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ABSTRACT. In reverse mathematics, real numbers are traditionally represen-
ted by Cauchy sequences with a given rate of convergence. We work without
rates and speak of slow Cauchy sequences. It turns out that almost all one-
dimensional real analysis from the reverse mathematics book by Simpson can
then be developed in theories that are conservative over RCAg. Specifically,
we obtain clusters of equivalences with the infinite pigeonhole principle and
the strong cohesive principle. The second cluster includes results like the
Bolzano-Weierstrass and Arzela-Ascoli theorems, which are traditionally as-
sociated with the stronger axiom of arithmetical comprehension, but also the
Heine-Borel theorem, which is normally separated from these principles. This
suggests two things: In elementary analysis, one can avoid logical strength to
an extent that the traditional picture seems to forbid. And the division of the
so-called reverse mathematics zoo into analytical and combinatorial principles
may be less rigid than previously assumed.
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1. INTRODUCTION

Reverse mathematics is a program in mathematical logic that aims to determ-
ine the minimal set existence axioms that allow to prove theorems from various
fields. For an introduction, the reader can, e.g., consult the classical book by
S. Simpson [42] or the more recent one by D. Dzhafarov and C. Mummert [9]. For
a historical perspective, one may consider H. Friedman’s contribution [14] to the
International Congress of Mathematicians 1974.

Analysis over the real numbers and more general spaces has always been a main
focus of reverse mathematics. To complement the many classical examples that can
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be found in the book by Simpson, we mention recent investigations into Ekeland’s
variational principle [I1] and Caristi’s fixed point theorem [I0].

Over sufficiently strong axiom systems, different representations of the real num-
bers are equivalent (as in everyday mathematics). However, large parts of analysis
can be developed in systems that are so weak that the representation matters. Spe-
cifically, one commonly works over a basic axiom system RCAq (‘recursive compre-
hension axiom’), which can be seen as a system of computable mathematics (though
this view should be treated with some caution). Over this system, the real numbers
are classically represented by Cauchy sequences with a rate (also called modulus)
of convergence. The specific choice of rate is a matter of convenience. Simpson
(see Definition I1.4.4 of [42]) defines a real number as a sequence (¢,) = (gn)nen of
rationals with

|gm —aqn] <27 for m <n.
In this paper, we instead represent real numbers by sequences of rationals that are
Cauchy but do not come with a rate, i.e., we simply demand

Ve > 03INVYm,n > N : |qgm — gn| < €.

One can of course take € to be rational (see the next section for official definitions).
We sometimes speak of slow Cauchy sequences in order to emphasize that no rate
is given. Conversely, we call a Cauchy sequence fast when it comes with a rate as
in the classical approach.

At first, the omission of the rate may seem incredibly naive (and indeed our slow
Cauchy sequences are called naive Cauchy sequences in some sources [29]). On the
one hand, what we call slow Cauchy sequences is probably the most common choice
outside of logic (and Dedekind cuts are probably the most common alternative).
One would expect that their status is fully clarified from a logical perspective. As
far as we could determine, this is only partially true. We will discuss related work
at the end of this introduction.

On the other hand, Cauchy sequences with a rate have long been the repres-
entation of choice across much of constructive mathematics [2] and computable
analysis [39] 47]E| In view of this, it is prima facie plausible that the represent-
ation with rate is more suitable over weak axiom systems with limited access to
non-computable sets. We argue that this, too, is only partially true.

According to the classical picture with rates, a fair amount of analysis can be
done in the axiom system WKL, (‘weak K6nig’s lemma’), which is ITi-conservative
over (i.e., proves the same II}-statements as) the base system RCAg. One can
argue that this makes it finitistically reducible in the sense of Hilbert’s program.
However, still classically with rates, the monotone convergence principle and other
results that involve sequential compactness require the axiom system ACAq (‘arith-
metical comprehension axiom’), which is considerably stronger. To some extent,
this suggests that the fall of Hilbert’s program through Go&del’s incompleteness
theorems is already witnessed in elementary analysis.

Any monotone and bounded sequence of rationals is a slow Cauchy sequence.
This observation is certainly well-known. So to try and build a theory on it is again

1t should be said, however, that the picture is not entirely clear. For example, Geuvers, Niqui,
Spitters and Wiedijk [17] write: “Although this [i.e., the representation of real numbers by slow
Cauchy sequences] is quite inefficient, its theoretical importance and its suitability for formalisation
has made this representation the basis of the first full implementation of constructive real numbers
in a proof assistant [...].”
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naive. To our own surprise, however, that naive endeavor has turned out remarkably
successful: We went through all the one-dimensional real analysis that is analyzed in
Simpson’s classical book on reverse mathematics [42]E| For slow Cauchy sequences,
the large majority of results — now including theorems about sequential compactness
like Bolzano-Weierstrass and even Arzela-Ascoli — is provable in systems that are
conservative over RCA.

Before we give a more detailed picture of our results, let us mention that the
representation by slow Cauchy sequences is not the only modification. In its wake,
we need to adapt other definitions. When it comes to continuous functions, our new
representation (via the values on rational arguments; see Definition is arguably
more intuitive than the classical one (via coherent systems of open balls; see Defin-
ition I1.6.1 in [42]). For open sets, our definition is slightly more complicated but
probably uncontroversial (compare Definition IL.5.6 in [42] with our Definition [4.1)).
The most noteworthy aspect is our representation of sequences of reals (and simil-
arly of sequences of real-valued functions; see Definitions and . These are
given by double sequences (%;y);nen of rationals such that the reals z; = (Zin)nen
are uniformly Cauchy, i.e., such that we have

Ve > OHNVZVTFL, n>N: |l'im - xin| <e.

Let us emphasize that this does not require us to provide a rate. In particular, when
x is any real in our sense, setting x; = x for all ¢ € N yields a (constant) sequence
(x;)ien of reals. So it is not the case that the uniformity condition reintroduces the
classical representation through the back door. Nevertheless, one can challenge our
representation of sequences on both philosophical and mathematical grounds. We
respond to both challenges in turn.

On the philosophical side, one may argue that our uniformity condition on se-
quences goes against Simpson’s objection to ‘extra data’:

“The typical constructivist response to a nonconstructive mathem-
atical theorem is to modify the theorem by adding hypotheses or
‘extra data’. In contrast, our approach in this book is to analyze
the provability of mathematical theorems as they stand, passing to
stronger subsystems of Zj if necessary.” (from Remark 1.8.9 of [42])

In the framework of reverse mathematics, we have a canonical way to represent
sequences of sets 4, C N, namely, as (A, )neny = {(m,n) : m € A,} C N with
coded pairs (m,n). One could maintain that, to analyze mathematics as it stands,
we are committed to representing sequences of reals in this canonical way and
without the additional assumption of a common rate.

In defense, we first note that the classical representation of reals itself adds
data in the form of a rate. This does not necessarily contradict Simpson’s aims:
Mathematics ‘as it stands’ does not typically commit to a specific representation of
the real numbers (except in the context of teaching). One can argue that this gives
us the freedom to pick one. But then a similar point can be made for sequences:
It seems that mathematicians do not typically care whether sequences of reals are
represented in the usual set-theoretic way or by different means, as long as one can

2To keep this initial investigation manageable, we have not looked at results that involve several
real variables or more general spaces. Only future work will tell whether slow Cauchy sequences
are still successful in these situations. Even if they are not, the one-dimensional real case seems
substantial enough to justify our foundational conclusions.
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work with them. In our view, further justification comes from the program of strict
reverse mathematics that has recently been promoted by Friedman [I5] [16]. Here
one avoids coding at the cost of multiple sorts, and Friedman explicitly mentions
separate sorts for reals and sequences of reals. Now a formal interpretation from the
strict into the classical setting may act independently on each sort. In particular, we
are free to impose our uniformity condition when we interpret the sort of sequences.
A definite framework for the strict reverse mathematics of real analysis does not yet
exist. But once it exists, our results should show (by the indicated interpretation)
that in strict reverse mathematics, too, much of elementary analysis must stay well
below arithmetical comprehension.

Even if the reader should feel that we do not analyze mathematics ‘as it stands’,
we can argue that formal interpretations yield bounds on consistency strength. So
our results reveal that a substantial part of analysis has lower consistency strength
than the classical approach may suggest. They show that, despite Godel’s theorems,
Hilbert’s program succeeds for much of elementary analysis, which includes notable
sequential results like the Arzela-Ascoli theorem.

By responding to the philosophical challenge, we have created a mathematical
one: We need to demonstrate that our representation of sequences (and of other
relevant objects like continuous functions and open sets) is indeed suitable for a
formalization of real analysis in weak axiom systems. Here it is not sufficient to
show that a few isolated theorems (like the monotone convergence principle) become
weak: It seems obvious that this can be achieved by tweaking some definition. To
make a non-trivial point, we need to integrate a substantial body of results. On
the philosophical side, this fits with our focus on interpretations between theories.

In order to respond to the mathematical challenge, we now summarize the results
that are proved in the present paper. When reals are represented by slow Cauchy
sequences (and other representations are adapted as indicated above), the following
are some of the results that can be proved in RCAq:

— the reals form an Archimedean ordered field (Proposition ,

— arbitrary unions of open sets are open (Lemma ,

— preimages of open sets under continuous functions are open, and any open
set can be realized as a preimage of (0,00) (Proposition 7

— Urysohn’s lemma (Lemma ,

— any Cauchy sequence of reals converges (Lemma ,

— any bounded sequence of reals has a supremum (Proposition ,

— the monotone convergence principle (Corollary ,

— R is nested-interval complete (Corollary .

Most results that are not provable in RCAg belong to one of two clusters. The first
cluster of equivalences over RCA includes

— the infinite pigeonhole principle IPP (recalled before Lemma [2.8)),
any finite set of reals is bounded / has a maximum (Lemma [2.13),
— the intermediate value theorem (Theorem ,

— finite intersections of open sets are open (Proposition ,

— R is connected (Proposition .

In the second cluster, we have

— the strong cohesive principle (recalled before Proposition ,
— the Heine-Borel theorem (Theorem ,
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— any continuous function f: [0, 1] — R is uniformly continuous / is bounded /
assumes its extrema (Theorem ,

— any continuous function f: [0,1] — R is Riemann integrable (where the
equivalence is shown over RCAy + IPP; Theorem ,

— the Weierstrass approximation theorem (over RCAg + IPP; Theorem ,

— the Bolzano-Weierstrass theorem (Theorem ,

~ the Arzela-Ascoli theorem (Theorem [7.18)).

There are some outliers and some results for which we have not determined the
exact strength:

— The statement that any dense set of reals is infinite is, by Proposition [2.9]
equivalent to the X9-cardinality principle CX9 (which is weaker than IPP;
see the paragraph before Lemma .

— The statement that R is uncountable is ITj-conservative over RCAy and
(hence strictly) weaker than IPP (Propositions and 2.11). We do not
know whether it is provable in RCA.

— The Baire category theorem can be derived if we assume either ¥9-induction
or the II9-genericity principle II{G (Proposition . It thus implies
neither of these principles and is rIIi-conservative over RCAq (but not ne-
cessarily over RCAy + IPP; Corollary .

— The Tietze extension theorem can be derived by X9-induction (see Propo-
sition , but we do not know its exact strength.

— The statement that any bounded sequence in R has a limit superior im-
plies ¥9-induction, and we have no proof below ACAy, though :9-induction
suffices to get arbitrarily good approximations (Proposition .

Let us note that some theorems become slightly stronger than under the clas-
sical approach with rates. There, e.g., the intermediate value theorem is provable
in RCAq (see Theorem I1.6.6 of [42]). One could say that we pay an initial prize
by making these theorems computably false. As a reward, the overall consistency
strength is lowered considerably: As the strong cohesive principle is I13-conservative
over RCA; (see [19] and the explanations in Section [5), the same holds for the large
body of results in the list above. We emphasize that this list includes the theor-
ems of Bolzano-Weierstrass and Arzela-Ascoli, which are classically equivalent to
the much stronger principle of arithmetical comprehension (see Theorems I11.2.2
and II1.2.9 of [42]). In our view, this constitutes a convincing response to the
mathematical challenge that was set out above.

Our approach is limited in at least two ways. First, sequential (also called
uniform) versions of results are sometimes considerably stronger than in the classical
setting. For example, the sequential version of the Heine-Borel theorem states that
any family of open coverings admits a family of finite subcoverings (while the non-
sequential version is about a single covering). Under the classical approach, both
versions are equivalent to weak Kénig’s lemma (see Theorems IV.1.2 and IV.1.6
of [42]), while we need strong cohesiveness for the non-sequential but arithmetical
comprehension for the sequential version (Proposition . One can debate how
relevant the sequential versions are. In our view, a good test is whether they
are needed to prove non-sequential versions of other results. Simpson uses the
sequential Heine-Borel theorem to prove that any continuous function on [0, 1] is
uniformly continuous (see the proof of Theorem IV.2.2 in [42]). We still manage
to prove the latter result under strong cohesiveness, even though the sequential
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Heine-Borel theorem is not available to us. So at least in this case, the strength of
the sequential result can be contained.

The second limitation brings us back to our treatment of sequences of reals,
which we require to be uniformly Cauchy. This requirement is to our advantage
when a result (like the Bolzano-Weierstrass theorem) provides us with a sequence.
But it presents a challenge when it is us who need to provide a sequence in order
to apply a theorem. To make this concrete, let us note that

— we can construct the sequence (f(z,))nen in RCAg+StCOH for a continuous
function f: R — R and a bounded sequence (z,)nen of reals, but not
necessarily for an unbounded sequence (Proposition ,

— for any real x, we can construct (f,,(z))nen over RCAg when the functions f,,
are pointwise equicontinuous (see Definition and Corollary ,

— as an instance of the previous point, we can construct the sequence (z")nen
in RCA( when z is a real in [—1, 1] but not in general (Example ,

— we can construct the sequence (f"(x)) of iterates over RCAg + StCOH when
f is a strong contraction (see Proposition which derives the Banach
fixed point theorem from our general convergence results), while the general
case requires arithmetical comprehension (Proposition ,

— over RCAq, we can prove a version of Caristi’s theorem by mimicking the
usual proof, which iterates a function to construct a sequence of reals (see

Theorem and Remark [7.23)).

One may argue that sequences are most interesting when they converge. From this
viewpoint, the issue with (2")pen for |z| > 1 is somewhat awkward but of little
consequence. The results that we have listed above show that we can construct
sequences of reals in several relevant cases. It would be desirable to do more case
studies in future work: These could strengthen or weaken our claim that sequences
of reals can be handled in weak axiom systems.

Based on our mathematical results, we have argued that a substantial part of
analysis can be accommodated in axiom systems that are conservative over RCA,.
To a reader who rejects this argument, we can still offer the following;:

— In recent years, the focus of reverse mathematics has, arguably, shifted
from analysis to combinatorics. This has led to new axioms in the so-
called reverse mathematics zoo. These new axioms are incomparable with
weak Ko6nig’s lemma, which is classically equivalent to the open-cover com-
pactness of [0,1] € N. With our new approach, open-cover compactness
becomes equivalent to the strong cohesive principle, which thus unites the
analytical and the combinatorial realm (see Section [5| for background on
the combinatorial side).

— Related to the previous point, our approach brings out the combinatorial
aspects of some analytical theorems. For example, we have mentioned
that the monotone convergence principle is provable in RCAy while the
Bolzano-Weierstrass theorem requires strong cohesiveness. This conforms
with the mathematical intuition that the proof of the latter is more involved.
Classically, both results are equivalent to arithmetical comprehension.

— Under our approach, open-cover compactness and sequential compactness
are both equivalent to strong cohesiveness. So the notion of compactness —
which is at the very heart of mathematical analysis — becomes more robust.
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— Our results yield additional guardrails for the emerging program of strict
reverse mathematics (see above and [I5]). Namely, if a body of results is
weak under our approach, any strict formalization should also be weak.
Conversely, if one wants to find logical strength in strict reverse mathem-
atics, one needs to draw on resources that have strength in our framework
(e.g., via an axiom that insists on the existence of certain sequences in R).

— We present new arguments that may be fruitful in different contexts. In
particular, we point the reader to the proof of Proposition which

combines hyperimmunity with metastability (as used in proof mining).

Some of our findings resemble results that have been obtained in different set-
tings. In particular, U. Kohlenbach [26] has shown that parameter-free versions
(i.e., single applications) of the monotone convergence principle as well as the
Bolzano-Weierstrass and Arzela-Ascoli theorems (formalized in higher-order arith-
metic) are II3-conservative over primitive recursive arithmetic. In contrast, the
parameter-free version of the limit superior principle entails and is I19-conservative
over ¥9-induction. This distinction conforms with experience from proof mining.
It is interesting that we can make the same distiction, while the classical approach
identifies all principles with arithmetical comprehension.

In the case of Kohlenbach’s results, it is not clear whether the similarity with our
findings is a coincidence, since we allow parameters and Kohlenbach uses Cauchy
sequences with rate, which seem to be orthogonal modifications. The connection is
much clearer for results of A. Kreuzer. The latter has proved [30] that the strong
cohesive principle is equivalent to a version of the Bolzano-Weierstrass theorem,
where the input is a sequence of reals with rate and the output is only a slow Cauchy
sequence. It had previously been shown by S. Le Roux and M. Ziegler [40] that the
slow Cauchy sequence in the output may need to be non-computable. As an isolated
result, the analysis of the Bolzano-Weierstrass theorem for slow Cauchy sequences
is thus essentially due to Kreuzer (though the latter assumes a rate while we only
require uniformity). The point of our paper is that we integrate the result into a
coherent foundational picture, in which slow Cauchy sequences are used consistently
in the input and output of all theorems, and where the definitions of open sets
and continuous functions are adapted accordingly. Kreuzer has also proved [31]
that a version of the Arzela-Ascoli theorem is equivalent to the conjunction of the
strong cohesive principle and weak Ké&nig’s lemma. This is of course similar to
but not quite comparable with our result, since Kreuzer works with the traditional
representation of continuous functions, which forces him to assume WKL as well.

In reverse mathematics, J. Hirst has determined the minimal axioms that are
needed to (uniformly) convert different representations of the real numbers into
each other [22]. He considered Cauchy sequences with rate, decimal expansions
(i.e., sequences with rate that are additionally monotone) and Dedekind cuts with
and without endpoints. Slow Cauchy sequences are not considered, possibly because
it is obvious that conversions from these require arithmetical comprehension (see
Remark . Also, the paper by Hirst does not explore how elementary analysis
plays out with the different representations.

A systematic picture of different representations has been obtained in computable
analysis. Of particular relevance for us are results that go back to C.-K. Ho [23], who
proved that a real number is represented by a computable slow Cauchy sequence
precisely if it is represented by a jump computable sequence with rate. An analogous
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result for the space of continuous functions has been proved by Ziegler [48], while
V. Brattka [3] presented an even more general Galois connection. The latter could
possibly explain our results in a more systematic way or even reduce some of them to
previously known facts. Whether it really does is not straightforward to determine
— not least since we use new definitions of open sets and continuous functions — but
it is desirable to explore this in future work.

