) λ
2
n < ε for all ε > 0 and

∑θ(k,b)
n=k λn ≥ b for

all b > 0 and k ∈ N. Then E[d(xn, x)] → 0 with rate ρ(ε2/4) and d(xn, x) → 0 a.s. with rate

8Note that, in similarity to [13], the above assumption misses absolute values which makes it still weaker
than full Lipschitz-continuity assumptions known from the usual literature.

9See also [53] for a result with similar generality for the deterministic proximal point method in Hilbert
spaces.
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ρ(λε2/4), where

ρ(ε) := θ

(
χ

(
ε

24L

)
,
b+ 4L2T

τ (ε/6)

)
.

This result in particular covers the setup of [73] for strongly convex functions, at least in
Hadamard spaces, and as such also that of [11], in particular for finding Fréchet means. Con-
cretely, assume that f(e, ·) is strongly convex with parameter α(e) > 0, i.e.

f(e, (1 − t)x⊕ ty) ≤ (1 − t)f(e, x) + tf(e, y) − t(1 − t)
α(e)

2
d2(x, y)

for any x, y ∈ X and any t ∈ [0, 1], where additionally α :=
∫
α dµ > 0. Then f is strongly

convex with parameter α and so we obtain a modulus of regularity by setting τ(ε) := α
8
ε2.

However, the regularity assumption is not restricted to such assumptions, and covers in partic-
ular notions such as weak sharp minima or error bounds (recall Section 3.3). In those contexts,
already the a.s. strong convergence of the iteration (without any quantitative information) out-
side of locally compact Hadamard spaces seems to be novel to the literature. Further, under
linear regularity assumptions and suitable conditions on the parameters, our result on fast rates
(recall Theorem 4.13) can be used to obtain linear non-asymptotic guarantees.

To prove this result, we have to establish the strong stochastic quasi-Fejér monotonicity of
the sequence and derive a corresponding lim inf-bound. Both of these rest on the following
fundamental property of the proximal map:

Lemma 5.2 (see e.g. Lemma 2.2.23 in [12]). For any λ > 0, x, y ∈ X and e ∈ E:

f(e, proxf
λ(e, x)) − f(e, y) ≤ 1

2λ
d2(x, y) − 1

2λ
d2(proxf

λ(e, x), y).

The strong stochastic quasi-Fejér monotonicity then follows rather immediately. For that,
we in the following set Fn := σ(ξ1, . . . , ξn) and we abbreviate E[· | Fn] by En. Further, we write
L :=

∫
L2 dµ <∞.

Lemma 5.3 (extending [13]). Let n ∈ N. Then for any X-valued Fn-measurable random
variable y:

En[d2(xn+1, y)] ≤ d2(xn, y) − 2λn(f(xn) − f(y)) + 4λ2nL a.s.

In particular, if y is additionally such that y ∈ argminf a.s., then

En[d2(xn+1, y)] ≤ d2(xn, y) − 2λn(f(xn) − min f) + 4λ2nL a.s.

Proof. Given n ∈ N and y ∈ X, Lemma 5.2 implies

d2(xn+1, y) ≤ d2(xn, y) − 2λn[f(ξn+1, xn+1) − f(ξn+1, y)]

and so we immediately have

En[d2(xn+1, y)] ≤ d2(xn, y) − 2λnEn[f(ξn+1, xn+1) − f(ξn+1, y)]

= d2(xn, y) − 2λnEn[f(ξn+1, xn) − f(ξn+1, y)]

+ 2λnEn[f(ξn+1, xn) − f(ξn+1, xn+1)]

= d2(xn, y) − 2λn[f(xn) − f(y)]

+ 2λnEn[f(ξn+1, xn) − f(ξn+1, xn+1)]

where the third equality follows by independence of ξn+1 to xn and y (using that y is Fn-
measurable), as well as the fact that ξn+1 has distribution µ. Now, note that Lemma 5.2
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together with (SPPA-A2) yields

d2(xn+1, xn) ≤ 2λn[f(ξn+1, xn) − f(ξn+1, xn+1)]

≤ 2λnL(ξn+1)d(xn, xn+1)

so that we have d(xn+1, xn) ≤ 2λnL(ξn+1). Using (SPPA-A2), we further have

f(ξn+1, xn) − f(ξn+1, xn+1) ≤ L(ξn+1)d(xn, xn+1) ≤ 2λnL
2(ξn+1).

In particular, we have 2λnEn[f(ξn+1, xn)−f(ξn+1, xn+1)] ≤ 4λ2nL, again using the independence
of ξn+1 to Fn. Combined, we get

En[d2(xn+1, y)] ≤ d2(xn, y) − 2λn(f(xn) − f(y)) + 4λ2nL

as claimed. □

We can now use that result to derive a lim inf-bound. For that require two preliminary results
which we shall use later on again. The first is a quantitative version of a lemma of Qihou [80]
(see also Lemma 5.31 in [8]):

Lemma 5.4 (Theorem 3.2 in [71]). Let (xn), (αn), (βn) and (γn) be sequences of nonnegative
reals with

xn+1 ≤ (1 + αn)xn − βn + γn

for all n ∈ N. If
∏∞

i=0(1 + αi) < ∞ and
∑∞

i=0 γi < ∞, then (xn) converges and
∑∞

i=0 βi < ∞.
Further, if K,L,M > 0 satisfy x0 < K,

∏∞
i=0(1 + αi) < L and

∑∞
i=0 γi < M , then

∑∞
i=0 βi <

L(K +M).

The next result is folklore, but we include the very brief proof for completeness:

Lemma 5.5. Suppose that (un), (vn) are sequences of nonnegative reals with L > 0 such that∑∞
n=0 unvn < L and θ : N× (0,∞) → N such that

∑θ(k,b)
n=k un ≥ b for all b > 0 and k ∈ N. Then

lim infn→∞ vn = 0 with

∀ε > 0 ∀N ∈ N ∃n ∈ [N ; θ(N,L/ε)](vn < ε).

Proof. For arbitrary ε > 0 and N ∈ N, suppose for a contradiction that vn ≥ ε for all n ∈
[N ; θ(N,L/ε)]. Then L ≤ ε

∑θ(N,L/ε)
n=N un ≤

∑θ(N,L/ε)
n=N unvn ≤

∑∞
n=0 unvn < L, which is a

contradiction. □

Lemma 5.6. Let z ∈ argminf and let b > d(x0, z). Let θ : N × (0,∞) → N be such that∑θ(k,b)
n=k λn ≥ b for all b > 0 and k ∈ N, and let T >

∑∞
n=0 λ

2
n. Then we have

∀ε > 0 ∀N ∈ N ∃n ∈ [N ;φ(ε,N)] (E[F (xn)] < ε)

where φ(ε,N) := θ(N, (b+ 4L2T )/ε).

Proof. Taking expectations in Lemma 5.3, applied to z, and applying Lemma 5.4 yields the
bound

∑∞
n=0 λnE[f(xn) − min f ] < b+ 4L2T and so Lemma 5.5 yields the claim. □

Proof of Theorem 5.1. Note that χ(ε/4L) is a rate of convergence for
∑

n∈N 4λ2nL < ∞ as we
have

∑∞
n=χ(ε/4L) λ

2
n <

ε
4L

and so
∑∞

n=χ(ε/4L) 4λ2nL < ε for all ε > 0. The result now immediately

follows from Theorem 4.8, using in particular Lemmas 5.3 and 5.6, and using that d2 is uniformly
consistent with modulus θ(ε) := ε2 (recall Example 2.4). □
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5.2. Krasnoselkii-Mann schemes for common fixed point problems. The second method
we study is a randomized Krasnoselskii-Mann scheme for solving stochastic common fixed point
problems. Going back to [54, 62] in a deterministic context, the Krasnoselskii-Mann scheme is
one of the most central fixed point iterations in modern optimization.