To avoid misunderstanding, we emphasize that our new approach is intended
to complement but not to supersede the classical one. Cauchy sequences with
rate have desirable properties from several perspectives. In computable analysis,
each choice of representation induces a topology on the reals. Cauchy sequences
without rate produce the trivial topology, while the usual Euclidian topology arises
from representations with rate (see [29]). In less technical terms, no finite part of
a slow Cauchy sequence provides any information about the real number that is
represented. In contrast, sequences with rate allow for effective approximations,
which is clearly relevant both on a theoretical level and in terms of applications.
For these reasons alone, the reverse mathematics of Cauchy sequences with rate is
as relevant as ever. Also, we have mentioned a few examples of sequential results
where the traditional approach fares better than the approach without rates. It is
possible that more striking examples will be discovered in the future. Our aim is
simply to show that a coherent alternative is possible, which opens up foundational
possibilities that may have appeared to be blocked.

Terminology. As mentioned above, we require sequences of reals to satisfy a cer-
tain uniformity condition. To interpret all our claims correctly, the reader should
note that we systematically distinguish between families and sequences: By a fam-
ily, we simply mean a collection of sets (coded into a single set), which does not
need to be uniform (consider, e.g., Proposition . In contrast, sequences of reals
and continuous functions are always assumed to satisfy the uniformity conditions

from Definitions and respectively.
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2. FUNDAMENTAL PROPERTIES OF THE REALS

In this section, we state our definition of the real numbers and discuss basic
operations and relations on them. We also investigate cardinality questions in
relation to the X9-cardinality principle and the infinite pigeonhole principle.

The following definition is familiar from elementary analysis courses. In reverse
mathematics, Simpson uses it over ACAg. The point is that we will use the same
definition over the weaker base theory RCAg, where the two are not equivalent (see
the introduction and compare Definitions 1.4.2 and 11.4.4 in [42]).

Definition 2.1. The class R of reals consists of all Cauchy sequences of rationals,
i.e., of all sequences (z,,) = (zn)neny With z, € Q such that each rational ¢ > 0
admits an N € N with |z, — x,| < ¢ for all m,n > N.

As mentioned in the introduction, we sometimes say that our reals are represen-
ted by slow Cauchy sequences. This is supposed to emphasize the difference with
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the classical representation by ‘fast’ Cauchy sequences with rate. The following
remark shows that arithmetical comprehension is needed to convert slow Cauchy
sequences into fast ones. While one may be tempted to read this as a negative res-
ult, one can give it a positive twist: As slow Cauchy sequences can absorb so much
logical strength, we may hope that they allow us to develop analysis over a much
weaker theory. Over the course of this paper, we show that this hope materializes.

Remark 2.2. Within ACA,, every Cauchy sequence (g,) in Q has a rate of con-
vergence, i.e., there exists a function r: Q@ — N such that |g,, — g,| < € holds for all
e > 0 and all m,n > r(e). In particular, we can immediately use this r to define a
subsequence (which hence has the same limit) with Cauchy rate 27". Conversely,
any injection f: N — N gives rise to rationals

qn ‘= Xn: 27 /(-1
=0

that form a Specker-type sequence (see [44] as well as [45] for our specific con-
struction). By the formula for the geometric series, it is immediate that the non-
decreasing sequence (g,,) is bounded. It must thus be Cauchy. Indeed, if this was
false, we would have an £ > 0 such that any m € N admits an n > m such that we
have g, > ¢m + €. But then our sequence would grow beyond any bound. How-
ever, any rate of convergence for (g, ) allows us to compute the image of f. Hence
over RCA, arithmetical comprehension follows if any Cauchy sequence of rationals
admits a rate and in particular if any slow Cauchy sequence admits a fast Cauchy
sequence with the same limit (cf. Lemma II1.1.3 of [42]).

We continue with basic definitions and results.

Definition 2.3. For reals © = (z,,) and y = (y,), we write z < y when every
rational € > 0 admits an N € N such that x,, <y, + ¢ holds for all n > N. When
we have both z < y and y < z, we write x = yE| We write x < y when we have
x <y but not x = y.

Parts (a) and (b) of the following show that we have a total preorder. Due to
parts (c) and (d), we get a total order if we quotient out equality. In the framework
of reverse mathematics, the quotient is, of course, not represented as a set.

Lemma 2.4 (RCAy). (a) The relation < on R is reflexive and transitive.
(b) For any xz,y € R, we have x <y ory < x.
(¢) The equality on R is an equivalence relation.
(d) If we have x = 2’ and y = 3/, then x <y is equivalent to x’ <y'.

Proof. The arguments from an elementary analysis course go through in RCAy. We
only prove a strong form of (b), because we want to refer to it later. Let us write
x = (zp) and y = (yn). Assuming y £ z, we have an € > 0 such that each N € N
admits an n > N with y, > x, + . Since our sequences are Cauchy, we now find
an N € N such that all m,n > N validate

>
xm_ymg|xm_xn|+($n_yn)+|yn_ym‘S(xn_yn)+§-

30ne may write =g to ensure that this is not confounded with equality as Cauchy sequences
(where the latter amounts to @, = yn for all n € N), though this is rarely necessary in practice.
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If we choose the right n > N, we get x,, — y, < —¢ from above. For any m > N,
we thus have 2, — Yy < —£/2 and hence x,, +£/2 < y,,. In particular, this means
that we have x < y. O

From the previous lemma, one readily infers that < is a strict total order modulo
equality. Also, it follows that x < y holds precisely when y < x fails.

Lemma 2.5 (RCA). For reals © = (x,) and y = (y,), we have © < y precisely if
there is a rational § > 0 and an N € N such that all n > N wvalidate x, + § < Y.

Proof. The forward direction was established in the previous proof. In the other
direction, one readily derives y £ x. [

In our case, being a real (i.e., a slow Cauchy sequence) is I13. The previous
lemma shows that the order relations < and < between our reals are 33 and I19,
respectively. This stands in contrast with the classical approach, where reals are
represented by Cauchy sequences with some fixed rate (given by a computable
function). Under this approach, being a real is 119, while < and < are ¥? and 119,
respectively. The reduction in quantifier complexity is certainly a motivation for
the classical choice. However, our results show that it does not decrease the overall
consistency strength — if anything, the opposite is true.

We now consider the real numbers as a field. To see that the following operations
preserve Cauchy sequences, it suffices to recall the usual proofs that addition and
multiplication are continuous. Analogous to the following definition and proposi-
tion, one obtains the absolute value function and its fundamental properties.

Definition 2.6. Addition and multiplication on R act pointwise on the representing
Cauchy sequences, i.c., we put (zn) + (4n) = (n + ) and (2n) - (4n) = (@n - Yo).

In the following result, the real numbers are considered modulo equality. That
addition and multiplication are compatible with equality is verified in the proof.
We will later use the infinite pigeonhole principle to prove the intermediate value
theorem. It will then follow that R is real closed (see Corollary [3.10)).

Proposition 2.7 (RCAg). The reals form an Archimedean ordered field.

Proof. Even with respect to the pointwise equality of Cauchy sequences, we have a
commutative ring, as the relevant properties are directly inherited from the ration-
als. We now show that = (z,) has an inverse if z # 0 holds with respect to the
equality of reals. By Lemma [2.4] we have x > 0 or x < 0. Lemma [2.5] ensures that
|z, | is bounded away from zero for all sufficiently large n. Thus we get a Cauchy
sequence (z7,) if we set x], = 1/x,, for x,, # 0 and choose arbitrary z], otherwise.
Clearly, (z},) is the multiplicative inverse of x.

It is straightforward to check that addition is monotone and, as a consequence,
compatible with equality. To prove the monotonicity properties of multiplication,
we show that x,y > 0 implies x-y > 0. As the sequences z = (z,,) and y = (y,,) are
Cauchy, we find a bound B such that |x,|, |y,| < B holds for all n € N. Given an
arbitrary € > 0, we find an N € N such that all n > N validate x,,, y, > —¢/B. The
latter entails z,, - y, > —e, as x, < 0 implies |z,| < &/B and hence |z, - y,| < e.
So we indeed have = -y > 0. As in any ordered field, we learn that y < 3’ implies
z-y<z-y forr>0and z-y > -y for x < 0. In particular, multiplication is com-
patible with equality. The Archimedean property is inherited from the rationals,
as Cauchy sequences are bounded. [l
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In the remainder of this section, we consider some questions of cardinality. The
following principles beyond RCAy will occur. The infinite pigeonhole principle
(which was already mentioned above) asserts the following:

For any N € N and any function ¢: N — {0,..., N}, there isan n < N

(IPP) such that {¢ € N: ¢(i) = n} is infinite.

As shown by Hirst (see Theorem 6.4 of [2I]), the infinite pigeonhole principle is
equivalent to the X9-bounding principle B9 (also known as ¥9-collection):

(BxY) For any %9-relation R such that each m < a admits an n with (m,n) € R,
27" there is a b such that each m < a admits an n < b with (m,n) € R.

The X.9-cardinality principle, considered by Seetapun and Slaman [41], postulates:
(CXY) There is no ¥9-injection C: N — {0,..., N} for N € N.
Here C is not given as a set. Instead, we appeal to a partial truth definition in
order to quantify over %.9-formulas that define the graphs of injective functions. It is
known that CX3 is unprovable in RCAq. Over the latter, CX9 follows from but does
not imply IPP (see Section 3.1 of [7]). As shown by H. Friedman and independently
Paris, BX9 and hence IPP is I13-conservative over RCAq (see e.g. Theorem IV.1.59
of [18)]).
Lemma 2.8. The following are equivalent over RCAg:
(i) The X3-cardinality principle CX3.
(ii) There is no ¥3-surjection D: {0,...,N} — N for N € N.

Proof. First assume there is a D as in (ii). Consider a I1{-relation D(n) =, m with

D(n)=m < D(n) =, m for some a € N.
We define a X9-function Cp: N — {0,..., N} x N by

Co(m) = min{(n,a) : D(n) =, m},
where we minimize over codes of pairs. Let C'(m) be the first component of C(m).
This defines a X9-injection C: N — {0, ..., N} with left inverse D.
Conversely, assume that we have an injection C: N — {0,..., K} with K € N.

Consider a I{-relation C(n) =, k with

Cn)=k < C(C(n)=,k for some a € N.
We may assume that we have

Cn)=k = C(n)=pk for a<hb.

As noted in the previous paragraph, CX9 is weaker than IPP. So we may also
consider a function ¢: N — {0,..., M} (given as a set) such that each m < M
admits a J € N with ¢(j) # m for all j > J. This yields an unbounded :9-function
Dy: {0,..., M} — N that is given by

Dy(m) = min{i € N : ¢(j) # m for all j > i}.

We put N = (K +1)-(M +1)—1 and note that each number up to NV has a unique
representation of the form (K 4+ 1) -m+k for m < M and k < K. With respect to
this representation, we define a ¥9-function D: {0,..., N} — N by

D((K +1)-m+k) =min ({n < Do(m) : C(n) =p,(m) k} U{Do(m)}).
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To see that D is surjective, consider an arbitrary n € N. Let k < K equal C(n)
and pick a € N with C(n) =, k as well as m < M with a,n < Dg(m). Given that
C is injective, we get D((K 4+ 1) -m+ k) =n. O

‘We now come to our first reversal:

Proposition 2.9. The following are equivalent over RCAg:

(i) No finite collection (x,,)n<n of reals is dense in the order R, i.e., for any
such collection there are reals y < z such thaty < x,, < z fails for alln < N.
(ii) The X9-cardinality principle CX9 holds.

Proof. To show that (i) implies (ii), we assume that CX9 fails. By the previous
lemma, this yields a ¥9-surjection D: {0,..., N} — Q for some N € N. Consider
a bounded formula 6 with

Dn)=q <+ JaeNVbeN:0(a,bn,q).
For n < N and i € N, we set
Yni = min{(q,a) | Vb < i:0(a,b,n,q)},

where we again minimize over codes for pairs. To see that each sequence (Yn;)ien
is eventually constant, consider the minimal pair (g, a) such that 8(a, b, n, q) holds
for all b € N. We find an I such that each (¢’,a’) < (¢,a) admits a b < I for which
6(a’,b,n,q") fails. This yields y,; = (¢,a) for all i > I. We also learn D(n) = ¢q. So
if we define x,,; as the first component of y,,;, the sequence x,, = (z,;):en stabilizes
with eventual value D(n). We thus have a finite collection (z,)n<n C R such that
each ¢ € Q admits an n < N with x,, = g as reals. Given that Q is dense (say, via
Lemma [2.5)), this means that (i) fails.

Conversely, assume that the reals contain a finite dense family (z,,),<n. Here
each z,, is given as a Cauchy sequence (z,;);cn. For every m € N, density yields
ann < N withm—1/4 <z, <m+1/4 and thus m — 1/3 < x,,; <m+1/3 for
large j. We thus have a ¥3-function C': N — {0,..., N} x N with

C’(m) = min {(n,z’) L

< < +1f 1j5>4
Tni m 4+ — 1or a >0,
3 = i 3 J

Consider the ¥3-function C: N — {0, ..., N} such that C(m) is the first component
of C'(m). For C(m) = n we have m—1/3 < x,, < m+1/3, so that C is injective. [

In the following result, the base theory is not optimal, as we will show below.
We do not know whether RCA( alone can prove the result.

A family (z,,)nen of reals is given as a double sequence (Z,;)n ien of rationals
with the only requirement that x,, = (z;)ien is Cauchy for each n € N (cf. the
more restrictive notion of sequence in Definition .

Proposition 2.10 (RCAq + IPP). The real numbers are uncountable, i.e., for any
family (zp)nen of reals there is a y € R with x,, #y for alln € N.

Proof. We perform a nested interval construction, as in the proof of Theorem 11.4.9
from [42]. In contrast to the latter, however, we allow that choices are revised
finitely many times (when our Cauchy sequences are not yet sufficiently stable).
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Our formal construction is based on the Cantor middle third set. To describe
the latter, we consider the finite sets of rationals that are recursively defined by

2 2
BOZ{O73} and Bn+1:BnU{q+3n+2qun}
Much of the following relies on the fact that we have
2
lg —r| > FrEmy for ¢ # r from B,,.

The n-th approximation to the middle third set is given as a disjoint union of closed
intervals with left endpoint in B,,, namely by

1
Cp = U [q,CI‘F?)nH]
q€Bn
In order to write B,, = B!, U B! as a disjoint union of left and right branchings, we
set BY = {0} and B = {2/3} as well as
- 2
Bl =B, and B, = {q+3”+2 g€ Bn}.

We then decompose C,, = C!, U C" into

1 1
I _ T
C, = | | [q,q—i—gnﬂ} and C; = U [q,q+3n+1].

qeB], qEB],
Hulls for these sets can be given as unions of larger open intervals, namely by
1

1 1 1
H! = — d H" = — .
q n n

One readily verifies that we have H!, N H = () as well as

1 l 1
lp—r| > PR forpe C;, and r ¢ H,,.
The same holds when we have p € C}, and r ¢ HJ.
To find a real number y that differs from all the x,, = (z,;)icn, Wwe want to put
y into C! or O, respectively, when a certain approximation Zp,; lies in H] or H..
Formally, we define

. Ny 1 . o
z(n,k):mm{zo <k:|zp —anl < FTEe) for ig < i, gk}.

Note that the minimum is taken over a non-empty set (containing at least ig = k).
We now set

= s with
Yk Z e 2/3"+1 otherwise.

k .
- {O if Tni(n,k) € Hy,
n=0

Let us show that y = (yg) is Cauchy and hence a real. Each n admits an M such
that |z,; — xn;] < 3772 holds for all i, j > M. This M bounds the values of the

non-decreasing function k — i(n, k). It follows that there is a K such that we have
i(n, k) = i(n, K) and hence s, = s,k for all k > K. So for any N, the pigeonhole
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principle (again in the form of X9-boundedness) yields a K > N with s,1 = snx
for all n < N and k > K. When we have k,l > K, we thus get

N-1 k !
2
lye — yi| < E Sk — Sni| + E Snk + E Snl < 3
n=0 n=N n=N

Since N was arbitrary, this confirms that (y;) is Cauchy.

Finally, we show that y differs from each of the z,,. For any k, a straightforward
induction on i yields >_! _, $mi € B;. Assuming k > n, it follows that > _, Sy
lies in B!, if we have Tp,i(n,k) € Hy, and that it lies in By, otherwise. By the formula

for the geometric series, we have an:nﬂ Smk < 3771, We thus get

g 4 Cn i nitnn € Hy,
C)  otherwise.

In the first case, we have @, ;(nx) ¢ H. due to H, N H}, = from above. So in
each of the two cases, an observation from above yields
1
|yk - xn,i(n,k)' > W

Considering the definition of i(n, k), we infer

1 1 1
lye — Tnk| > lyx — $n,i(n,k)| - |$n,i(n,k) — Tpk| > 9.3n+1  3nt2 9. gntl’

Since k > n was arbitrary, this shows y # x,,. O

The following proposition will later be complemented by a conservativity result
for the Baire category theorem (see Corollary |4.14)).

Proposition 2.11. The theory
RCAy + WKL + ‘the real numbers are uncountable’

is I} -conservative over RCAy.

Before we prove the result, we record the following corollary, which follows be-
cause CX is a IT}-statement and unprovable in RCAg (see above). In connection
with Proposition [2.10] we explicitly note that the corollary remains valid with IPP
at the place of the weaker principle CX9.

Corollary 2.12. We have
RCAq + WKL + ‘the real numbers are uncountable’ ¥ CX9.

Proof of Proposition[2.11. It suffices to show that any countable model M E RCAq
has an w-extension

N E RCAg + WKL + ‘the real numbers are uncountable’.

We may assume that M is topped, i.e., that its second-order part contains one set
in which all others are A-definable.

By the hyperimmune-free basis theorem for non-w-models (see Theorem 2.16
of [13]), we find an w-extension N'E RCAy + WKL that is hyperimmune-free. This
means that any f: N — N from (the second-order part of) the model A/ is dom-
inated by some g: N — N from M (i.e., with f(n) < g(n) for all n € N, where N
denotes the joint first-order part of M and N). It remains to show that the reals
are uncountable according to N.
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In N, we consider an arbitrary family (z,)nen of real numbers. The collec-
tion of sets that are AY-definable from (x,),eny and parameters in M form an
w-submodel M’ C N. Note that M’ is still topped and must thus violate WKL
(as there are computable trees without computable paths; see Theorem VIII.2.15
in [42]). Thus some set Y C N is contained in N but not in M’. Note that the
extension of M’ into A is still hyperimmune-free. We may thus assume that M’
equals M, i.e., that the family (x,)nen lies in M.

Let y = (y;) € N be the real given by

0; . 1 ifjey,
vi= ; 37 with 0; = {0 otherwise.
Towards a contradiction, assume that y equals one of the x,,. We will derive that
M contains y and hence Y, against the above. Recall that x,, is given as a Cauchy
sequence (Tp;)ien. Given x, = y, an unbounded search yields an f: N — N in A/
such that any k € N validates f(k) > k+ 2 and |z, p) — Yr| < 37571 We get

1 = 1 1
o,y = 91 < Jon gy = wpao | + v —vl < g + D2 35 = 53
j=k+2
To avoid misunderstanding, we emphasize that f may not be a rate of convergence,
i.e., that |x,; — y| can be large for some i > f(k).
As N is hyperimmune-free over M, we find a ¢ € M that dominates f. Given
that (z,,;) is Cauchy, there is a ¥9-definable H: N — N with

1
‘xn,H(k) - $nl’ < 3% for 1> H(k).

To obtain a computable substitute for H, we employ a concept known as metasta-
bility, which is used in proof mining [27| 28}E| Specifically, an unbounded search
yields an h: N — N in M such that any k € N validates h(k) > k and

1
|Z ) — Tnt| < 3 for  h(k) <1< g(h(k)).