Various stochastic versions of that scheme, tailored to different problem settings, have been
proposed, notably (relatively straightforward) modifications by stochastic noise (see e.g. [36,
37]). We here focus on a variant of the Krasnoselskii-Mann scheme featuring a randomized
selection from a class of operators as e.g. recently investigated (in a broad context) over Hilbert
spaces by Combettes and Madariaga [35]. The variant we study here has been previously
introduced over Hadamard spaces in work of the authors together with Neri [70], where in
particular almost-sure convergence of that method over proper Hadamard spaces is established
(see Theorem 5.12 therein), though this is based on a compactness argument rather than a
regularity assumption, leading to a very different proof strategy which does not allow us to
produce such effective convergence rates as in the present paper.

Let (Ω, F,P) be an arbitrary probability space, (K,K) some other measurable space, and X
be a separable Hadamard space. Let (Tk)k∈K be a family of mappings on X, and furthermore
assume that

(SKM-A1)

{
each Tk is nonexpansive and the mapping K ×X → X

defined by (k, x) 7→ Tkx is K⊗ B(X)/B(X)-measurable.

Let k : Ω → K be a K-valued random variable. Our problem is to

find some element of FixT := {x ∈ X | Tkx = x P-a.s.},
assuming that FixT ̸= ∅. We capture this problem in our general setup via F (x) := E[d2(Tkx, x)]
(recall Section 3.3). Indeed, note that the map (ω, x) 7→ d2(Tk(ω)x, x) is a Carathéodory function
since d2 is continuous in both arguments and Tk(ω) is nonexpansive. Hence, it is in particular
F⊗ B(X)-measurable, and so F is measurable, again by Fubini’s theorem. Further, note that
FixT = zerF is closed (see e.g. Lemma 5.2 in [70]).

To solve the above problem, we now consider a randomised Krasnoselkii-Mann scheme

(SKM) xn+1 := (1 − λn)xn ⊕ λnTknxn,

given some starting point x0 ∈ X, sequences (λn) of random variables Ω → (0, 1] and (kn) of
random variables Ω → X, such that

(SKM-A2)

{
(kn) are i.i.d. and distributed as k and (λn) are

independent of (kn) with
∑

n∈N E[λn(1 − λn)] = ∞.

Analogous to the previous section, we now present a general result on the effective convergence
of (SKM) under a stochastic regularity assumption.

Theorem 5.7. Let (Ω,F,P) be a probability space, (K,K) a measurable space, and X a separable
Hadamard space. Let (Tk)k∈K be a family of mappings satisfying (SKM-A1), and let k : Ω → K
be a K-valued random variable. Write F (x) := E[d2(Tkx, x)]. Let (xn) be the iteration given
by (SKM) and assume additionally (SKM-A2). Lastly, let τ : (0,∞) → (0,∞) be a modulus of
regularity for F in mean w.r.t. D, i.e.

∀ε > 0 ∀x ∈ D
(
Eω∼P[Eω′∼P[d2(Tk(ω′)x(ω), x(ω))]] < τ(ε) → E[dist2FixT (x)] < ε

)
,

where D is a collection of X-valued random variables with (xn) ⊆ D.
Then (xn) a.s. strongly converges to a FixT -valued random variable x. Moreover, the follow-

ing rates of convergence apply: Let z ∈ FixT with b > d(x0, z), and assume that θ : N×(0,∞) →
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N is such that
∑θ(k,b)

n=k E[λn(1 − λn)] ≥ b for all b > 0 and k ∈ N. Then E[d(xn, x)] → 0 with
rate ρ(ε2/4) and d(xn, x) → 0 a.s. with rate ρ(λε2/4) where

ρ(ε) := θ

(
0,

b

τ(ε/6)

)
.