In view of h(k) < f(h(k)) < g(h(k)), we get

1 1 1
[#nne) = Y] < [@nn0 = Zn s |+ [2n sy =91 < 35+ 537 < 731

One can conclude that we have
_ {1 if |gi — @nnre)| > 2/37,
" )0 otherwise.
Indeed, when we have §; = 1, we get
1 1 5

|yi = Tnntiro)| 2 1Y =yl = |y = Tongre)| > 3 2.3 T 2.l

while d; = 0 entails

1 — 1 4
[Yi — Tnnir)| < Y= Tnnr) | + 1y — vl < 5.3t + Z 37 T 9.3l
j=i+1

It follows that M contains the function ¢ — §; and hence the set Y. O

4Our argument is inspired by a result due to Miller and Martin (see Corollary 1.21 of [36]) and
its presentation as Theorem 5.2 in [33].
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As one may have expected, IPP is needed for certain considerations that involve
finite families of reals.

Lemma 2.13. The following are equivalent over RCA:
(i) The infinite pigeonhole principle IPP.
(i) Any finite set of reals is bounded.
(#ii) Any non-empty finite set of reals has a mazimum.

Proof. 1t is clear that (iii) implies (ii). To close the circle of implications, we first
show that (i) implies (iii). Let (2, )n<n be an arbitrary family of reals with N > 0.
We define a real y by setting y; = max{xz,; | n < N} for each i € N. To verify that
y is Cauchy, consider an arbitrary € > 0. For each n < N, there is an I,, € N with
|Tni — @nj| < € for all 4,5 > I,. Using IPP in the form of ¥3-collection (see the
paragraph above Lemma , we obtain a single I € N with I > [, for all n < N.
By a short case distinction, we see that this entails |y; — y;| < e for all 4,5 > I.
Clearly, y is an upper bound on each x,. Another application of the pigeonhole
principle shows that for some n < N, we have y; = x,; for infinitely many i, which
yields y = x,,.

It remains to show that (ii) implies (i). Assume that the infinite pigeonhole
principle does not hold. Then, there is a colouring ¢: N — k for some k € N such
that each colour only appears finitely often. For n < k and i € N, we put

Tni = |{j <i:c(j) =n}.
Each sequence x,, = (z;)ien stabilizes (when colour n no longer occurs) and thus
represents a real. Assume, for contradiction, that the family (z,,),<x is bounded by
a number N € N. By the finite pigeonhole principle (which is available in RCA),

there is a colour n < k that appears at least (N + 1)-many times. But then z,, is
not bounded by N. O

We can make a similar observation about sums and products:

Remark 2.14. Using the pigeonhole principle, we can similarly define sums and
products of finitely many reals in a pointwise manner. Somewhat informally (be-
cause we have not made precise what it means that these sums and products ex-
ist), we note that the pigeonhole principle cannot be avoided: For > |z, | and
[L.cn 1+ |zn| to exist, the family (2,),<n must be bounded.

n<N

3. FIRST RESULTS ABOUT CONTINUOUS FUNCTIONS

In this section, we introduce our representation of continuous functions. After
checking some basic properties, we show that the intermediate value theorem is
equivalent to the infinite pigeonhole principle. More results (including equivalences
with the strong cohesive principle) will be proved in subsequent sections (once our
representation of open sets has been introduced).

Arguably, the most straightforward representation of continuous functions by
countable objects records the values on rational arguments. Under the classical
approach — where reals are Cauchy sequences with rate —, this representation is
not suitable over RCAq (unless functions come with a modulus of continuity). So
one typically uses a different representation, which is not, however, suitable in
our setting (see Remark below). In any case, it is attractive to revert to the
straightforward representation by values on Q, which works well for us:
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Definition 3.1. By a partial continuous function on R, we mean an arbitrary
function f: Q — QN (with sequences f(q) = (f(q))ien of rationals as values). We
say that a real x lies in the domain dom(f) of f if each € > 0 admits an N € N
(possibly depending on z) such that we have

}f(q)i - f(r)j‘ < ¢ for all rationals ¢,r € By y(z) and all i,j > N.
Here and in the following, B;s(y) denotes the open ball
Bs(y) ={2 € R: |y — 2| <4}
For z = (z;)ien € dom(f), we get a real value f(x) (cf. the next lemma) by setting
Fo) = (F@)), oy, with  F(o) = fo)

We often use f at the place of f and write f: D — R for definable D C R to assert
that D is contained in the domain of f.

Let us verify the following fundamental property.

Lemma 3.2 (RCAy). (a) If z lies in dom(f), then f(x) is a real number.
(b) For x =g y in dom(f), we have f(z) = f(y).

Proof. To establish both (a) and (b), it suffices to show that = y implies the
following: For each € > 0, there is an M € N such that we have |f(z); — f(y);| < ¢
for all 4,5 > M. Pick an N that witnesses € dom(f) for our e. Then take
an M > N such that 4,5 > M implies |z; — z;| < 1/(2N) and |y; — y;| < 1/(2N).
When we have i,j > M, we get x;,y; € By/y(z) (recall z = y) and thus

|F(@)i = F)i| = | (@a)i = fFys)s] <e,
as desired. 0

The condition for z € dom(f) from Definition combines continuity with
locally uniform convergence of Cauchy sequences, which was vital for the previous
proof. Indeed, it seems that the uniformity condition is unavoidable if one wants
to define f on irrational arguments without arithmetical comprehension. By a
straightforward modification of the previous proof, we also get the following.

Lemma 3.3 (RCAp). For a continuous function f: D — R and x € D, anye >0
admits a 6 > 0 with |f(x) — f(y)| < e fory € Bs(x) N D.

Let us stress that the uniformity condition from Definition [3.1] does not require
that we provide a rate for the Cauchy sequences (f(q);)ien. This is illustrated, for
example, by part (b) of the following result, where y does not come with a rate.

Lemma 3.4 (RCAg). We have the following continuous functions:
(a) The identity R > x — x € R.
(b) The constant function R > x +— y € R for any fized y.
(¢) The absolute value function on R.
(d) The function D > z — fo(z) + fi(z) for any continuous f;: D — R, as
well as the analogous functions for subtraction, multiplication and division
(in the latter case without zeros in the denominator).

Proof. (a) Define f(q) = (f(q):) by f(q); = q. The condition from Definition [3.1]is

satisfied when we have N > 2/e. For z = (z;), we obtain f(x); = f(z;); = x; and
hence f(z) = z.
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(b) Set f(q); = y; for y = (y;). We have dom(f) = R" since (y;) is Cauchy. Here
it is crucial that we only demand locally uniform convergence rather than a fixed
Cauchy rate.

For parts (c¢) and (d), the condition from Definition reduces to the usual
arguments for the continuity of the indicated functions. O

For typical operations on arbitrary finite or on infinite families (f,,) of continuous
functions, we need the pigeonhole principle (cf. Lemma and Remark .
Note that (f,) is simply a family of sets such that each f,, represents a continuous
function (without the uniformity in n that is required by Definition .

Lemma 3.5 (RCAq + IPP). (a) For continuous f;: D — R, we have continuous
functions that send x € D to > . fi(z) and [[;—, fi(x) and max;<, fi(x).

(b) Consider rationals g, > 0 with Y ., ¢, < B € R and a family of continuous
functions fr,: D — R with | f,(z)| < g, for alln € N and all x € D CR. We then
have a continuous function f: D — R with

x):ifn(x) and |f(z)| < B forallx € D.

Proof. (a) Let us consider multiplication as the most involved case. For each ¢ € Q
and j € N, we put f(q); = [[\—, fi(¢);- Given z € D, we invoke Lemmam to
find a C with |f;(x)] < C for all i < n. For € > 0, each ¢ < n admits an N; such
that all rationals ¢, € By/y,(x) and all j,k > N; validate

(3.1) [fil@)jl <C+1 and |fi(g); — filr)k| <

€ L
(n+1)-(C+1)m

Here the second inequality comes from the condition in Definition Since the
premise ¢, € By, () is X9, finding a common bound N > N; requires, a priori,
the I19-bounding principle, which is stronger than IPP. In order to avoid this, write
x = (z,,) and note that each i < n admits not only an N; as above but, depending
on the latter, also an M, with

(3.2) e — x| < ?%Nz for all I,m > M;,,

which entails By /3n,)(2m) € By, (). So there are M; and N; that validate
as well as for all rationals ¢, € Ba,(3n,)(Tm) with m > M; and all j,k > N;.
But this statement is 119, so that IPP yields M and N that bound witnesses M;
and Ny, respectively, for all i < n. Given that we have By /isn)(z) € By/isn,)(Tamr)
for every i < n and corresponding N; < N, it follows that (3.1) holds for all
rationals ¢, 7 € By/n)(z) and all j,k > N.

By induction on m < n, we now get

- Hfi(T)k <
i=0

m—

Hfl H |fm ) _fm(r)k|

<(C+1)~m~(C+1)m ~e’+(C+1) .s:(m+1)~(c+1)m g

< fm(a)
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With m = n, and for arbitrary q,r € By/isn)(z) and j,k > N, this yields

[f(@); = f(r)el < (n+1)-(C+1)" &' =¢,

which means that f validates the condition from Definition [3.1]
(b) Let us put

an if fr(r)i > qn,
f0)i=18 —qn i fu(r)i < —qu,
fn(r); otherwise.

It is straightforward to see that this represents continuous functions f; = f,. For
notational convenience, assume that we had |f,(r);| < g, to begin with. Now put

F@i = fala)i
n=0

To verify the condition from Definition [3:1} we consider arbitrary € D and € > 0.
First take M € N so large that we have Y ", ¢, < £/3. As in the proof of (a), we
find an N > M such that all n < M validate

|fn(q)i — fulr);] < 3LM for all ¢, € Byany(r) NQ and all 4,5 > N.

For ¢,r and %, j as indicated, we get

M-—1 i J
1F(@i = FO)1 < Y0 1Fal@)i = Falr)il+ D7 [fal@il + D [falr)sl <,
n=0 n=M n=M
as required by Definition[3.1] In order to see that f is the desired limit, we consider
the functions Fiyv = Y _y fn, as represented by Fn(q); = >, on fn(q)i. For
x = (x;) € Dand i> N, we get

i N—1 i )
[f(@)i = Fn(@)il = > fal@)i = > fal@)i| < > [fa@i)il < o,
n=0 n=>0 n=N n=N
which tends to zero as N grows. (I
We also have the following fundamental closure property.

Lemma 3.6 (RCAg). If f,g: R = R are continuous, so is go f.

Proof. Given representations f,g: Q — R, we define a representation h: QQ — R of
the composition by h(q); = g(f(q):):- In order to show dom(h) = R, we consider
arbitrary « € R and € > 0. Our task is to find an N € N with |h(q); —h(r);| < e for
all ¢,r € By/n(x) and i,j > N. First pick an M € N such that |g(s); — g(t),| < e
holds for all s,t € By (f(x)) and 4,5 > M. Then choose an N > M such
that we have |f(q); — f(r);| < 1/(2M) for q,r € By/y(z) and i,j > N. Given
such ¢,r and 4, j, we learn that f(q); and f(r); lie in By,p/(f(2)), which allows us
to conclude. For © = (z;) € R, we also have

G(f ()i = g(f(2)i)i = g(f(xi)i)i = h(xi)s = h(x)s,

so that we indeed obtain g(f(z)) = h(z). O

Now that we have secured some fundamental properties, we briefly compare with
the classical representation of continuous functions in reverse mathematics.
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Remark 3.7. According to Definition I1.6.1 from Simpson’s textbook [42], a partial
continuous f: R — R is represented by a set of tuples (n,a,r,b,s) € N x Q* with
r,s > 0 that satisfy certain coherence conditions. The idea is that f(z) lies in the
closure of B,(b) whenever we have z € B,.(a) (and the component n allows to turn
enumerable into decidable sets). One then says that « € R lies in the domain of f if
each £ > 0 admits a tuple (n, a,r,b, s) with x € B,.(a) and s < e. In the classical case
of [42], where z comes with a Cauchy rate, the condition z € B,(a) is X9, so that
we can effectively search for a tuple as indicated. For appropriate €, we can then
choose some y; € B.(b) to construct the value y = (y;)ieny = f(z). The approach
is not suitable when z comes without a rate (as in the present paper), because
z € B,(a) is then a XJ-relation (see the paragraph after Lemma [2.5). It may be
possible to adapt Simpson’s representation to our setting in some way. But since we
cannot use his representation as it stands, we may as well employ Definition [3.1]from
above, which is arguably more straightforward in any case (but does not produce
reals with rate). One interesting parallel is that both Simpson’s representation and
ours use a Ilj-statement to express that the domain of f comprises all of R (or
some other given set). This has the effect that, e.g., the boundedness of continuous
f:[0,1] = R is expressed by a IIi-statement, i.e., by a set existence principle.

In our setting, the intermediate value theorem cannot be proved in RCAq (in
contrast to the classical case of Theorem II1.6.6 from[42]), but it can be proved in a
conservative extension.

Theorem 3.8. The following are equivalent over RCAq:

(i) The infinite pigeonhole principle.
(i) The intermediate value theorem, which states that any continuous function
f:0,1] = R with f(0)- f(1) <0 admits an x € (0,1) with f(z)=0.
(iii) The intermediate value theorem restricted to strictly increasing functions.
(iv) Any continuous function f: R — {0,1} is constant.

Before we prove the theorem, we discuss a result that will be needed for the
reversal (i.e., for the direction towards the pigeonhole principle).

Lemma 3.9 (essentially [6]). Over RCA, the infinite pigeonhole principle |PP
is equivalent to its restrictions to colourings c: N — {0,..., N} with the following
property: For any colourn < N, there is an I € N such that we have either ¢(i) <n
foralli>1TI orc(i) >mn for alli > 1.

We give a shorter version of the argument by Chong, Lempp and Yang [6], which
avoids the notion of bi-tame cut (see also the related work of Slaman [43]).

Proof. We assume that IPP fails and derive that the restricted version fails as well.
So let ¢: N — {0,..., N} be a colouring such that {i € N : ¢(i) = n} is finite for
each n < N. Write S = Sy for the set of permutations of {0,..., N}. Elements
o # 1 of S are compared lexicographically, i.e., by

o<1 & o(k)<7(k)for k=min{l < N:o(l) #7(])}.

Since this yields a linear order, we may use (5, <) rather than ({0,..., N!—1},<)
as the codomain of a counterexample to the restricted pigeonhole principle.
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In order to define a colouring d: N — S we first declare that d(0) is the identity
permutation. Recursively, we then determine k; < N and d(i + 1) € S by

d(i)(1) for I < k;,
d(@)(k;) =c(i) and d(i+1)({)=qd@)(+1) fork; <I<N,
(1) for I = N.
Intuitively, d(7) orders colours by their last appearance in ¢ up to stage i. We will
show that any ¢ € S admits an I such that we have either d(i) < o for all ¢ > I
or d(i) = o for all ¢ > I. This shows both that d fulfills the restriction from the

lemma and that no colour appears infinitely often.
Let 0 € S be arbitrary. For ¢ € N, we determine I; < N by

d(i)(1) = o(N).

Due to the assumption that ¢ violates the pigeonhole principle, we find a J € N
such that ¢(i) # o(N) holds for all ¢ > J. This ensures l; # k; for ¢ > J, which
implies that the map J > i — [; is non-increasing. Specifically, if we have [; < k;
or k; < l; < N, respectively, we get

dii+ 1)) = d(@)(li) = o(N) or di+1)(li —1) = d(i)(li) = o(N)
and hence l;11 =1; or l;11 =1; — 1. We now find an I > J such that I} =1[; < k;
holds for all ¢ > I. For I <l; and i > I, we get | < k; and thus d(i+1)(1) = d(i) (),
which inductively yields d(i)(1) = d(I)(1). In view of I} < k; < N, we also have
d(I)(lr) = o(N) # a(lr)-
It follows that we have d(I) # o as well as
dI) <o = d(i)=<ocforalli>]I.

The same holds with > at the place of <, which yields the claim. ([
Let us now prove the equivalences with the intermediate value theorem.

Proof of Theorem[3.8, We first show that (i) implies (ii), i.e., that the intermediate
value theorem can be proved via the pigeonhole principle. Consider a continuous
function f: [0,1] — R, which is represented via its values f(q) = (f(¢)n)nen € R
on arguments ¢ € Q. We assume f(0) < 0 < f(1), noting that the remaining case
is symmetrical. Our task is to find an = € (0,1) with f(z) = 0. If we have f(¢) =0
for some g € Q, there is nothing to do, so we assume otherwise. For each n € N|

we use recursion on ¢ < n to define [af,b] = [0,1] and
[a?, 6] if f(&)n >0, ap + by
Pl =<t h b=—+—".
[CL1+1 1+1] {[5, b?] otherwise, where 5

To define = (2, )nen, We now set x, = al. Let us note that this amounts to a
dynamical version of the classical argument, where we allow for arbitrary errors for
an indefinite amount of time — until the relevant Cauchy sequences have stabilized.

Let us show that (z,,) is Cauchy. For an arbitrary k¥ € N, we use Lemma m
(and hence the pigeonhole principle) to obtain the real

e:=min{|f (i-27F)|:0<i<2F} >0
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Again by the pigeonhole principle (in the form of BX9), we find an N = Nj, > k
such that we have

‘f(i~2_k) —f(i-Z_k)n’ <e foralli<27%andalln>N.

In this situation, f(i-27%),, has the same sign as f(i-27%), which is thus independent
of the specific n > N. This entails

T, =ap € [ag, b)) = [an ,by] for allm > N.
It follows that we have
|xmfxn|§bivfa,1€\[:2fk for all m,n > N.

Since k was arbitrary, this confirms that (x,,) is Cauchy and hence a real.

In order to complete the proof of the intermediate value theorem, we establish
|f(z)| < e for an arbitrary € > 0, so that we get f(x) = 0. Let M witness the
property from Definition which means that we have

‘f(q)i — f(r)j‘ < e for all rationals ¢,r € By /() and all 4, j > M.

Pick a k € N with 27% < 1/M and find N = N as in the previous paragraph. We
may assume N > M. By the above, we have

Tn € [ay by | € Bija(z) forallm > N.
With f(z)n, = f(zn)n as in Definition we get

max{|f(x)nff(ag)N|,|f(x)nff(b£])N|} <e foralln> N.

Possibly for a modified representation of f, we may assume f(0)y < 0 < f(1)n.
By a straightforward induction on 7 < k, we then obtain

F(a)y <0< F (o)

It follows that we have | f(z),| < € for all n > N. This yields | f(z)| < €, as desired.
The direction from (ii) to (iii) is simply a restriction. In order to show that (ii)
implies (iv), we assume that the former holds while the latter fails. This gives a
function f: R — {0,1} that is continuous but not constant. Pick reals y < z with

f(y) # f(2) and define g: [0,1] = R by
1
9(@) = flz-(z=y)+y) — 5.
Note that the continuous function ¢ is available by Lemmas [3.4] and In view of

009 = (500 - 5) - (10 - 3) = —1 <0

statement (ii) yields an x € (0, 1) with g(z) = 0. But then 1/2 lies in the range of
the function f, against our assumption.

Concerning the reversal, it remains to show that each of (iii) and (iv) implies (i).
We argue by contraposition and thus assume that (i) fails. In light of Lemma
we find a colouring ¢: N — {0, ..., N} such that the following holds for each n < N:
There is a bound I € N with the propery that either ¢(i¢) < n holds for all i > I or
¢() > n holds for all ¢ > I. To define f: Q — R with values f(q) = (f(¢)i)ien, we
now stipulate

)1 if (N+1)-q<c(i),
f@: = {+1 if (N +1)-q> c(i).
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To see that f has domain R, we verify the condition from Definition [3.] which also
entails that (f(q);)ien is Cauchy for each ¢ € Q. We find z € Z and J € N with

z—=1<(N+1)-g<z+1 forevery rational ¢ € By, ;(x).

Then consider an I > J such that we have either ¢(i) < z for all i > I or ¢(i) > z
for all i > I. In the first case, we get f(q); = +1 for all ¢ € By;(x) and all i > I.
In the second case, the same holds with —1 at the place of +1. Either way, we have

|f(q)i = f(r);] =0 for all rationals q,r € By,;(x) and all 4,5 > I.

So we indeed have a representation of a continuous function f: R — {—1,+1}.
Given that 0 < ¢(i) < N 41 holds for all ¢ € N, we have f(0) = —1 and f(1) = +1.
So the function g: R — {0,1} with g(x) = (f(z) + 1)/2 violates (iv). To get a
violation of (iii), we note that f is non-decreasing, as ¢ < r entails f(q); < f(r);
for each ¢ € N. Thus the function h: [0,1] — R with h(z) = f(x) + = is strictly
increasing with ~(0) < 0 < h(1). But there cannot be an x € (0,1) with h(x) = 0,
as this would yield f(z) € (—1,0). So the intermediate value theorem for strictly
increasing functions is also violated. (]

Since Lemma ensures that polynomials are continuous, we get the following
by the usual argument.

Corollary 3.10 (RCAg + IPP). The field R is real closed, i.e., every positive real
has a root and every polynomial of odd degree has a zero.

4. OPEN SETS

In this section, we develop a representation of open sets that is suitable for
our setting. As we represent real numbers by Cauchy sequences without rate, the
relation @ < y between z,y € R is defined by a X9-formula (see the paragraph after
Definition . The relation x € U between x € R and an open set U C R should
have the same complexity. This is achieved by the following variant of the classical
representation (cf. Definition I1.5.9 in [42]).

Definition 4.1. By a code for an open subset of R, we mean a set U C NxQxQxq
(with Qs = {¢ € Q: ¢ > 0}). For such a set and a real x, we write z € U if there
are N € N and a, r such that we have x € B,.(a) and (n,a,r) € U for all n > N.

In contrast to the following result, we will later see that the pigeonhole principle
is needed to take finite intersections of open sets.

Lemma 4.2 (RCAy). For any family (U;);en of open sets, we have an open set
U=|JU.
i€EN
Proof. For fixed (a,7) € Q x Qs¢ and arbitrary n € N, let (i(n),j(n)) € N? be
minimal (in terms of Cantor code) with (k, a,r) € Uy, for all k € {j(n),...,n—1}.
There are no such k for j(n) > n, so that we minimize over a non-empty set. The
latter shrinks as n grows, so that n — (i(n),j(n)) is non-decreasing. We declare
(nya,r) €U & (n,a,7) € Uyy).

If we have « € U, there are N, a, r with z € B,.(a) and (n,a,r) € U foralln > N. So
for any n > N, we have (k, a,r) € Uy, for k = n and hence for all k € {j(n),...,n}.



24 ANTON FREUND, NICHOLAS PISCHKE, AND PATRICK UFTRING

This yields i(n) = i(N) (as well as j(n) = j(NN)) and hence (n,a,r) € Uy for
all n > N. But then we have x € Uy(n.

Conversely, if we have x € Uj;, there are K, a,r with € B,.(a) and (k,a,r) € U;
for all k > K. It follows that the (i(n),j(n)) are bounded by (¢, K'). We thus have
an N € N with i(n) = i(N) and j(n) = j(N) for all n > N. By construction, we
get (n,a,7) € Ujn41) Wwhenever we have n > j(n 4 1). So for n > max(N,j(N)),
we have (n,a,r) € Uy, and hence (n,a,r) € U. But this yields 2 € U. O

Due to the previous lemma and the following elementary observation, we can
sometimes reduce to the case of basic open sets.

Lemma 4.3 (RCAp). For any open set U C R, there is a family (U;)ien of open
sets such that we have U = | J,.n Ui and each U; is empty or an open interval with
rational endpoints.

ieN

Proof. When i codes the pair (a,r), we define U; as the set of all tuples (n,a,r)
that lie in U. Then U; is either the empty set or the interval (a —r,a + ) (but we
cannot decide which of the two it is). One readily verifies U = (J;cy Us- O

The following correspondence between open sets and continuous functions provides
support for our definitions of both notions.

Proposition 4.4 (RCAg). (a) For any continuous function f: R — R and any
open set V.C R, the preimage f=1(V) is again open.
(b) For any open U, there is a continuous g: R — [0, 1] with g=*((0,1]).

Proof. (a) By the proof of the previous lemma, we may write V' as the union over a
family of open sets V, , for a,r € Q with r > 0, where V, . contains only tuples of
the form (n, a,r). It will be enough to construct a family of open sets U, , that are
equal to the preimages f~!(V, ). Indeed, we can then use Lemma to define U
as the union over the sets U, . One readily concludes U = f~(V).

Our f is represented by a family of Cauchy sequences (f(q)n)nen for ¢ € Q. We
now declare
(n,a,7) € Vo r and f(q)n € Byr_s(a) for

(n,b,5) € Ua,r all rationals g € B,(b) with ¢ <y n.

If we have * = (z)neny € f71(Va,), we get f(x) € B,(a) and there is an N € N
such that (n,a,r) € V,, holds for all n > N. Pick a rational ¢ > 0 such that we
even have f(z) € By_3:(a). In view of Definition we may increase N to get

|f(@)n — f(r)m| <t for all rationals ¢,r € By y(z) and all m,n > N.

Pick an N’ > N such that n > N’ implies x, € By n(x) and |f(z) — f(zn)n] < L.
For ¢ € By/n(x) and n > N’, we then have

1f(@)n — f(@)| < 1f(@n — f(@n)n] + | f(@n)n — fl2)] < 2t

and thus f(q), € B,_¢(a). Pick a positive rational s < ¢ with z € B,(b) C By y(x).
We then have (n,b,s) € U, for all n > N’, which yields z € Uy,

Conversely, if we have x € U, ., there are N, b, s such that we have x € B,(b)
and (n,b,s) € Uy, for all n > N. The latter yields B,(a) C V,,. By repeating
members of the Cauchy sequence x = (z,,)nen, We can ensure that x,, <y n holds
for all n € N. We may also assume that z,, € B,(b) holds for all n > N (possibly
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with an increased N). Considering the definition of U, ,, we now see that n > N
implies f(zn)n € Br_s(a). This yields

f((E) = (f(xn)n)neN S Br(a) C Va,r

and hence z € f~1(V, ).

(b) Let UJi] for ¢ € N consist of those tuples (n,a,r) with n < ¢ such that we
have (n',a,r) € U whenever n < n’ < i holds. Intuitively, these are the tuples that
are assumed to contribute to U at stage ¢. It is important that we keep the tuples
with n < 7 — 1, because these will allow us to give higher weight to contributions
that are preserved since an early stage.

For (a,7) € Q x Qx0, we define g,,: Q — Q by
ga,r(q) = max (Ou min(l,r - |a - QD) € [07 1]

Let us note that we always have

9a.r(P) = ga.r(@)| < |p — ql.
For each ¢ € Q, we now define a sequence g(q) = (g(¢)i)ien by

9(q); = max ({Hll} U {(7%927:"(;)“ i (n,a,7) € U[z]}) .

Note that we only need to consider tuples (n, a,r) <y ¢, which means that the max-
imum is well-defined and computable even when U[i] is infinite. In the following,
we show that the condition from Definition [3.1] is satisfied for every = € R. This
condition implies both that the sequences ¢g(g) are Cauchy and that they represent
a continuous function g: R — R.

First consider a real z € U. We then find n, a,r with x € B,.(a) and (n,a,r) € U
for all n’ > n, which entails that (n,a,r) € U[i] holds for all i > n. Take a rational
number s € (0, 1] with Bas(z) C B,(a). We then have

Jar(q) > s forall ¢ € Bs(x).

Let us pick an integer I > ((n,a,r) + 1)/s that also satisfies I > n. Consider an
integer ¢ > I and a rational ¢ € Bg(x). If (m,b,t) lies in U[i] but not in U[I],
we must have I < m < (m,b,t), where the second equality holds by a standard
assumption on the encoding of tuples. We can conclude
gb,t(‘]) < 1 < S < ga,r(Q) .
(m,bt)+1 —I+1 7~ (n,a,r)+1 7~ (n,a,r)+1
This shows that we have

9(q)i = g(q)r for all ¢ € Bs(z) and all ¢ > I.

Given some € > 0, we now take an integer N > max(7,2/¢). For integers i,j > N
and rationals p,q € By /n (), we get

l9(p)i — 9(0);1 = l9(P)r — 9(@)il < Ip—al <&,
as the condition from Definition [3.I] demands. Our considerations also yield

s
>——— >0
9(z) = (n,a,7)+1 e
so that we have x € g7 ' ({y e R: y > 0}) for x € U.
Now consider a real 2 ¢ U. Given a rational ¢ > 0, pick a rational gy € B, /3(x).

For any tuple (n,a,r) with qo € B,_./3(a), we get x € B.(a). Due to = ¢ U, we
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must have (n/,a,r) ¢ U for some n’ > n. It follows that we have (n,a,r) ¢ UJi] for
all i > n’. Pick an integer M > 1/e. By %Y-collection (which is a consequence of
¥%-induction and hence available in RCAg), we find an integer N > 3/e with

la —qo| > r— % for all (n,a,r) € U Uli] with (n,a,r) <y M.
i>N
Now consider any ¢ > N and any rational ¢ € By/n (). Let (n,a,r) be some tuple
in U[i]. If we have (n,a,r) <y M, then we get
€
g.
This yields r — |a — q| < € and hence g,,(¢) < €. It follows that we have

&
r—§§Ia—qolSIa—CJI+\q—w|+|w—qo|<|a—CJ|+2-

0 < g(q)i <e for all rationals ¢ € By/y(z) and all i > N,

which entails the condition from Definition Since € > 0 was arbitrary, we also
see that z ¢ U entails g(x) = 0 and hence = ¢ g~ ! ({y € R : y > 0}. O

As promised, we now show that finite intersections of open sets are harder to
form than infinite unions.

Proposition 4.5. The following are equivalent over RCAq:
(i) The infinite pigeonhole principle IPP.
(i1) For any I € N and any family (U;)i<1 of open sets, there is an open set U
such that we have U = (", U;.

Proof. We first show that (i) implies (ii). The proof of Proposition4.4|b) is uniform,
so that we get a family of continuous g;: R — [0,1] with U; = g; ~((0,1]) for ¢ < I.
Lemma provides the continuous function g: R — R with g(z) = [[,-; gi(x). To
conclude by Proposition [£:4] it suffices to note that we have B

MU =57((0,1).
i<I
The latter relies on the fact that a product [],.; x; of reals is zero precisely when
we have z; = 0 for some i < I, which is readily derived from Lemma [2.13]
To show that (ii) implies (i), we argue by contraposition. So assume that we
have an N € N and a function ¢: N — {0,..., N} such that {i € N: ¢(i) = n} is
finite for each n < N. Consider the open sets U, for n < N that are coded by

1
Un::{<i’0’k+1) :k:max{jgi:ijorc(j):n}}.

We claim that (1), 5y Un is equal to {0} and hence not open. To see that 0 lies in
each U,,, we distinguish two cases. If n is not in the range of ¢, we have (1,0,1) e U,
for all ¢ € N, which yields 0 € B1(0) C U,,. Now assume that n is in the range of c.
As no colour occurs infinitely often, we may consider the largest K with ¢(K) = n.
We then have (i,0,1/(K + 1)) € U; for all i > K, so that we get

0 € Bi/(x4+1)(0) C Uy.

For the converse, we consider an arbitrary real « # 0. Pick J € N so large that we
have x ¢ By/(;41)(0). Aiming at a contradiction, we assume 2 € Ug;y. We must
then have k,I € N with & € By/(,41)(0) and (¢,0,1/(k + 1)) € Uy for all i > I.
But for ¢ > max(I, J), this forces k > J and hence

z € B1/(r41)(0) € B1/(s11)(0),
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which contradicts the choice of J. O

The intersection of two open sets can be formed over RCA, (without the pi-
geonhole principle). This can be shown as in the previous proof, with Lemma
at the place of Lemma |3.5] We obtain a particularly easy proof of the following
elementary fact (though a direct proof is not too difficult either).

Corollary 4.6 (RCAg). For z,y € RU{xoo}, the interval (z,y) is an open set.

Proof. We consider the case where we have —co = z < y < 400. The general result
follows by symmetry and since the open sets are closed under binary intersections.
Writing y = (yn), we put fy(q)n = yn — g for ¢ < y, and f,(¢)n = 0 otherwise.
One can check that this represents the continuous function f,: R — R with

f(x)_{y—a: for z <y,
() =

0 otherwise.

It is straightforward to see that (0, 00) is open (as the endpoint is rational). By the
previous result, the same holds for f,'((0,00)) = (—o0,¥). O

As another straightforward application, we obtain Urysohn’s lemma. Of course,
a set is closed precisely when its complement is open.

Corollary 4.7 (RCAq). For disjoint closed sets Cy,C1 C R, there is a continuous
function g: R — [0, 1] such that

xeC; & glx)=1
holds for each i € {0,1} and all z € R.

Proof. Proposition yields continuous functions g;: R — [0, 1] such that z € C;
is equivalent to g;(z) = 0. Due to Lemma we can form g = go/(go + ¢1) as a
continuous function. The desired property is readily verified. (I

Next, we consider two topological properties of the reals, namely connectedness
and paracompactness. On the other hand, the Heine-Borel theorem about the
open-cover compactness of [0, 1] — which is arguably the most important result in
this direction —, is deferred to the next section.

Proposition 4.8. The following are equivalent over RCAq:

(i) The reals are connected, i.e., there are no open sets Uy, Uy # 0 such that
we have Uy UU; =R and Uy NU; = 0.
(ii) The infinite pigeonhole principle IPP.

Proof. It suffices to observe that the present statement (i) is equivalent to state-
ment (iv) of Theorem [3.8] which says that any continuous function g: R — {0,1}
is constant. Concerning the forward direction, if g: R — {0,1} is continuous, the
sets U; = g~ 1({i}) are open by Proposition as Uy and U; are also the preimages
of (—00,1/2) and (1/2,00), respectively. By the present statement (i), it follows
that one of the U; is empty, so that g is indeed constant.

Conversely, suppose that R is a disjoint union UyUU; of open sets. Then each U;
is also closed. So by the previous corollary (Urysohn’s lemma), there is a continuous
function g: R — [0,1] with g(x) =i for z € U;. By statement (iv) of Theorem [3.8
this g is constant. But then one of the U; is empty. O

For the following result, we have not established a reversal.
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Proposition 4.9 (RCAq + IPP). Given an open cover (U, )nen of R, we find open
sets V,, C U, such that (V,)nen covers R and is locally finite (which means that
any = € R lies in an open set W with V,, "W =0 for all but finitely many n € N).

Proof. We follow the proof in [42]. As noted before, the proof of Proposition (b)
is uniform, so that the given open cover yields a family of continuous h,: R — [0, 1]
with U, = h,,*((0,1]) for alln € N. By Lemma we form the continuous function

h:R — (0,00) with h(z) = i h’;i"”).
n=0

Note that the values of h are indeed strictly positive, because (U,,) is a cover. This
allows us to consider the continuous functions

Let us observe that these validate U,, = g,,1((0, 1]). Finally, consider the continuous
functions f,,: R — [0,1/2] that are given by

frn(z) = min %, Z gm(z) | —min (;, Z gm(x)> .

m<n m<n

The proof of Proposition a) is also uniform, so that we obtain a family of open
sets V,, = £.1((0,1/2]). Since f,,(z) < gn(x) holds for all n € N and = € R, we
always have V,, C U,.

To show that (V4,) is a cover, we consider an arbitrary « € R. Let us distinguish
two cases. First assume that there isan N € Nwith 0 < > _y gm(z) < 1/2. Take
such an N and pick an n < N with g, (z) > 0. We then have f,(z) = g,(z) and
hence = € V,,. In the remaining case, we have

0< Z gn(z) < % < Z gn(T).

n<N n<N

Since IPP is equivalent to the AJ-least number principle (see Theorem 1.2.5 of [18]),
we find an NV that is minimal with }  _ 5 gn(x) > 0. For this N we have z € Vy.
By construction, we have )\ gn = 1. Given any = € R, we thus find an N € N
and an open W > x with > _ 5 gn(y) > 1/2 for all y € W. When we have n > N,
we thus get f,,(y) =0 for y € W, which yields V,, N W = 0. O

In the following, we consider the Tietze extension theorem. Once the latter is
established, a stronger form of the following result follows from Lemma

Lemma 4.10 (RCAy). For any g € R and every continuous function f: C — R on
a closed set C C R, the set {x € C: f(x) < ¢} UR\C is open.

Proof. We identify RU C with its code in the sense of Definition Let U consist
of all tuples (n,b,s) € N x Q x Qs such that we have (n,b,s) € R\C or such that
f(r)n < g — s holds for all r € Bs(b) N Q with r <y n. Similarly to the proof of
Lemma [£.4] one verifies that U represents the open set in question. O

As in the usual proof of the Tietze extension theorem, we use the following
consequence of Urysohn’s lemma.
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Lemma 4.11. For each continuous f: C — [—1,1] on a closed set C C R, there
is a continuous h: R — [=1/3,1/3] with |f(x) — h(z)| < 2/3 for all x € C.

Proof. The sets Cy = {x € C: f(z) < —1/3} and Cy = {z € C: f(x) > 1/3} are
closed by the previous lemma. For g: R — [0, 1] as in Corollary we set

) =5+ (s0)-3)-

One readily checks the desired property. ([l

Finally, we derive the Tietze extension theorem. While we have no reversal to
¥9-induction, the latter seems needed to transfer the argument from [42].

Proposition 4.12 (RCA, + 1X9). For any continuous f: C' — [~1,1] on a closed
set C C R, there is a continuous h: R — [—1,1] with f(z) = h(zx) for allx € C.

Proof. Starting with fo = f, we construct continuous f,,: C — [—(2/3)", (2/3)"] by
recursion. In the step, use the previous lemma (and rescaling) to get a continuous
function hy,: R — [—27/3nF1 21 /37 +] with

n+1
(4.1) [fr(2) — hp(2)] < (;) for all x € C.

We then set fr+1 = fn — hn.

In the theory RCAq + IZg, we can accommodate this construction as a strong
effective recursion in the sense of [46] (see also [8[12]). To see this, we need to show
that f,,11 is uniformly A%-definable from f,,. We successively get AY-definitions of

(a) the sets

n

2
Uno={eeCi ) > -2 bumic

27L
Uni = {J: e€C: folx) < 3n+1} UR\C,

constructed as in the proof of Lemma [£.10}

(b) the continuous functions g, ;: R — [0,1] with U, ; = g;j(((), 1]) from the
proof of Proposition [44]

(¢) the functions g, = gn.0/(gn,0 + gn1) and hy, = (2/3)" 1 - (g, — 1/2) and
frna1 = fn — hn, which arise from Lemmas and with C; = R\U, ;.