When (Tk) is linearly regular (recall Section 3.3), and the step sizes satisfy a growth condition
like v

n+r
≤ E[λn(1−λn)], our result on fast rates (recall Theorem 4.13) in particular apply, which

yield linear non-asymptotic guarantees of the form E[dist2zerF (xn)] ≤ u/(n + r) for a suitable
constant u > 0, and similarly in the almost sure case.

The result is proven using a similar strategy to that of the previous subsection, establish-
ing first the strong stochastic quasi-Fejér monotonicity, and then a suitable lim inf-bound.
These both echo standard calculations associated with Krasnoselkii-Mann schemes, gener-
alised to Hadamard spaces and the stochastic mappings (Tk). Define the filtration Fn :=
σ(x0, . . . , xn, k0, . . . , kn−1, λ0, . . . , λn−1) and write En for the conditional expectation E[· | Fn].

Lemma 5.8 (extending [70]). Let n ∈ N. Then for any X-valued Fn-measurable random
variable y:

En[d2(xn+1, y)] ≤d2(xn, y) − E[λn(1 − λn)]En[d2(Tknxn, xn)]

+ En[d2(Tkny, y)] + d(xn, y)En[d(Tkny, y)] a.s.

In particular, if y is additionally such that y ∈ FixT a.s., we have

En[d2(xn+1, y)] ≤ d2(xn, y) − E[λn(1 − λn)]En[d2(Tknxn, xn)] a.s.

Proof. Given n ∈ N and y ∈ X, by the triangle inequality and the fact that Tk is nonexpansive,
we have

d2(Tknxn, y) ≤ d2(xn, y) + d2(Tkny, y) + d(xn, y)d(Tkny, y)

Using (CN) (see also Lemma 5.7 in [70]), we get

d2(xn+1, y) ≤ (1 − λn)d2(xn, y) + λnd
2(Tknxn, y) − λn(1 − λn)d2(Tknxn, xn).

Combined, we obtain

d2(xn+1, y) ≤ d2(xn, y) + λnd
2(Tkny, y) + λnd(xn, y)d(Tkny, y) − λn(1 − λn)d2(Tknxn, xn)

≤ d2(xn, y) + d2(Tkny, y) + d(xn, y)d(Tkny, y) − λn(1 − λn)d2(Tknxn, xn).

If y is now a Fn-measurable random variable, using basic properties of the conditional expec-
tation, and noting that λn(1 − λn) is independent to both d2(Tknxn, xn) and Fn, we have

En[d2(xn+1, y)] ≤d2(xn, y) − E[λn(1 − λn)]En[d2(Tknxn, xn)]

+ En[d2(Tkny, y)] + d(xn, y)En[d(Tkny, y)]

which was the first claim. If now y also satisfies y ∈ FixT a.s., since kn is independent of Fn

with the same distribution as k, we have

En[d2(Tkny, y)](ω) = Eω′∼P[d2(Tk(ω′)y(ω), y(ω))] = 0

on a set of measure one. Jensen’s inequality yields En[d(Tkny, y)] = 0 a.s., from which the
second claim follows. □

Lemma 5.9. Let z ∈ FixT and let b > d(x0, z). Let θ : N × (0,∞) → N be such that∑θ(k,b)
n=k E[λn(1 − λn)] ≥ b for all b > 0 and k ∈ N. Then we have

∀ε > 0 ∀N ∈ N ∃n ∈ [N ;φ(ε,N)] (E[F (xn)] < ε)

where φ(ε,N) := θ(N, b/ε).
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Proof. Taking expectations in Lemma 5.8, applied to z, and applying Lemma 5.4 yields the
bound

∑∞
n=0 E[λn(1 − λn)]E[d2(Tknxn, xn)] < b. The result then follows from Lemma 5.5 to-

gether with the observation that

E[d2(Tknxn, xn)] = Eω∼P[Eω′∼P[d2(Tk(ω′)xn(ω), xn(ω))]] = E[F (xn)]

by Fubini’s theorem and the fact that kn is independent of xn and is distributed as k. □