Let us note that steps (b) and (c) always produce some continuous function f, 1.
While its domain is not a priori guaranteed to be all of R, the rational f,,11(r); is
defined for all 7 € Q and i € N, which is important for the A%-definition in (a).

For fixed = € C, we show x € U,, 0 UU, 1 by induction on n € N (as in the proof
of Theorem I1.7.5 from [42]). If this holds for all m < n, then z lies in the domain of
the g, and hence of the h,,, so that it also lies in the domain of f,, = f—=>_
As in the proof of Lemma [4.10} one can now check

m<n hm

n

x€Uno < folz)> or z € R\C.

73n+1

An analogous equivalence holds for U, 1, which completes the induction step.
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The previous paragraph establishes that all the h,, have domain R. By Lemmal[3.5]
we obtain a continuous function

h=> hy:R—[-1,1].
n=0

Given any g € Q and natural numbers i < n, we recall f; = f — ZKZ- hj to get

1+1
£ (@ = B(@)n] < 1fi(@)n — ha(a)n + @) .

Since (4.1)) holds by construction, all € C' and i € N validate

) i+1 92 i+1
(@) — h(@)| < |filx) — h()| + (3) <. (3) .
By letting 7 grow, we learn that f and h coincide on C, as desired. 0

To conclude this section, we study the Baire category theorem, by which we
mean the statement that (1), U; is dense for any family of dense open sets U; C R.
As usual, a set is dense if it intersects every non-empty open set.

Proposition 4.13. The Baire category theorem can be derived in RCAq extended
by either of the following:

(i) The principle of ¥9-induction along N.

(ii) The T19-genericity principle TI9G ([20); explained in the proof).

Proof. We begin with the proof based on ¥9-induction. Given rational numbers
a and r > 0, we want to find a real z € B,(a) that lies in each of the U;. To
save indices, we also write B(r,a) at the place of B;(a). For each k € N, we use
recursion on i € N to define rational numbers a¥ and 7¥ > 0. In the base case, we
set af = a and r§ = r. In the recursion step, let tf = (N,b,8) € NxQ x Qsq have
minimal code such that

— we have (n,b,s) € U; for N <n <k,

~ the intersection of B(r¥/2,a¥) with B(s,b) is non-empty.
Note that this is possible because the first condition is trivially satisfied when we
have N > k. We now pick a¥,; and r¥,; with

B(Tf-s-la af—‘,—l) - B(Tf/Z, af) N B(s,b).

Y9-induction, we show that each i € N admits a K € N with af = o and rF =X
for all k > K. If this holds at 4, the map k ~ t¥ is non-descreasing for k > K. To
conclude that the map stabilizes — which yields the induction step —, it suffices to
note that it is bounded. Indeed, since U, is dense, there are N, b, s such that we
have B(rX /2,a5) N B(s,b) # 0 and (n,b,s) € U, for all n > N, so that k > K
entails tF < (N, b, s).

Let us deduce that the sequence of rationals (af) is Cauchy and hence a real. We
have ¥, ; < rF/2 and thus r¥ < r/2". Given ¢ > 0, pick an i € N with r/2" <e/2.
The above yields a K > i so that k > K entails af = azK and hence

We assume that a¥, , and 7%, ; depend only on rF,af and s,b (but not on k). By

af € B(r’g,a’g) C B(?"’,j_l,a’,g_l) Cc...C B(r’-C a’-“) C B(g/2,af).

197
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So we get |af —al| < e for k,1 > K. Since k > 0 entails
aj € B(r},ay) C B(r/2,a5) = B(r/2,a),

we have z := (af) € B,(a). It remains to show that we have z € U; for each i € N.
Again by the above, there is a K > i + 2 with t¥ = ¢t for all k > K. If we write
th = (N, b, s), we thus have (n,b, s) € U; for all n > N, which yields

B(rf.y,af ) € B(s,b) CU; forall k> K.
Now k£ > K also entails
ap € B(Tf+2aa?+2) - B(T§+1/27a§+1)‘

Possibly after increasing K, we may assume that the last ball equals B(r{il /2, afil)
for all k > K. So the real (a}) lies in B(rf ;,aX ;) and hence in U;.

We now move on to I1{-genericity. Consider the tree 2<% that consists of all finite
sequences (00, . .., 0|y|—1) With o; € {0,1} (where we write |o| for the length of o).
Given such a sequence and i < |o|, we put o[i| = {(0g,...,0;-1). We write 0 C 7
and say that 7 extends o if we have o = 7[i] for some i < |7|. The II{-genericity
principle IIYG (studied in [20]) concerns uniformly I{-subcollections of 2<“. Any
such collection is determined by a set X C N, from which it is obtained as

D; = {0 €2¥: (0,i,n) € X for all n € N}.

Assuming that each D; is dense (which means that any o € 2<¥ admits a 7 € D;
with o C 7), the principle II9G asserts the existence of a set G that is generic for
the collection, i.e., such that each ¢ € N admits a k € N with G[k] € D; (where we
have G[k] = (xc(0), ..., xa(k — 1)) € 2<% with x¢(j) = 1 precisely for j € G).

Again, we want to find a real z that lies in some given ball B,(a) as well as in
each U;. Purely for convenience, we assume [0,1] C B,(a). For each o € 2<%  we
have an interval

1 . gi
[o] := {p,p—i— QIUI} C[0,1] with p= Z T
i<l|o|
Let X C N consist of all tuples (o,%,n) with o € 2<% such that |o| codes a tuple
(N,b,s) with [o] € Bs(b) and (n,b,s) € U; in case n > N. For the II9-collection
determined as above, this yields

o €D; & |o| codes (N,b,s) with [¢] C Bs(b) and (n, b, s) € U; for all n > N.

To show that D; is dense, consider an arbitrary o € 2<%. Given that U; is dense (as
a subset of R rather than 2<%), there is a real « € [o] N U;. We thus have a tuple
(N, b, s) with x € B,(b) and hence [] N Bs(b) # 0 such that (n, b, s) € U; holds for
all n > N. Pick a 7 € 2<% with ¢ C 7 (thus [r] C [0]) and [7] C Bs(b). Then find
an N’ > N and 7/ € 2<% with 7 C 7’ such that |7/| codes (N’,b,s). The sequence
7' lies in D;, as needed to see that the latter is dense.

By I1YG, pick a set G C N that is generic for the given collection of D;. Then

xa(J)

95+1
j<k
defines a real that lies in each of the U;. To see this, take a k € N with G[k] € D,.
Writing (N, b, s) for the tuple that is coded by k = |G[k]|, we get

z € [G[k]] € B,(b) C U;,

x = (z) € [0,1 C B,(a) with aj =
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which is as desired. d

Let us recall that a formula is rII3 if it has the form
VX C N(p(X) —3Y CNO(X,Y))
with arithmetical ¢ and 6 € 39.

Corollary 4.14. (a) The Baire category theorem is rI1i -conservative over RCAq. In
particular, it does not entail ¥9-induction (and not even the pigeonhole principle).
(b) The Baire category theorem does not imply 119G over RCA,.

Proof. (a) It is known that II9G (but not IPP) is rI13-conservative over RCAq (see
the paragraph after the proof of Theorem 4.3 in [20]; note however that, by the
cited theorem, I1YG and IPP together entail ¥9-induction).

(b) Since the Baire category theorem follows from X.9-induction, it is satisfied in
the w-model of computable sets. But this model does not validate TI9G. Indeed,
the latter implies the atomic model theorem and hence the omitting types theorem,
which yields hyperimmune and in particular non-computable sets (as shown in
Sections 4 and 5 of [20]). O

Since the Baire category theorem entails that the reals are uncountable (consider
the dense open sets U; = R\{z;} for a countable family of reals z;), the previous
corollary essentially implies Proposition (modulo the inclusion of WKL). We
have decided to keep our earlier proof of Proposition |2.11] in this paper, because
that proof involves an unusual combination of hyperimmunity and metastability in
the sense of proof mining, which may be fruitful for other applications.

5. TWO FACES OF THE STRONG COHESIVE PRINCIPLE

In this section, we present the (strong) cohesive principle and some of its con-
sequences and equivalent formulations, mostly in the form of a literature review.
We emphasize that the strong cohesive principle has two ‘faces’> On the one hand,
it is equivalent to combinatorial facts related to the ascending/descending sequence
principle. On the other hand, there is an equivalence with a A9-version of weak
Ko6nig’s lemma. One can argue that the latter has a more analytical flavour. Indeed,
we will see that it is equivalent to the Heine-Borel theorem for our representation
of open sets of reals.

To motivate the cohesive principle, we first recall Ramsey’s theorem for pairs
and two colours (where [X]™ denotes the collection of n-element subsets of X):

(RT2) Any c: [N]2 — {0, 1} is constant on [H]? for some infinite H C N.
We recall the following observation (made in [21]):
Lemma 5.1 (RCAy). The pigeonhole principle IPP is a consequence of RTg,
Proof. Given c¢: N — {0,...,n}, define ¢’: [N]?2 — {0,1} by

di5)=1 & i) =c()
Here we write ¢ (i, 7) at the place of ¢/({i,7}) with i < j. By RT3, take an infinite
H C N that is homogeneous, i.e., such that ¢’ is constant on [H]?. The constant

value cannot be zero, since this would make ¢: H — {0,...,n} injective. So c¢ is
constant on H, and the value of ¢ on H occurs infinitely often. O
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By a breakthrough result of Patey and Yokoyama [37] and its recent strengthen-
ing by these authors and Le Houérou [32], RT3 is I19-conservative over RCAq + IPP
and hence I13-conservative over RCAq. In particular, as already shown by Seetapun
(see the paper [41] with Slaman), RT3 is strictly weaker than Ramsey’s theorem
for colourings of sets with three rather than two elements, which is equivalent to
arithmetical comprehension (see Theorem I11.7.6 of [42]).

It had previously been shown by Cholack, Jockusch and Slaman [5] that RT% is
II}-conservative over RCAq + 139, The proof singles out colourings c: [N]? — {0,1}
that are stable, i.e., for which each 7 admits a J > i with ¢(i,j) = (4, J) for
all j > J. Of course, RT% follows from its restriction to stable colourings together
with the statement that every colouring restricts to a stable one. This latter state-
ment is called the cohesive part of RT3 (e.g. in [I9]). It is also known that RT3
implies its cohesive part (as discussed below).

We will be particularly interested in a consequence of RT% that is known as the
ascending/descending sequence principle:

(ADS) In any infinite linear order, there is a strictly monotone sequence.
Let us record the following easy observation.
Lemma 5.2 (RCAq). The principle ADS is a consequence of RT3.
Proof. Given a linear order L = (N, <p,), define ¢: [N]?> — {0,1} by
c(i,j)=1 & i<gj.
By RT3, take an infinite H C N such that ¢ is constant on [H]?. Let f: N — H be

the strictly increasing enumeration with respect to the usual order on N. Then f
is strictly monotone with respect to the order <; on H. O

Parallel to the case of RT%, it makes sense to say that an order (L, <p) with
underlying set L C N is stable if each ¢ € L admits a J € L such that i <p j is
equivalent to ¢ <y, J for all j > J (the latter in the usual order on N). This can
also be expressed as follows.

Definition 5.3. A linear order is stable if each element has at most finitely many
predecessors or at most finitely many successors.

Recall that a linear order is discrete if every element that is non-minimal or non-
maximal has an immediate predecessor or successor, respectively. The following
will allow us to connect with the setting of Hirschfeldt and Shore [19].

Lemma 5.4 (RCAg). Any infinite linear order that is stable has an infinite suborder
that is discrete.

Proof. Consider a linear order L that is not discrete itself. By symmetry, we may
assume that there is a non-minimal ¢ € L without an immediate predecessor. To get
a strictly increasing sequence f: N — L, search for values f(n) <p f(n+1) <p, i
by recursion. Within RCAj, we may not be able to form the image of f, but we
find an infinite subset of the image (by the usual proof that any infinite enumerable
set has an infinite computable subset). The order on this subset is discrete. O

By an order of type w or w*, respectively, Hirschfeldt and Shore [19] mean
an infinite and discrete linear order in which all elements have only finitely many
predecessors or all elements have only finitely many successors. The previous lemma,
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shows that a strictly monotone sequence yields a suborder of type w or w*. This
shows that our formulation of ADS above coincides with the formulation in [I9].
Hirschfeldt and Shore also define an order of type w + w* as an infinite linear
order that is discrete and stable but not of type w or w* (though it could be, e.g.,
isomorphic to w + 1). By the previous lemma and its proof, we get the following.

Corollary 5.5 (RCAg). Any infinite linear order that is stable has a suborder that
has type w or w* or w + w*.

This means that the following coincides with the cohesive ascending/descending
sequence principle as formulated by Hirschfeldt and Shore [19].

(CADS) Any infinite linear order has an infinite stable suborder.

Correspondingly, the stable ascending/descending sequence principle says that any
infinite linear order that is stable contains a strictly monotone sequence (where
only stable orders of type w 4+ w™* are of interest). This stable part will play no role
in the following, but we will use one special case that is computably true:

Lemma 5.6 (RCAj). Consider a stable linear order L. If I,J C L are infinite
with i <p j for alli € I and j € J, then I contains a strictly increasing sequence.

Of course, symmetry also yields a strictly descreasing sequence in J.

Proof. Given that L is stable, any point in I can have only finitely many prede-
cessor, so that it must have some successor in I (in fact infinitely many). Thus a
recursive search yields the desired sequence. O

Correspondingly, we obtain the following reformulation of CADS, which will be
particularly useful for our applications.

Proposition 5.7. The following are equivalent over RCAq:

(i) The cohesive ascending/descending sequence principle CADS holds.
(i) Any infinite linear order L has an infinite suborder S such that there are
no infinite I,J C S with i <p j for allie I and j € J.

Proof. For the forward direction, use CADS to assume that L is stable. If L itself
does not have the desired property, the previous lemma yields a strictly monotone
sequence. By passing to a subsequence, we may assume that the range S of this
sequence exists (as in the proof of Lemma . Clearly, S is as required.

For the converse, it suffices to note that any S as in (ii) is stable. To see this,
consider some i € S and apply the indicated property to theset I = {j € S: j < i}
of predecessors and the set J = {j € S :4i <y, j} of successors. ]

We will see that the following yields a strong version of the cohesive ascending/
descending sequence principle:

(StCADS) Any infinite linear order has a suborder S such that each partition of .S
into finitely many intervals contains precisely one infinite interval.

Our formulation of this principle is inspired by but not quite the same as the formu-
lation by Hirschfeldt and Shore [I9]. The following shows that the two formulations
are equivalent.

Lemma 5.8 (RCAg). The conjunction of CADS and IPP is equivalent to StCADS.
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Proof. In the forward direction, use CADS to find a suborder as in statement (ii)
of Proposition For any partition into finitely many intervals, it immediately
follows that at most one interval is infinite. The pigeonhole principle ensures that
there is an infinite interval.

For the converse, we first derive CADS. Given a linear order, consider a sub-
order as provided by StCADS. To see that this suborder is stable, consider the
partition into predecessors and successors of any given element (as in the proof of
Proposition [5.7)).

Finally, we derive IPP. Given a function f: N — {0,...,n}, consider

L={(c,i):ieNand f(i) =c}

with the lexicographic order. Let S C L be a suborder as provided by StCADS.
The sets I. = {(¢/,i) € S : ¢/ = ¢} form a partition of L into intervals. We obtain
one interval I. that is infinite. This means that there are infinitely many i € N
with f(#) = ¢, as needed for IPP. O

We have discussed splittings of RT% and ADS into stable and cohesive parts.
It turns out that the latter can be subsumed under the following general cohesive
principle (see Statement 7.7 of [5]). We write A C* B to indicate that A\B is finite.
Any sequence of sets R; C N admits an infinite set C' C N such
that we have C C* R; or C C* N\R; for each i € N.
One can strengthen COH by demanding that the finitely many exceptions that
occur in C' C* R; and C' C* N\R; are uniformly bounded for all i < n below
each n € N. Hirschfeldt and Shore [I9] show that this strong cohesive principle
admits the following characterization (which we simply take as our definition):

(5tCOH) We have COH and IPP.

The following proof is similar to the one by of Hirschfeldt and Shore but quite a bit
shorter with our formulation of StCADS (and we want to refer to the proof later).

Proposition 5.9 (RCAy; [19]). The principles StCOH and StCADS are equivalent.

(COH)

Proof. In the forward direction, we prove the stronger result that COH implies CADS
(cf. Lemmal[5.8)). Consider a linear order L = (N, <p). Let C be given by COH with
respect to R; = {j >i:1<g, j}. To see that (C, <r) is stable, consider any i € C.
We may assume that C'\ R; is finite (as the argument for the complement is similar).
Then ¢ has only finitely many predecessors in C.

Conversely, assume we are given sets R; for ¢ € N. Consider the sequences

) . . ; 1 ifj € Ry
olln| ={d},...,0l) with o] = ’

In} = {0 2 k {O otherwise.
To define a linear order L with underlying set N, we declare that j <, & holds
precisely when o7[j] precedes o*[k] in the lexicographic order. Let S C L be a
suborder as in statement (ii) of Proposition To see that S validates COH,
consider an arbitrary ¢ € N. Each 0/1-sequence o of length ¢ + 1 determines a set

I,={jeS:j>iand o’[i] =0c}.
When o precedes 7 in the lexicographic order, we have j <y k for all j € I,

and k € I.. So at most one set I, can be infinite. By the pigeonhole principle,
there are o and J € N such that we have j € I, for all j € S with j > J. Write o; for
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the last entry of o. If we have o; = 1, we get af =1 and hence j € R; for all j € S
with j > J, which yields S C* R;. If we have o; = 0, we get S C* N\R;. [l

At first glance, it may not even be clear that the cohesive principle is true. As
more readers may be familiar with Ramsey’s theorem, we include the following.

Corollary 5.10 (RCAg). The principle COH follows from RTz.

Proof. For the ascending/descending sequence principle, it is straightforward to
see that the cohesive part CADS follows from the principle ADS itself (as orders of
type w and w* are stable, cf. the paragraph after Lemma [5.4)). The result follows
by the previous proposition together with Lemmas and ([l

Let us also state important non-implications between the principles that we have
discussed (while it would go beyond the scope of this paper to recall the proofs):
The implications from RT3 to ADS and from the latter to StCOH are strict [T9].
Also, COH cannot be proved in RCA or even by weak Kénig’s lemma [5]. The latter
is indeed independent of RT3 over RCA (see [34]). It has already been mentioned
that RT3 and hence also StCOH (even in conjunction with weak Kénig’s lemma)
is TI9-conservative over RCAq + IPP. In particular, these principles are far weaker
than arithmetical comprehension. Stronger conservativity results are known for
principles below RT3 (see in particular [I9] for the case of COH).

In the first part of this section, we have motivated the cohesive principle in terms
of Ramsey’s theorem, which is arguably part of combinatorics (though monotone
sequences as in ADS are of course also central for analysis). Before we come to
a different and arguably more analytical side of the cohesive principle — which in
our setting is embodied by the Heine-Borel theorem —, we consider combinatorial
results on sequences of rationals.

As a preparation, we study convergence in the tree 2<“ (see the proof of Pro-
position for relevant notation). A reversal for the following two results can be
obtained via Lemma below.

Lemma 5.11 (RCAy+StCOH). For any sequence in 2<% with infinite range, there
is a subsequence (6™)pen such that each i € N admits an N € N with o"[i] = oV [i]
(which we take to include |0"|,|o™| > i) for alln > N.

Proof. Since the given sequence has infinite range, we find a subsequence (p™) with
|p"| < |p" T for all n € N. This ensures in particular that L = {p™ : n € N}
exists as a set. We consider L with the lexicographic order. Let S C L be a sub-
order as in statement (ii) of Proposition (see also Proposition . We find a
subsequence (") of (p") that enumerates S. For given i € N, each o € 2<% of
length ¢ determines a set

I,={0c":n>iand o"[i] =0} C S.

As in the proof of Proposition there is a ¢ and an NV € N such that we have
o™ € I, for all n > N, which thus validate o"[i] = o = o™ [i]. O

We will later need the following result about simultaneous convergence in Q.

Proposition 5.12 (RCAg + StCOH). Any double sequence of rationals ¢& € [0,1]
admits a strictly increasing n: N — N such that (qﬁ(i))ieN is Cauchy for each k € N.
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Proof. As in the proof of Proposition each o € 2<% yields an interval
1 . 0j
o] := {p,er 2|”|} € [0,1] with p= Z|| it

i<|o

Let : N? — N be the Cantor pairing (or any computable injection). Given o € 2<%
and j € N, put

T6(0) = (Or(k,0)s - - -+ On(ioy—1y) with I =min{l’ e N: 7 (k') > |o|}.

For every n € N, choose p" € 2<% with |p"| = n and ¢ € [m(p")] for all k < n.
To see that this is possible, note that Iy, = |7 (p™)| depends only on k and n. For
each k < n, we find a pp, € 2<% with |prn| = lgn and ¢* € [pr,]. Given that 7 is
injective, there is a p™ with 75 (p™) = pgy for all k < n.

Consider a subsequence o? = p™(?) as provided by the previous lemma. To show
that ((JZ(Z-))z‘eN is Cauchy, we consider an arbitrary ¢ = 277 > 0. Put

I =max{m(k,0'): ' <L} +1.
Now take an I > k such that all i > I validate o[l] = o/[l] and hence

diiy € [ (0"9)] = [me (0)] < [me (o' 1)] = [m (0" 0)]
Due to |7 (al[l])] > L, we get \qu(i) - qu(j)| <2t =cforalli,j>1I O
The following reversal is due to Kreuzer. We give a different and simple proof.

Lemma 5.13 ([30]). The following are equivalent over RCAp:

(i) The strong cohesive principle StCOH.
(i) Any bounded sequence of rationals has a subsequence that is Cauchy.

Proof. That (i) implies (ii) is a special case of the previous result. For the converse,
it is staightforward to see that (ii) implies IPP. So it remains to establish CADS.
Given an infinite linear order L, we fix an enumeration L = {p" : n € N} and
construct an embedding f: L — Q. By (ii), we get a strictly increasing n: N — N
such that the sequence (f(p™"));cy is Cauchy. If the enumeration of L is increasing
(with respect to the usual order on N), then S = {p™(?) : i € N} exists as a set. In
{f(p) : p € S} and hence in S, at most one point (namely the limit of the Cauchy
sequence) can have infinitely many predecessors and infinitely many successors. If
we omit this point, we have an infinite stable suborder of L. ([

The coherent part of the ascending/descending sequence principle can also be
characterized as in part (b) of the following result, which yields an interesting
comparison with the full principle in part (a).

Proposition 5.14 (RCAy). (a) The principle ADS holds precisely if every sequence
in Q has a monotone subsequence.

(b) The principle StCADS holds precisely if every sequence in Q has a subsequence
that is almost increasing or almost decreasing, which means that each € > 0 admits
an N € N such that alln > m > N wvalidate g, < gm+€ 0T @ > qm, —¢€, TESPectively.

Proof. (a) Consider a sequence (¢,) C Q. As before, passing to a subsequence allows
us to assume that L = {g, : n € N} exists as a set. If L is finite, we can conclude
by the pigeonhole principle, which is a consequence of ADS (see Proposition 4.5
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of [19]). Otherwise, ADS yields a strictly monotone sequence in L (with respect to
the usual order on Q). A subsequence of the latter is a subsequence of (gy,).

Conversely, let L be any infinite linear order. Pick an enumeration (p™) of L.
Then construct an embedding f: L — Q. The statement in (a) yields a strictly
increasing n: N — N such that (f(p™")) and hence (p™*) is (strictly) monotone.

(b) Consider a sequence (1) C Q. If this sequence is unbounded, we recursively
find a subsequence that is even strictly monotone. In the remaining case, the
previous lemma yields a subsequence (g,,) that is Cauchy. This sequence is almost
increasing as well as almost decreasing.

For the converse, we also reduce to the previous lemma. Consider a sequence of
rationals ¢, € [—B, B]. Passing to a subsequence, we assume that (g,) is almost
decreasing. To show that it is even Cauchy, consider some € > 0. Take M € N such
that we have ¢, < ¢, +¢/2 for all n > m > M. Then use X{-induction to find
an N > M for which ¢y is close to minimal, by which we mean that g, > gy —&/2
holds for all n > M. For any n > N, we get q, € (qn — €/2,qn +£/2). O

The previous proof reveals that almost monotone sequences are enough to show
convergence. This may provide some intuition why we only need cohesiveness rather
than the ascending/descending sequence principle for our applications in analysis.

In the following, we discuss a side of cohesiveness that is arguably more ana-
lytical or topological. Specifically, we prove an equivalence with the Heine-Borel
theorem. The result may not be completely surprising in view of two known facts.
First, the cohesive principle is equivalent to a AY-version of weak Kénig’s lemma
(which states that every infinite binary AJ-tree has a AY-path). On the level of
computability, this goes back to work of Jockusch and Stephan [24], which was
refined by Brattka, Gherardi and Marcone [4]. As a result of reverse mathematics,
it has been established by Belanger [I]. Secondly, the ‘regular’ version of weak
Koénig’s lemma — for trees that are (computable and hence) given as sets — is equi-
valent to the Heine-Borel theorem under the traditional approach (with reals as fast
Cauchy sequences and a corresponding encoding of open sets; see Theorem IV.1.2
of [42]). Since our approach with slow Cauchy sequences often ‘adds a quantifier’
(so that, e.g., strict inequalities between reals are ¥ rather than XY), it should be
possible to obtain the following theorem as a lift of the traditional result. However,
we prefer to give a more direct proof. The argument for the reversal seems par-
ticularly ‘mathematical’ in the sense that it could similarly appear in an analysis
textbook, where it would be used to derive the Bolzano-Weierstrass theorem.

Theorem 5.15. The following are equivalent over RCAy:
(i) The Heine-Borel theorem holds, i.e., any covering [0,1] C U, cy Ui by open
sets U; (cf. Deﬁnition admits a finite subcovering [0,1] C U, <y Ui.
(ii) We have the strong cohesive principle StCOH.

Proof. We first show that (i) implies (ii). In view of Lemma/|5.13] it suffices to prove
that any sequence of rationals ¢; € [0,1] has a subsequence that is Cauchy. Given
a natural number N as well as rationals a and r > 0, we set

UNar={(n,a,7) e NxQx Qs¢:¢; ¢ Br(a) for N <i<n}.
No finite collection of (open sets represented by) the Uy 4, can cover [0, 1]. To see

this, note that ¢; € Un 4, requires ¢; € B,(a) as well as (n,a,7) € Un,q, for all
sufficiently large n (here in fact for all n), which forces i < N. So by (i), we get a
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real number x = (x;) € [0,1] that is not contained in any of the sets Uy 4. This
means that all N, a,r validate

z € By(a) = ¢ € By(a) for some i > N.

We recursively search for two strictly increasing sequences of indices i(n) and j(n)
with |gi(n) — Zjn)| < 1/n. In order to see that these always exist, first pick j(n)
such that we have |z —x;(,)| < 1/3n and j(n) > j(n—1) in case n > 0. Now take a
rational @ with x € By/3,(a). By the above, we find an i(n) with g;,) € Bi/3,(a)
and ¢(n) > i(n — 1) in case n > 0. We indeed get

1
(i) = @i | < |ain) —a| +la =2l + |2 =2 | < .

It follows that the g;(,,) form a Cauchy sequence (with limit ). Indeed, for any ¢ > 0
we find an N > 3/e such that all m,n > N validate |z;(,) — 2| < €/3 for
all n > N. When we have m,n > N, we obtain

|icm) = Gim)| < [4icm) = 250m)| + [250m) = Tjm | + [2jm) = i | <=

To establish that (ii) implies (i), we consider a family of open sets U;. Say that a
pair (a,r) € Q x Qs is [n, N]-active if there is some i < n such that (n’,a,r) € U;
holds for n < n’ < N. We write B, v for the set of balls B,(a) such that (a,r)
has code below n and is [n, N]-active. Assuming that (U;) has no finite subcover,
each n admits an N = N(n) > n such that [0, 1] is not covered by B,, n. To see this,
assume the claim is false for some n. Since B,, y shrinks as the second index grows,
it must stabilize at some N. For any B,(a) € By, v this means that the pair (a,r) is
[n, N']-active for all N/ > N. But then we have B,.(a) C U; for some ¢ < n. Indeed,
if this was false, we would find n} > n with (n},a,r) ¢ U;. By bounded collection,
we would get an N’ above all n} with ¢ < n. So (a,r) would not be [n, N']-active,
against the assumption that B,, x has stabilized. Now since B,, n is a cover of [0, 1],
the same holds for (U;);<n, which contradicts our assumption.

Let us choose rationals x, € [0,1] that are not contained in any ball in B,, N(n)-
By StCOH we learn that some subsequence x = (z,,(;y) € [0, 1] is Cauchy and hence
a real number (see again Lemma . We show that x is contained in no Uj. As-
suming the contrary, the x,;) eventually lie in a ball B, (a) such that (n’,a,r) € U;
holds for all n’ above some n > max{j, (a,r)}. For any ¢ with n(i) > n, it follows
that we have B.(a) € By(i),n(n(i)), Which contradicts the choice of 2. O

To conclude this section, we show that a sequential version of the Heine-Borel
theorem is strong. In this respect, our setting is different from the classical approach
with fast Cauchy sequences, where the sequential version is still as weak as WKL,
(see Theorem IV.1.6 of [42]). Similar observations can be made in other cases, e.g.,
for the intermediate value theorem. The relevance of the sequential results has been
discussed in the introduction.

Proposition 5.16 (RCAg). The following are equivalent over RCAy:

(i) Given any open sets Up; with [0,1] C |J;cy Uni for all n € N, there is a
function h: N = N such that all n validate [0,1] € U;<p, () Uni-
(ii) We have arithmetical comprehension (i.e., the main axiom of ACAg).

Proof. In order to see that (i) implies (ii), we show that the range rng(f) of any
function f: N — N exists as a set (cf. Lemma III.1.3 of [42]). Let U, consist of all
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triples (k,1/2,1) such that there is no m < k with f(m) = n. If we also write U,o
for the open set that this represents, then we have

_— {(—1/13/2) if n ¢ mg(f),

n0 — .
1) otherwise.

Also, it is straightforward to represent open sets with

Unjiy1 = {(_1/2’3/2) if f(i) = n,

0 otherwise.

We clearly have [0,1] € ey Uni for all n € N. Now if we have [0,1] € U, <) Unis
then we obtain -

mg(f) ={n e N: f(i) = n for some i < h(n)},

where the right side can be formed by AY-comprehension.
To establish that (ii) implies (i), it suffices to turn [0,1] C Uz‘g ; Uni into an

arithmetical property. Using the Cantor pairing function 7, we define
i = {(m,a,r) € U; : (a,7) has code at most j} for k= m(i,j).

Crucially, the represented open sets are finite unions of balls with rational endpoints.
We thus have an arithmetical definition of

h(n) =min{ K € N:[0,1] C U Ut
k<K
which is always defined when we have [0, 1] C J,cy Un: and hence [0, 1] € [, cn Ui

due to the previous theorem. As we have U}, C U,; for k = 7(i,j) > i, we can
conclude that we have [0,1] € {J;<j,(,,) Uni for all n € N. O

6. FURTHER PROPERTIES OF CONTINUOUS FUNCTIONS

In Section [3] we have begun the analysis of continuous functions in our setting.
Here we continue with results about continuous functions that rely on open sets or
on the cohesive principle, which were discussed in Sections [ and [p| respectively.

Theorem 6.1. The following are equivalent over RCAq:
(i) The strong cohesive principle StCOH holds.
(i) Any continuous function f: [0,1] = R is uniformly continuous.
(i1i) Any continuous function f:[0,1] = R has a mazimum and a minimum.
(iv) Any continuous function f: [0,1] — R is bounded.

Proof. We first show that (i) implies (ii). According to Definition [3.1] a continuous
function f: [0,1] — R is given as a family of rationals f(q); for ¢ € Q and ¢ € N,
where all z € [0,1] and € > 0 admit an N € N with

}f(p)2 — f(q)j‘ < e for all rationals p,q € By y(z) and all 4,5 > N.

In the presence of cohesiveness and for the compact domain [0,1], we show that
this implies the following uniform condition (which we display for future reference):

Every € > 0 admits an N € N such that |f(p); — f(¢);| < € holds

(6.1) for all rationals p, ¢ € [0,1] with |p—¢| < 1/N and for all 4,5 > N.
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Write Q[n] for the set of rationals with code below n € N. For fixed £ > 0, let U,,
be the set of triples (n,a,1/m) with a € Q and m,n € N that validate

|f(p)i — f(q);| <e forall p,q € By,(a) NQ[n] and m <i,j < n.

To see that any real number z € [0, 1] lies in one of the represented open sets U,,,,
take a k € N with [f(p); — f(q);| < € for all p,q € Byp(x) NQ and all i,j > k.
For m = 3k we pick a rational a € By, (), which yields By, (a) € By/i(x). So
we have (n,a,1/m) € U, for all n € N, which yields € By/p,(a) C Uy,. In view
of Theorem [5.15] we can use the Heine-Borel theorem to find an N € N such that
[0,1] is already covered by the open sets U, with m < N. We show that this N
validates for our fixed e. Consider rationals p,q € [0, 1] with |[p — ¢| < 1/N.
Take an m < N with p € U, which means that p lies in some ball By, (a)
with (n,a,1/m) € U, for all sufficiently large n (hence in fact for all n). In view
of ¢ € By/m(a), the definition of U, yields |f(p); — f(q);| < e for all 4,5 > N.

To complete the direction from (i) to (ii), we show that uniform continuity follows
from . Assume that the latter holds for some ¢ > 0 and N € N. Let us consider
arbitrary reals z,y € [0,1] with |z —y| < 1/(3N). We may assume that these
are represented as Cauchy sequences ¢ = (z,,) and y = (y,,) with rational approx-
imations z,, y, € [0,1]. Take an M > N such that n > M implies |z, —2z| < 1/(3N)
and |y, —y| < 1/(3N), so that we get |z, — y,| < 1/N and thus

|f(@n)n — f(yn)nl < e

Since f () is defined as the Cauchy sequence (f(zn)n)nen (see Definition [3.1)), this
yields | f(z) — f(y)| < e, as needed for uniform continuity.

Next, we show that (i) implies (iii). By symmetry, it suffices to prove that any
continuous function f: [0,1] — R has a maximum. For n € N, pick z,, = 27" -4
with 0 < ¢ < 2™ such that f(x,), is as large as possible. Using cohesiveness in
the form of Lemma we get a subsequence & = (Z,(;))ien that is Cauchy and
hence a real. To see that f(x) is the maximum value, we prove f(x) > f(y) —e for
arbitrary y € [0,1] and € > 0. As before, we may assume that y is given as a Cauchy
sequence (y,) with y, € [0,1] for all n € N. By the proof that (i) implies (ii), we
find an n such that |f(p); — f(q);| < €/4 holds for any p, ¢ € [0,1] with [p—q| < 27"
and any 4,j > n. Now pick an i > n such that we have |f(z) — f(z,0))i| < e/4 as
well as | f(y) = f (Yn(i) )n(i)] < €/4. For some rational ¢ = 27" j with 0 < j < 2"(9),
we have [y, ) —¢q| < 2-n() < 27" By the choice of T (i), We get

3
F@) > F@n)i—= > F@nwlni =5 = F@nw =5 > F@a@Ine =7 > ) =<,

as desired.

Given that (iv) is an immediate consequence of (iii), it remains to show that each
of (ii) and (iv) implies (i). We argue by contraposition. In view of of Lemma [5.13]
a failure of (i) gives us a sequence of rationals g, € [0,1] of which no subsequence
is Cauchy. To falsify (ii) and (iv), we construct a continuous function f: [0,1] — R
that is neither uniformly continuous nor bounded. The idea is to define f as a
maximum of ever higher and narrower hats over the g,. Specifically, for r € Q and
n € N we consider the approximations

fr); = rzlg(gn(r) with g, (r) = max (0,2" . (1 —2"qn — r\) )
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To see that these represent a continuous function f: [0,1] — R, we consider an
arbitrary real x € [0,1]. There are N € N and a,r € Q with » > 0 such that we
have z € B,(a) but ¢, ¢ By(a) for all n > N. Indeed, if this was false, the proof of
Theorem would yield a subsequence of (g,) that is Cauchy. Equivalently, we
have a § > 0 such that ¢, ¢ Bs(z) holds for all n > N. We may assume 2~V < §/2.
For r € By-~(x) and n > N, we get |q, —r| > 27™ and thus g,(r) = 0. So we have

f(r); = glga]i[(gn(r) for r € By-~(x) and i > N.
Still assuming ¢ > N as well as p,q € By-n~(x), we can conclude
[F(p)i = f(r);] < maxlga(p) = ga(r)] < 227 - |p = 7].
Given some € > 0, we now pick an M > max{2", 22N+1/c} to get
If(p)i — f(r);] <22V % <e forall p,r € By/y(r)NQ and i,j > M.

According to Definition this is the condition that representations of continuous
functions need to satisfy.

The continuous function f: [0,1] — R with the above representation is clearly
unbounded: For any n € N and all i > n we have f(gn): > gn(gn) = 2™, so that
the real number f(q,) = (f(qn):)icn is also at least 2. It remains to show that f
is not uniformly continuous. Towards a contradiction, assume there is a § > 0 such
that we have |f(z) — f(y)| < 1/2 for all z,y € [0,1] with |z —y| < 6. There must be
ann € N with 27"~ < § such that gn ¢ By-—n(g,) holds for all N > n. Otherwise,
we could recursively search for a strictly increasing sequence of indices n(i) that
validate |, (i+1) — dn@)| < 2-7(1) < 27 which would yield a subsequence (@n(i))ien
that is Cauchy, against our assumption. Now for n as indicated, we set x = ¢, and
choose y € [0,1] with |z —y| =27""1 < §. For i > n we have f(¢,); > gn(gn) = 27,
which yields f(z) > 2". For N > n, we have

27" <lqn — qul <law —yl+ |y — @nl = lav —y| +27"7,

which yields |gn — y| > 27771 > 27 and hence gy (y) = 0. Let us also observe
that m < n entails g,,(y) < 2™ < 277! and that we have

gn(y) =2"-(1=2" g, —y|) =2""".