Proof of Theorem 5.7. The result is now immediate from Theorem 4.8, using Lemmas 5.8 and
5.9, and again that d2 is uniformly consistent with modulus θ(ε) := ε2 (recall Example 2.4). □

5.3. Stochastic Busemann subgradient methods. With our last method we return to
the problem of minimizing the mean of a stochastic convex function, where we now focus on
a projected subgradient method recently introduced by Goodwin, Lewis, López-Acedo and
Nicolae [45] which employs the novel notion of Busemann subgradients, and in fact focus on
an extension of that method recently studied in [77] for general stochastic minimization. This
novel type of subgradient coincides with the usual notion of subgradients over Euclidean spaces
but, by exploiting the boundary cone CX∞ of a Hadamard space X, associated Busemann
functions, and other advanced geometric tools from Hadamard spaces, supports a theory that
is particularly suitable for nonlinear geometric contexts.

To introduce this method, we require a bit more background on Hadamard spaces X: A
geodesic ray in X is an isometry r : [0,∞) → X, said to be issuing from r(0). X has the
geodesic extension property if for all x ̸= y ∈ X, there is a ray r : [0,∞) → X issuing from x
such that r(t) = y for some t > 0.

The so-called boundary of X at infinity X∞ is the set of all equivalence classes of rays in X
under the equivalence relation of being asymptotic (see Definition 8.1 in [25]). The boundary
cone CX∞ is now the usual Euclidean cone over X∞, i.e. CX∞ is the quotient of X∞ × [0,∞)
under the equivalence relation (ξ, s) ∼ (ξ′, s′) if, and only if, s = s′ = 0 or (ξ, s) = (ξ′, s′).
We denote an equivalence class of (ξ, s) ∈ X∞ × [0,∞) in CX∞ by [ξ, s], and write [0] for the
equivalence class of (ξ, 0) for some/any ξ ∈ X∞. We refer to Chapter II.8 in [25] for further
information on the boundary X∞ and the boundary cone CX∞.10

Following [45], we define the “pairing” function ⟨·, ·⟩ : X × CX∞ → R by

⟨x, [ξ, s]⟩ :=

{
sbξ(x) if s > 0,

0 if s = 0,

where we wrote

bξ(x) := lim
t→∞

(d(x, rx,ξ(t)) − t)

for the Busemann function X → R (see e.g. Example 2.2.10 in [12]) corresponding to the
(unique) ray rx,ξ with direction ξ and some arbitrary but fixed origin x. Given a set C ⊆ X
and a function g : C → R, a Busemann subgradient of g at x ∈ C is then a point [ξ, s] ∈ CX∞

such that

x = argminy∈C {g(y) − ⟨y, [ξ, s]⟩} .
g is called Busemann subdifferentiable if g has a Busemann subgradient at every x ∈ C.

We are now in the position to introduce the related projected Busemann subgradient method.
For that, let (Ω, F,P) and (E,E, µ) be probability spaces, with (E,E, µ) complete, and let X

10Topologically, the spaces X∞ and CX∞ actually require a more subtle treatment via the so-called cone
topology (see Definition II.8.6 in [25] and the discussion in [45]), but this will not explicitly feature in the
following arguments and we hence omit it.
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be a separable Hadamard space with the geodesic extension property and at least two points.11

Further, fix a closed convex non-empty subset C ⊆ X and let f : E × C → R be a given
functional. As before, setting f(x) :=

∫
f(e, x) dµ(e), we want to

find some element of argminf,

where we again assume that f is proper and that argminf ̸= ∅, with argminf now understood
to be a subset of C. We again set F (x) := f(x) − min f .