So we have f(y); < 2"~! for any i € N, which shows f(y) < 2"~!. Together, it
follows that we have |f(z) — f(y)| > 2" —2"~1 = 27~1 > 1/2 despite |z — y| < J,
which is the desired contradiction with uniform continuity. (]

For later use, we record the following.

Remark 6.2. Already in RCAq + IPP, we can show that a uniformly continuous
function f: [0,1] — R is bounded. Concretely, the assumption yields an N € N
such that |f(z) — f(y)| < 1 holds for all z,y € [0,1] with |z —y| < 1/N. In view of
Lemma we use IPP to form K := max{|f(a;)|: 0 <i < N} with a; := i/N.
Given any z € [0, 1], we find an ¢ < N with |z — a;| < 1/N and hence

|f@)| < [f(2) = fla) [+ 1f(a:)] <1+ K,
so that f is indeed bounded.
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Using the strong cohesive principle, we can also develop the Riemann integral for
continuous functions. Under a partition P of [0, 1], we understand a finite collection
of pairwise disjoint intervals with union [0,1]. We put AP = max{AI : I € P},
where AT refers to the usual length of the interval I.

Definition 6.3. A continuous function f: [0,1] — R is Riemann integrable if there
is a real number f[o 1 f(z) dx as follows: Any ¢ > 0 admits a 6 > 0 such that

fl@)do =Y f(tr)-AI| <e

[0,1] IeP
holds for any partition P of [0,1] with AP < § and any choice of t; € I for I € P.

We note that already the definition relies on the pigeonhole principle, which is
needed to form finite sums of reals (see Lemma and the remark that follows
it). For this reason, we prove the following equivalence over a stronger base theory.
Let us recall that the cohesive principle COH and its strong variant StCOH are
equivalent in the presence of IPP.

Theorem 6.4 (RCAq + IPP). The following are equivalent:

(i) The cohesive principle COH holds.
(ii) Ewvery continuous function f: [0,1] — R is Riemann integrable.

Proof. We first show that (i) implies (ii). To define a real x = (z,) with the
property of f[o 1 f(x)dz, we consider the partitions into intervals of length 277,

i.e., we set
2" —1

oy= Y f(i-27"), 27"
=0

To see that this yields a Cauchy sequence, consider some ¢ > 0. With StCOH

available, (6.1)) lets us pick an N € N with |f(p)m — f(¢)n] < € for all m,n > N

and all rationals p, ¢ € [0,1] with |[p — ¢q| < 27V. Given n > m > N, we get
|f(i-27m) —f((@-2"""45)-27") | <e for 0<j<2"™,

which yields

nTm_1
fE-27 27— Y (@2 )2, 2
j=0
n—m_1
<27 |f(i-27m) —f(GE-2"""44)-27") | <e-27™
j=0

and then |z, — x,| < €, as needed.

Let us now show that x has the desired property. We say that a partition P with
points t; € I for I € P is rational if the ¢; and the endpoints of the intervals I are
rational numbers. Given € > 0, choose N € N as above. We claim that

To— Y fltr)n Al <e

IcP

holds for any rational partition P with AP < 27=N~1 and for all n > N. To see this,
take a common refinement of P and the partition with endpoints i/(n + 1). Then
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argue as in the proof that (x,) is Cauchy. By fixing P while n goes to infinity, we
get [v— > ;cp f(tr) - AI| < e. Finally, in the presence of IPP, all partitions admit
arbitrarily good approximations by rational ones.

We now assume (ii) and derive (i). Assuming the latter fails, Theorem [6.1] gives
us a continuous f: [0,1] — [0,00) that is unbounded. If f is Riemann 1ntegrable,
there are B and N > 0 such that we have

> ft)-AI<B
IeP

for every partition P with AP < 1/N and any choice of t; € I. Let P be the
partition into intervals with endpoints i/N and pick ¢ € T for I € P such that we
have f(t;) > B - N for some I. We get

1
Zf(tl)-AlzB-N-N:B,
IeP
which yields a contradiction. O

The picture is similar for the Weierstrass approximation theorem. Using the
pigeonhole principle, we get the following result for uniformly continuous functions.

Lemma 6.5 (RCAq + IPP). If f:[0,1] — R is uniformly continuous, any € > 0
admits a polynomial p such that |f(x) — p(x)| < € holds for all z € [0, 1].

Proof. We recall the well-known proof via Bernstein polynomials, so that the reader
can see that it goes through in our system. In the presence of IPP (cf. Remark ,
we can define

2) :;i_of(z) (@) with by (z) = (Z) Lok (1= 2yt

Let € > 0 be arbitrary. We show that there is an n € N with |B,,(f)(z) — f(z)| <&
for all z € [0,1]. As the binomial formula yields 3, ., by x(7) = 1, we get

Ba(f)@) — ) =3 (f (fl) - f(:v)> k()

k=0

Since f is uniformly continuous, it is bounded (see Remark , say by b. Further,
there is a § > 0 such that |z — y| < ¢ implies |f(z) — f(y)| < ¢/2 for z,y € [0,1].
This entails that | B, (f)(x) — f(z)| is bounded by

ST E) - @) bur@) > [ (E) — f@)] - bugle)

77{E‘<6 77w‘>5

Z 2)+2b- > bus(z)

|4 ez

l\.')\ff)

By elementary computations (see, e.g., the proof of Theorem 1.1.1 in [35]), one has

1 [k 2 z-(1-2) 1
2 b”’“(x)<52'z(nx) o) = T S

>6 k=0
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Together with 3, _, b, k(x) =1 as above, we get

€
[Bn(f)(x) = f(z)| <
so that choosing n > b/(62 - ¢) suffices. O

If we only assume that the function is continuous, we get the following reversal.

Theorem 6.6. The following are equivalent over RCAg + IPP:

(i) The cohesive principle COH.
(i) The Weierstrass approzimation theorem: For continuous f: [0,1] = R and
any € > 0, there is a polynomial p with |f(xz) — p(x)| < & for all z € [0, 1].

Proof. Since StCOH is the conjunction of COH and IPP, the direction from (i) to (ii)
holds by Theorem and Lemma (6.5} For the converse, Lemma [2.13]| ensures that
all polynomials are bounded in the presence of IPP. So if (ii) holds, any continuous
function f: [0,1] — R is bounded. Again by Theorem this yields (i). O

As in the case of the Riemann integral, we have analysed the Weierstrass approx-
imation theorem relative to the pigeonhole principle, because the latter is required
to handle arbitrary polynomials (see Remark . The following remark indicates
how the base theory can be lowered to RCA( (in which case COH should be replaced
by StCOH) when we restrict to polynomials with rational coefficients.

Remark 6.7. If the pigeonhole principle fails, Theorem [3.§] yields a continuous
function f: [0,1] — {—1,1} with f(0) = —1 and f(1) = 1. Assume that we have
a rational polynomial p with |f(z) — p(z)| < 1 for all z € [0,1]. Given that we
have p(0) < 0 < p(1), the intermediate value theorem from the classical setting
(see Theorem I1.6.6 of [42]) gives us an « € [0, 1] with p(x) = 0. But then we have
|f(z)| < 1, against the assumption. So if every continuous f: [0,1] — R can be
approximated by a rational polynomial, we get IPP and then StCOH over RCA,.

7. SEQUENCES

In this section, we show how results about sequences — such as the Bolzano-
Weierstrass and Arzela-Ascoli theorems — can be accommodated in our setting.
The uniform convergence condition in the following definition may well be the most
controversial aspect of our approach. A philosophical justification (which connects
with H. Friedman’s strict reverse mathematics) has been given in the introduction,
where we set out the following crucial test: Does our definition of sequence allow
us to develop large parts of analysis in a weak theory? In the present section, we
argue that the overall answer is positive, though there are some limitations.

Definition 7.1. A sequence of reals z,, = (z,;) is a double sequence of rationals
that are uniformly Cauchy, i.e., where each € > 0 admits an N € N such that we
have |z,; — xp;| < € for all n € N and all 4,5 > N.

In addition to the justification above, we note that the uniformity condition for
sequences is similar to the one for continuous functions (see Definition [3.1]), which
some readers may find more appealing. As in the case of Remark [2.2] the following
can be read as a positive result.
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Remark 7.2. Under arithmetical comprehension, as every Cauchy sequence of
rationals can be made fast (see Remark , every family of reals can be turned
into a sequence in the sense of the previous definition. For the converse, consider a
function f: N — N and let (x,) = (2,%) be the family of reals with

1 if f(i) = n for some i < k,
Tnk =
W 0 otherwise.

Assume that the same reals can be represented by sequences z), = (z/,,) that are
uniformly Cauchy. This means, in particular, that we find a K € N such that
|z], — 2! .| < 1/2 holds for all k£ > K and every n € N. But then n lies in the image
of f precisely if we have a] - > 1/2. So over RCAy, arithmetical comprehension
follows if every family of reals can be converted into a sequence as in Definition

The following technical lemma will be needed several times.

Lemma 7.3 (RCAg). Consider a sequence of reals x,, = (xn;) and a non-decreasing
function f: N — N with unbounded image. If x = (z,, §(n)) is Cauchy (and hence
a real), then (x,) converges to x.

Proof. Given € > 0, consider an N € N with
|Zni — 2nj| < = for every n € Nand all ¢,j > N,

T, 7 (6) — 25,7 ()] < for all 4,5 > N.

M N ™

Then find an I > N with f(n) > N for n > I. When we have n,i > I, we get
Zni = i, pi)] < |Tni = T, o) |+ |2, p ) = Tipi)] <&
which yields |z, —z| < e. O
We now show that R is complete over a weak base theory.
Proposition 7.4 (RCAy). If a sequence of reals is Cauchy, then it converges.

Proof. Writing (x,,) = (xn;) for the sequence in question, we show that = := ()
is a real. Let us consider an arbitrary € > 0. Given that (z,) is Cauchy and the
rational sequences (%,;);cn are uniformly so, there is an N € N with

[T — Tn] < for m,n > N,

|Zni — Tnj| < for 7,7 > N and any n € N.

Wlmw|m

When we have m,n > N, we find a k > N with @1 — Tyk| < €/3 (cf. Lemmal[2.5),
so that we get

|mmm - xnnl S ‘xmm - xmk| + |xmk: - ajnk| + |xnk: - xnn| <e.
The previous lemma shows that (z,) converges to . (]
We also get completeness in the following form.

Proposition 7.5 (RCAy). Any bounded sequence of reals has a supremum.
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Proof. Writing (x,) = (z,;) for the sequence in question, put s; = max,<; z,; and
choose n(i) < i with s; = Tp(i),i- To see that the s; are bounded, assume z,, < B
for all n € N and take an N € N such that ¢, > N entails |z,; — x,;| < 1 and
hence |z,; — x,| < 1, which yields s; < B+ 1 for ¢ > N. Also, the s; are almost
increasing in the following sense: Given € > 0, take an I € N with |x,,; — gcnj| <e€
for all 4,5 > I. When we have j > i > I, we get

8i = Tn(i),i < Tn(i),j +€ < 85 T €

Thus (s;) is Cauchy (as in Remark . By Lemma the sequence (2n;))
converges to x = (s;), which shows & < sup,,cy . Conversely, since ¢ > n entails
Tp; < 84, we have x,, < x for all n € N. To avoid misunderstanding, we note that
(7y(;)) need not be a subsequence of (x,), as i — n(i) could, e.g., be constant. [

In the case of a monotone sequence, it is immediate that the supremum is the
limit. So our base theory proves the monotone convergence theorem:

Corollary 7.6 (RCAp). Any bounded monotone sequence of reals converges.

When a result is provable in RCAg, one can investigate its strength over a weaker
base theory. We do not systematically do this in the present paper, but we record
the following known result:

Remark 7.7. Over a theory EA of second order elementary arithmetic, Kohlenbach
has shown that ¥9-induction is equivalent to the statement that every bounded
monotone sequence of reals that are represented by fast Cauchy sequences is itself
Cauchy (see Proposition 5.2 and Corollary 5.3 of [26]).

From monotone convergence, we obtain nested-interval completeness:
Corollary 7.8 (RCAy). Let (x,) and (y.) be sequences of real numbers with
Ty < Tpt1 S Yng1 <Y foralln €N

There exists a real number z such that we have x, < z <y, for all n € N. If we
have im,, o |2, — yn| = 0, this z is unique.

Proof. The sequences (z,,) and (y,) are bounded and monotone. So they converge
to some limits = and y, by Proposition[7.6] If we had z > y, we would get z,, > yp,
for large n. So we have z,, < x <y <y, for all n € N. We may thus pick z =z. 0O

We move on to stronger theorems for sequences of real numbers. As mentioned
before, the following result is essentially due to Kreuzer [30]. The latter works with
sequences of reals that are given by fast Cauchy sequences, while our Definition [7.1
requires uniformity but not a rate. This makes no difference for the proof but
allows us to treat the Bolzano-Weierstrass theorem within a coherent approach to
analysis. More specifically, we avoid the asymmetry in the result by Kreuzer, whose
Cauchy sequences are fast in the input but slow in the output.

Theorem 7.9. The following are equivalent over RCAq:

(i) The strong cohesive principle StCOH.
(i) The Bolzano-Weierstrass theorem: Any bounded sequence of reals has a
convergent subsequence.
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Proof. That (ii) implies (i) follows from Lemma (as a convergent sequence is
Cauchy). For the converse, consider a sequence of reals x,, = (x,;) € [-B, B]. Put

—-B ifz,; < -B,
Tpi = § Tni lf_Bannga

One checks that the sequences (z,);eny remain uniformly Cauchy and represent
the same reals x,,. So we may as well assume that the rationals x,, are bounded.
Assuming (i), we again use Lemma [5.13] to get a sequence n(0) < n(1) < ... such
that (2y,(i),n(i))ien is Cauchy. By Lemma it follows that (z,(;) converges. [

In connection with sequential completeness, we also record the following core
property of continuous functions.

Proposition 7.10 (RCAy + StCOH). Consider a continuous function f: R — R.
(a) If (z,,) is a bounded sequence of reals, so is (f(xy)).
(b) If (x,) is a convergent sequence of reals, so is (f(x,)) and we have
lim f(z,)=7f ( lim :I:n) .
n—oo n—oo
Proof. (a) From Theorem we know that the values f(x,) are bounded. The
crucial claim is that (f(z,)) is a sequence in the sense of Definition To see
this, assume that we have |z,| < B for all n € N. Writing x,, = (2,,;), we may
assume that the rationals x,; also have absolute value at most B, as in the proof of
Theorem In order to establish uniform convergence for the Cauchy sequences
f(zn) = (f(xni)i)ien (cf. Definition , we consider an arbitrary € > 0. By the
proof of uniform continuity (see statement (6.1]) in the proof of Theorem[6.1]), there
isan M € N with

1
()i = fla);] <& forall p,g € [~B,B]NQ with |p—q| < - and all i,j > M.

Since () is a sequence in the sense of Definition [7.1] we find an N > M such that
|Zni — Tnj| < 1/M holds for all 4, j > N and all n € N. So for i,j > N, we get

|f($nz)l - f(xn])j‘ <e

independently of n, as required.

(b) First note that the convergent sequence (z,,) is also bounded. In the presence
of StCOH (which entails IPP), one can see this via Lemma[2.13] though the uniform
convergence from Definition also allows for a proof over RCAy. By Lemma
the limit of (z,) is given by x = (z;;). Hence f(z) is represented by the sequence of
rationals f(z;;);. Again by Lemma (with f(zn:); at the place of z,;), it follows
that the f(z,) converge with limit f(x). O

Part (a) of the previous proof is the first place where we verify the uniform
convergence condition of Definition for a sequence — here (f(x,)) — that we
have constructed (whereas previous proofs rely on the assumption that some given
sequence converges uniformly). Note that uniformity for (f(z,)) was only estab-
lished under the assumption that (x,) is bounded. While this hints at a limitation
of our approach, we emphasize that the sequence (f(z,)) can be constructed when
it matters most — namely, in the case where it converges.
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According to Proposition [7.5 the supremum of a sequence can be constructed
in RCAg. In contrast, we do not know if the limit superior can be constructed be-
low ACAy. What we now is that RCA does not suffice here. This is a consequence of
the following proposition, which is essentially due to Kohlenbach (see Theorem 1.4
of [26] as well as [25]; we include a proof that is adapted to our setting). That the
limit superior is more complex than the supremum also conforms with experience
from proof mining.

Proposition 7.11 (RCAg). The following are equivalent:

(i) For any bounded sequence (x,,) of real numbers and any € > 0, there is an
e-approzimation q € Q to the limit superior, which means that
— any m admits an n > m with r,, > q — €,
— there is an m such that all n > m validate x,, < q + €,
(ii) the principle of ¥9-induction holds.

Proof. We first show that (ii) implies (i). Given that the sequence is bounded,
we find a b with |z,| < b for all n. Invoking X3-induction, we may consider the
minimal [ € N with x,,, > b— (I+1)-¢/2 for infinitely many n. For any sufficiently
large n, we have |z, — x| < £/2. Given any m, we thus find an n > m with

Ty = Xy —€/2>q—c¢ for q:=b—1-¢/2.

On the other hand, the minimality of [ entails that we have z,, < ¢ for any
sufficiently large n. For suitable m, this means that all n > m validate

Tp S Tppte<qg+e,

as required.

We now show that (ii) implies (i). Given a %9-formula ¢(k) = Imv¥n (m,n, k),
let Py be the collection of pairs (m,n) such that 8(m,n’, k) holds for all n’ < n.
Let ex: N — Py list the elements of Py in lexicographic order, which means that
(m,n) is before (m + 1,n’) for any second components, so that not all pairs may
be reached. We put sx(i) = 0 if ex (i) and ex(i + 1) have equal first component and
sk(4) = 1 if not. This yields

0 if we have p(k),

i—00 1 otherwise.

lim sup sy (i) = {

Now define a sequence (x;) of reals (in fact of rationals) by setting

x; = Zsk(z’) 27k,
k=0

Assuming that we have ¢(0) and that ¢(k) always entails ¢(k + 1), we want to
establish (K) for arbitrary K. Let ¢ be a 2~%~l.approximation to the limit
superior. By induction on k < K, we prove ¢ < 2%, For k = 0, we note that ((0)
and ¢(1) together imply s (i) = s1(i) = 0 and hence x; < 27! for all large enough i,
which indeed yields ¢ < 271 4+ 27K=1 < 20, Inductively, we now assume g < 2%
with £ < K. Take an m such that x, < g+ 2-K—=1 « 9=k+1 116]d for all n > m.
For any [ < k — 1, it follows that n > max(l, m) entails

si(n) - 2 k+l < si(n) - 27l < g, < 27FH
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and thus s;(n) = 0. This means that we have p(I) for I < k — 1 and hence (using
that ¢ is inductive) even for all | < k+2. Increasing m if necessary, we get s;(n) =0
for all [ <k + 2 and all n > m. Considering some suitable large n, we can derive

n
g<m, +27 K <7 Ky Z 9l <9 K1y o-k=2 £ o= (kt1)
I=k+3
as needed for the induction step. 0

We now approach the Arzela-Ascoli theorem.

Definition 7.12. Given continuous functions f,: D — R for D C R (with rep-
resentations f,(q) = (fn(q)i)ien as in Definition , we say that (fn)nen is a
sequence of functions if all z € D and € > 0 admit an N € N such that we have
|fn(@)i — fu(q)j| <e for any rational ¢ € By/n(v) and all n € N and i,j > N.
The following example will help to motivate our definition of sequence.