In terms of assumption on f , we have to make three distinct types of assumptions, all relating
to the Busemann subgradient structure of f . Concretely, in terms of basic regularity of the
problem, we assume

(SB-A1)

{
f(e, ·) is Busemann subdifferentiable for any e ∈ E

and f(·, x) is measurable for all x ∈ X,

and further, we make the Lipschitz-type assumption that

(SB-A2)

{
there exists a constant L > 0 such that for any e ∈ E and any

Busemann subgradient [ξ, s] ∈ CX∞ of f(e, ·) at x ∈ C, we have s ≤ L.

Lastly, we want to be able to draw subgradients in measurable way, and to that end assume
that there exists an oracle function Busemannf , where [ξ, s] = Busemannf (e, x) represents a
Busemann subgradient of f(e, ·) at x, such that

(SB-A3)

{
whenever x : Ω → C and ζ : Ω → E are measurable functions,

then [ξ, s] = Busemannf (ζ, x) is measurable as a function Ω → CX∞.

(SB-A1) and (SB-A2) in particular imply that f(e, ·) is convex and L-Lipschitz on C (see [45]).
Hence, they guarantee that F is measurable and that argminf = zerF is closed, similar to
before. (SB-A3) does not explicitly feature in [45], but is crucial to guarantee the measurability
of the associated subgradient method (see the discussion in [77]). Due to the different topologies
on X∞ and CX∞, it is not quite trivial when this assumption can be satisfied, but it can at least
be guaranteed in proper Hadamard spaces (see Proposition 5.11 in [77]). We will however not
make any local compactness assumptions here, and hence focus on the abstract measurability
assumption (SB-A3).

Extending [45] as in [77], we now consider the iteration

(SB) xn+1 := PC(rxn,ξn(sntn))

where [ξn, sn] = Busemannf (ζn+1, xn), given a starting point x0 ∈ X and sequences (tn) of
positive reals as well as (ζn+1) of random variables Ω → E, for which we assume that

(SB-A4) (ζn+1) are i.i.d. with distribution µ and
∑
n∈N

tn = ∞,
∑
n∈N

t2n <∞.

The conditions (SB-A1) – (SB-A4) together imply that xn is measurable for any n ∈ N (see
Lemma 5.5 in [77]).

We here present the following general result on the effective convergence of (SB) under a
stochastic regularity assumption:

Theorem 5.10. Let (E,E, µ) and (Ω, F,P) be probability spaces, with (E,E, µ) complete, let X
be a separable Hadamard space with the geodesic extension property and at least two points, and
fix a closed convex non-empty subset C ⊆ X. Let f : E × C → R be a function with properties

11See [45] for a discussion of this assumption, which in particular entails that the boundary X∞ is non-empty.
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(SB-A1) – (SB-A3) as above and assume additionally that f(x) :=
∫
f(e, x) dµ(e) is proper and

argminf ̸= ∅. Write F (x) := f(x)−min f . Let (xn) be the iteration given by (SB), and assume
(SB-A4). Lastly, let τ : (0,∞) → (0,∞) be a modulus of regularity for F in mean w.r.t. D, i.e.

∀ε > 0 ∀x ∈ D
(
E[f(x) − min f ] < τ(ε) → E[dist2argminf (x)] < ε

)
,

where D is a collection of X-valued random variables with (xn) ⊆ D. Then (xn) a.s. strongly
converges to an argminf -valued random variable x. Moreover, the following rates of convergence
apply: Let z ∈ argminf and let b > d(x0, z). Further, let χ : (0,∞) → N and θ : N×(0,∞) → N
be such that

∑∞
n=χ(ε) t

2
n < ε for all ε > 0 and

∑θ(k,b)
n=k tn ≥ b for all b > 0 and k ∈ N, and let

T >
∑∞

n=0 t
2
n. Then E[d(xn, x)] → 0 with rate ρ(ε2/4) and d(xn, x) → 0 a.s. with rate ρ(λε2/4),

where

ρ(ε) := θ

(
χ
( ε

6L2

)
,
b+ L2T

τ (ε/6)

)
.

This theorem in particular includes the quantitative result given in [77] (see Theorem 1.4
therein) under the assumption that f(e, ·) is strongly convex with parameter α(e) > 0 such
that α :=

∫
α dµ > 0 (where we can instantiate the above with τ(ε) := α

8
ε2 as before). As

before, the regularity assumption is however not restricted to strong convexity (recall Section
3.3) and in such broader contexts, already the a.s. strong convergence of the iteration outside
of locally compact Hadamard spaces seems to be novel to the literature. By moving to a finite
measure space (E,E, µ), our result in particular also applies to the method studied in [45] (see
[77] for a comparison). As before, using linear regularity assumptions and suitable conditions
on the parameters we can apply our result on fast rates (recall Theorem 4.13) to obtain linear
non-asymptotic guarantees.

The proof proceeds similar to both subsections before, and in particular relies on estab-
lishing the strong stochastic quasi-Fejér monotonicity of the iteration together with a lim inf-
bound. For that, we introduce some notation, similar to before. Define the filtration Fn :=
σ(ζ1, . . . , ζn, x0, . . . , xn) and write En for the conditional expectation E[· | Fn].

As a last preliminary result, we require the following property of the Busemann subgradients:

Lemma 5.11 (Lemma 6.1 in [45]). Let g : C → R be a given function for a non-empty closed
and convex set C ⊆ X and let [ξ, s] be a Busemann subgradient of f at x ∈ C. Given t > 0,
define

x+ :=

{
PC(rx,ξ(st)) if s > 0,

x if s = 0.

Then for any y ∈ C: d2(x+, y) ≤ d2(x, y) − 2t(f(x) − f(y)) + s2t2.

Lemma 5.12 (extending [45] and [77]). Let n ∈ N. Then for any C-valued Fn-measurable
random variable y:

En[d2(xn+1, y)] ≤ d2(xn, y) − 2tn(f(xn) − f(y)) + L2t2n a.s.

In particular, if y is additionally such that y ∈ argminf a.s., then

En[d2(xn+1, y)] ≤ d2(xn, y) − 2tn(f(xn) − min f) + L2t2n a.s.

Proof. Using Lemma 5.11 together with assumption (SB-A2), by which we have sn ≤ L, and
applying conditional expectations yields

En[d2(xn+1, y)] ≤ d2(xn, y) − 2tn(En[f(ζn+1, xn)] − En[f(ζn+1, y)]) + L2t2n.
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Now, as ζn+1 is independent of xn and Fn, we have

En[f(ζn+1, xn)](ω) = Eω′∼P[f(ζn+1(ω
′), xn(ω))] = f(xn(ω))

and similarly En[f(ζn+1, y)] = f(y). This yields the claim. □

Lemma 5.13. Let z ∈ argminf and let b > d(x0, z). Let θ : N × (0,∞) → N be such that∑θ(k,b)
n=k tn ≥ b for all b > 0 and k ∈ N, and let T >

∑∞
n=0 t

2
n. Then we have

∀ε > 0 ∀N ∈ N ∃n ∈ [N ;φ(ε,N)] (E[F (xn)] < ε)

where φ(ε,N) := θ(N, (b+ L2T )/ε).

Proof. Taking expectations in Lemma 5.12, applied to z, and applying Lemma 5.4 yields the
bound

∑∞
n=0 tnE[F (xn) − minF ] < b+ L2T and so Lemma 5.5 yields the claim. □

Proof of Theorem 5.10. Note that χ(ε/L2) is a rate of convergence for
∑

n∈N L
2t2n < ∞ as we

have
∑∞

n=χ(ε/L2) t
2
n <

ε
L2 and so

∑∞
n=χ(ε/L2) L

2λ2n < ε for all ε > 0. As before, the result then

follows from Theorem 4.8 using Lemmas 5.12 and 5.13 and that d2 is uniformly consistent with
modulus θ(ε) := ε2 (recall Example 2.4). □
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