Example 7.13. The functions f,: R — R with f,(z) = 2" trivially form a se-
quence, because f,,(q); = ¢™ does not depend on 1.

For pointwise equicontinuous functions, the following result shows that we get
a uniform version of the condition from Definition We have not required this
stronger condition as part of Definition [7.12] because we did not want to force all
sequences of functions to be equicontinuous (see the example above).

Lemma 7.14 (RCAq). Consider a sequence of continuous functions f,: D — R
that are pointwise equicontinuous, i.e., where all x € D and ¢ > 0 admit a 6 > 0
with | fn(z) — fu(y)| < e for ally € Bs(z) and n € N. Then allz € D and e > 0
admit an N € N with

|fn(@)i — fu(r);| <e for any rationals q,r € By/n(x) and all i,j > N.
Proof. By the triangle inequality, we have

[fn(@)i = Fn(r);] < 1fn(@)i = falD] + [fn(@) = fu(r)| + [ fu(r) = fu(r)s].

The middle summand on the right is covered by equicontinuity, while the other
summands are covered by the condition from the previous definition. O

We can conclude that pointwise evaluation preserves the notion of sequence.

Corollary 7.15 (RCA). In the situation of the previous lemma and for any x € D,
the reals fn(x) with n € N form a sequence in the sense of Definition .

Proof. For = (z;), Definition[3.1]yields f,,(z) = (fn(zi)i)ien. Givene > 0, take N
as in the previous lemma. Then pick N’ > N such that we have z; € By y(z) for
all i > N’. When we have 7,5 > N, we get |fn(z;); — fn(x;);| < e foralli,j > N’
and every n € N, as Definition demands. O

Applied to the previous example, this has the following implication.

Example 7.16. The functions f,(z) = 2™ are pointwise equicontinuous on (—1,1).
By the previous corollary, it follows that (z™),eny with || < 1 (and trivially also
with |z| = 1) is a sequence in the sense of Definition[7.1] For z = (z;) with |z| > 1,
on the other hand, the convergence of z™ = (z}") becomes slower as n increases.
To restore uniformity as in Definition [7.1] we need a rate of convergence for z,
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which relies on arithmetical comprehension (see Remark [2.2]). This may be seen as
a limitation of our approach. At the same time, one is ultimately most interested in
sequences that converge, so that the exclusion of (z™) for |z| > 1 may be tolerable.

The following lifts Proposition [7-4] from single numbers to functions. We recall
that uniform convergence means convergence with respect to the supremum norm.

Proposition 7.17 (RCAg). Consider a sequence of continuous f,: D — R that is
uniformly Cauchy, i.e., such that any € > 0 admits an N € N with

|fmn(z) — fu(z)| <& for any x € D and all m,n > N.
Then there is a continuous f: D — R such that (f,,) converges uniformly to f.

Proof. We put f(q); = fi(¢);- In order to see that these rationals represent a
continuous function f: D — R, consider any « € D and ¢ > 0. By Definition [7.12
take N € N with |f,.(q): — fn(q)| < €/5 for any rational ¢ € By/y(x) and all n € N
and 7 > N. Increasing N if necessary, we may also assume that the condition from
the present proposition holds with £/5 at the place of €. Finally, find an M > N
such that |fx(q) — fn(r)| < e/5 holds for q,r € By p(z) (cf. Lemma|3.3). When
we have ¢,7 € By () NQ and 4, j > M, we thus get

£ (@) = f(r);] <1fil@)i = fil@)| + |fi(a) — In(@)| + | fn(q) — f(r)]

+ () = L)+ 1f5 () = £3(r)i] <&,
as required by Definition Let us also note that we get |f(q); — fn(q)i| < 3e/5
for all rationals ¢ € By n(x) and all i,n > N, so that we get

|f(z) — fo(z)| <e forallmn>N.

This shows that the f,, converge to f pointwise (as we chose N depending on z). To
get convergence with respect to the supremum norm, consider any € > 0 and take
K € N with |f,(z) — fu(z)| < e/2 for any € D and all m,n > N. Given n > K
and = € D, use pointwise convergence to find an m > K with | f(z) — f, ()] < /2.
The triangle inequality yields |f(x) — fn(z)] < €, as required. O

Finally, we come to the Arzela-Ascoli theorem. The following is related to a
result of Kreuzer [31], though the latter works with the classical representation of
continuous functions. As a consequence, Kreuzer obtains an equivalence with the
conjunction of StCOH and weak Ko6nig’s lemma, while we get StCOH by itself.

Theorem 7.18. The following are equivalent over RCAq:

(i) The strong cohesive principle StCOH.
(ii) The Arzela-Ascoli theorem: If a sequence of continuous fp,: [0,1] — [ B, B|
with B € N is uniformly equicontinuous, i.e., if any € > 0 admits § > 0 with

[fu(z) = fuly)| <e forallm €N and x,y € [0,1] with |x —y| <,
then a subsequence of (fy) is uniformly convergent (with continuous limit).
Proof. To see that (ii) implies (i), it suffices to note that Arzela-Ascoli is a general-
ization of Bolzano-Weierstrass. Specifically, assume that (z,,) with 2, = (2n;)ien is
a bounded sequence of reals. Then the rationals f,(q); := x,; represent a sequence

of continuous functions f,,: [0,1] — R (compare the conditions from Definitions
and [7.12)). Here f,, is constant with value z,,, as a real y = (y;) is mapped to

In(W) = (fa(yi)i)ien  with  fo(yi)i = Tps.
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Hence the functions f,, are uniformly bounded and uniformly equicontinuous. Given
that (ii) holds, we find a strictly increasing map 4 + n(i) so that the functions f,
converge uniformly to some f as i grows. So the reals x,;) = f,(0) converge to the
value f(0). We can conclude via Theorem (7.9

For the converse direction, we first note that the condition from Definition [7.12
becomes uniform in the presence of the strong cohesive principle: Any ¢ > 0 admits
an N € N such that we have

|fn(@)i — fn(q)j] <e forallmeNandqel0,1]]NQandi,j> N.

This is derived like statement (6.1)) in the proof of Theorem using Heine-Borel.

We now use Proposition ﬁnd a strictly increasing map ¢ — n(i) such that
the sequence (f,,(;)(¢)n(s))ien is Cauchy for each rational ¢. Due to Proposition
it is enough to show that the sequence (f,(;)) of functions is uniformly Cauchy.
Given any € > 0, let § > 0 witness the uniform equicontinuity that is assumed by
Arzela-Ascoli. As shown at the beginning of this paragraph, we have an N > 1/6
with | frn(q)i — fn(q)] < e foralln € Nand ¢ € [0,1]NQ and ¢ > N. Now consider
the rationals ¢ = k/N for k < N. Using IPP, we find an N’ > N with

|fn(z)(Qk)n(z) - fn(g)(q}c)n(])‘ <e forallk <N and i,j = N'.

Given any z € [0,1], pick & < N with |z — gqx| < 1/N < 4. For i,j > N’, we learn
that | f,,i) (%) — fn(y)(2)| is bounded by

| frci) (@) = Froiy(@e)| + 1 fuy (ak) = Fre) (@6)n@) |+ 1) (@) — Fri) (@) no)]
+ 1 fa) (@8 )nG) = fai) (@) + [ fai) (@) — fai) (@)]
and hence by 5e. ]

In the rest of this section, we discuss applications of our convergence results to
the fixed-point theorems of Banach and Caristi.

Remark 7.19. In order to use the Bolzano-Weierstrass theorem and other conver-
gence results, we need to construct sequences of reals that validate the uniformity
condition from Definition [7.I} In Example we have seen that this is possible
in some but not all situations. The following applications provide further evidence
that we can construct sequences when they are relevant. This is an important jus-
tification for our approach, though the construction of sequences remains a subtle
issue, which calls for more research in the future. In the worst case — if future work
should show that several relevant applications require arithmetical comprehension —
we would still have an interesting new picture of analysis, where abstract theorems
are weak while concrete applications have logical strength.

In contrast to Caristi’s theorem (discussed below), the Banach fixed-point the-
orem is already weak in the classical setting (see Theorem 2.1 of [38]). Nevertheless,
it is interesting that we can derive it from the convergence of Cauchy sequences in R,
which is classically equivalent to arithmetical comprehension.

Proposition 7.20 (RCAy 4+ StCOH). Consider a continuous f: [0,1] — [0, 1] that
admits a real p € [0,1) with
|f(@) = fl <p-lz—yl forallzyel01].

Starting with any x¢ € [0, 1], we then have a sequence of reals x,, € [0,1] such that
Znt+1 = f(xn) holds for all n € N. It converges to the unique fized-point of f.
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Proof. In our setting, the crucial task is to construct (x,,) as a sequence in the sense
of Definition As in the proof of Lemma b), we may assume that we have
f(q)i € [0,1] for the rational approximations that determine f. Let us also show
that any € > 0 admits an N € N such that all rationals p, ¢ € [0, 1] validate

p—ql<e = |f(p)i—f(q);| <e foralli,j>N.

Set § = (1— p) - e. Statement (6.1)) from the proof of Theorem [6.1] yields an N € N
such that |f(r); — f(r);| < §/2 holds for any rational r € [0,1] and all 4,5 > N.
Given |p —¢| < e and 4,j > N, we learn that |f(p); — f(q);| is bounded by

0

F®)— @) +150) ~ F@)| + 170~ fla)s] < 5 +poet g ==

We may assume that the given real zyg = (x0;) has approximations zq; € [0, 1]. To
define x,, = (Tn;)ien by recursion, we set zn41,; = f(zni)i € [0,1]. The desired
equality x,4+1 = f(x,) is immediate by Definition once it is confirmed that
each z,, is a real number. To achieve the latter and to show that the x,, form a
sequence in our sense, we verify the uniform Cauchy condition from Definition [7.1
Given € > 0, take an N € N such that we have |z, — zq;| < € for all 4,5 > N. We
may assume that the displayed implication from the beginning of this proof holds as
well (possibly for increased N). For any fixed ¢, j > N, we then get |z,; — zp,| < &
by induction on n € N.

We now show that the sequence (z,,) is Cauchy. Note that we cannot directly
use induction to get |z, — z,41] < p", since the latter is a II9-statement. So we
work with approximations. Given any € > 0, use statement from the proof of
Theorem [6.1] to find an N € N such that i > N entails | f(q); — f(q)| < £/2 for any
rational ¢ € [0, 1] and hence

[Zn+1,i — Tng2il = |f(@ni)i — f(@ns1.)i
<|f(@ni)i — f@ni)| + 1 f(@ni) = f(@ng1,0)| + | f(@ng1,) = F(@ng1,)il
<p-|Tni — Tnt1sl + €,

which inductively yields

n—1
: €
|Tni — Tnt1,s Sp"+€'zpl<p”+ﬁ-
=0
For m < n, we get
e n—m m n—m
|$mi—$m‘ﬁzpl+ e < p + - E.
: 1—0p 1—p 1-p
=m

Since ¢ > N and € > 0 were arbitrary, this shows |z, — x,| < p™/(1 — p), as
needed to conclude that the sequence is Cauchy. Now Proposition [7.4] guarantees
that there is a limit = lim, o0 . In view of z,,41 = f(z,), we have

|z — f(@)] < |2 — 20| + |20 — Tnga| + [ f(zn) — f(2)]-

Here the right side becomes arbitrarily small as n grows (see Lemma [3.3]), which
shows that z is a fixed-point. For any fixed-point 2’ we get

|z — 2| = [f(2) = f@) < p- |z =2

and hence 2z’ = 2. O
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Under the assumptions of the previous result, we have been able to construct a
sequence of reals by iterated application of a function f. Without any assumption
on f, this is not possible over a weak theory, as the following result shows.

Proposition 7.21. The following are equivalent over RCAq:

(i) The principle of arithmetical comprehension holds.
(i) For any continuous function f:[0,1] — [0,1] and any x € [0, 1], there is a
sequence (xn)nen of reals with xo = x and x,41 = f(x,) for alln € N.

Proof. To show that (i) implies (ii), we define zy,4+1,; := f(xn;); for all n,i € N. By
[%-induction, we see that z,, = (z,;) is Cauchy for each n € N. By construction,
we have x, 1 = f(z,). Finally, arithmetical comprehension allows us to speed up
all sequences (x,;)ien into fast Cauchy sequences (cf. Remark, so that (z,)nen
becomes a sequence in the sense of Definition [7.1]

For the converse direction, consider a X9-statement ¢(n) = Im 0(m,n). Aiming
at a contradiction, we assume that (ii) holds while {n € N : p(n)} does not exist
as a set. Consider the continuous function f: [0,1] — [0, 1] with

3.z if0<az<1/3,
flxy=4¢2-3-z if1/3<z<2/3,
3.2-2 if2/3<z<1.
To obtain a representation in the sense of Definition we declare that f(q); is

equal to f(q) (defined like f(x) above). As the starting point of our iteration, we
take the real number zo = (x¢;) € [0, 1] with

2 < 3= if there is an m < j with 0(m, ),
To; == » Si; for s = -
%3 ; Y " {0 otherwise.

Note that (zg;) is non-decreasing and hence indeed Cauchy. By (ii), we obtain a
sequence of iterations x,11 = f(2,). We will show that all n € N validate

1 2
Ty < 3 ® —p(n) and Ty > 3 @ p(n).

Once this is achieved, we invoke Definition[7.1]to find an I € N with |z, —z,/| < 1/6
for all n € N, which allows us to form the set

{neN:pn)}={neN:z, >1/2}.

To establish the open claim, we consider an arbitrary n € N. We find an N > n
such that ¢(N) holds, since we could otherwise form the set {n € N : p(n)} by
bounded X9-comprehension (see Theorem I1.3.9 in [42]). The latter also gives us
access to the rational

N i g
2 37" if () holds,
== o _
T3 Z % b {0 otherwise.
Consider the (rational) iterates fi(s) with fO(s) = s and fit1(s) = f(f(s)). We
use induction on ¢ < n to prove
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As part of the same induction, we prove the auxiliary claim

_ g N
fils)=5-3" D siey
=0

If the latter holds and we have s; = 0, then we get
N—i

i iy 1 1
30 37 =0 - o

j=1

fi(s) <

[SCR )

When we have s; = 37 (as well as sy = 37 by construction), we obtain

i 2 2 2
In the induction step for the auxiliary claim, the simultaneous induction hypothesis
ensures that f*(s) is smaller than 1/3 or larger than 2/3. If we have f*(s) < 1/3
and consequently s; = 0, the definition of f yields

fi+1(5)_g.3i+1.1\,z_:is, ,_2.3i+1.N§1)8. .
~ 3 = i g = i+145-
When we have fi(s) > 2/3 and hence s; = 37%, we can compute
fi+1(8)_2_3i+1. 3—1+N_§:+1)8_ , _2_2.3i+1_N_§f1) o
-3 = i+1+y T3 = Si+1+j>

which completes the induction.
Back to our sequence of reals, another application of Definition[7.1]yields a J € N
with |2, — 2| < 37V 72 for all m € N. Write ¢,,, = 2,7 for m > 0 and put

qo =

s+2-37N-1 jf ©(N + 1) holds,
otherwise.

Note that we have
2 o0
o<zo<qots ¥, 3 =q+3 N7
i=N+2
and hence |7, — ¢n| < 37V ~2 also for m = 0. We now inductively prove
lgi — fi(s)] < 37N+ _g=N-1 for i < n.

For i = 0, this holds by the choice of gg. In the induction step, we distinguish two
cases. Let us first assume that we have s; = 0. By the induction hypothesis and
the above, we get

) ) 1
z; < g + 3_N_2 < fl(s) + 3—N—z _ 3—N—1 +3_N_2 < g

and hence x;11 = f(x;) = 3-x; as well as fiT1(s) = f(f(s)) = 3- fi(s). This yields
givr — F7HS)] < Mgir — il + |wipr — [ () 37N 243 [ — fU(s)]

<3 NP4 3 (Joi — al + @i — Fi(s)])
S 371\772 4 37N71 + 37N+’i+1 _ 371\7 < 37N+’i+1 _ 37N71'
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When we have s; = 37¢, we similarly get x; > 2/3, which yields 2,11 = 3-2; —2 as
well as fit1(s) = 3 fi(s) — 2. So the same chain of inequalities applies. Finally,
when we apply this to ¢ = n, the same argument as above shows that —¢(n) implies
sn = 0 and hence x,, < 1/3 while ¢(n) implies s, = 1 and hence z,, > 2/3. O

To establish a version of Caristi’s fixed point theorem, we introduce a represent-
ation that covers many though not all semi-continuous functions (cf. Remark .
Consider any family of rationals g;(¢) > 0 indexed by i € N and ¢ € Q. In a
sufficiently strong meta theory, this induces a function g: R — [0, 00] via

g(z) =sup gp(z) with §,(z) =inf{g;(p):i € Nand p € By-»(z) N Q}.
neN

This function is lower semi-continuous, i.e., for any y < g(z) there is an N € N
with y < g(2’) for all ' € By-n~(x). Indeed, the latter is satisfied whenever we
have y < gn(z). For any 2’ € Bs-n~(z), we then get Bo-n(z') C By-n~(z) for
some n € N, which yields y < gn(z) < gn(2') < g(').

In the weak theories that we consider, it does not seem possible to construct g(x)
or even just g,(x) as reals, due to the complexity of the condition p € By-n(z).
However, certain expressions that involve values g(z) can be interpreted as abbrevi-
ations in a canonical way. To make this explicit for a case that we will need below,
we assume that g maps into [0, 00). We then have

gx)<gly)+2z & Ve>0man: gn(x) <ignly)+2+e.
In addition, we obtain

. €
Gm(x) < guly) +2+ 35
= VjVq € Bo-n(y)3idp € Bo-m(x) : 9i(p) < gi(a) + 2 +¢
= gm(@) < gnly) +2+e.
These implications remain valid if we replace g (r) by g}, (r) := min,;<y g;(r), which
has monotonicity properties that will become relevant later. We thus get

(71) g@)<gly)+z &
Ve > 0Vm3nV;jVq € By-n(y)3idp € Bo-m(x) : gi(p) < g5(q) + 2 +&.

Let us now establish our version of Caristi’s theorem.

Theorem 7.22 (RCA). Consider a continuous function f: R — R and a lower
semi-continuous function g: R — [0,00), represented as above. If we have

9(f(@)) < g(x) — |z — f(z)| forallz €R,
then f has a fized point.

Proof. Consider ¢ € Q and interpret g(f(q)) < g(q) — |¢ — f(q)| according to (7.1)).
For an arbitrary m and € = 27, we find an n with

Vj¥q' € By-n(q)3i3p € By-m (f(9)) : 9i(p) < gi(d) — g — f(@)| +27™.

If we take ¢ = ¢, then the condition ¢’ € By-«(q) is satisfied independently of n.
For any j, we thus find an ¢ and a p € By-n(f(q)) with

9i(p) < gi(q) = lg— f(Q)| +27™ < gj(q) — lg — p| + 27",
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Since g;(p) is non-increasing in 4, we may assume ¢ > j and |f(q) — f(¢):| < 27™,
which yields p € By—m+1(f(q);). We have thus established

Vg € Q¥m, j3i > j3p € Bo-m1(f(q)i) : gi(p) < gj(q) — lg —p| + 27"
Starting with 4(0) = 0 and gy = 0, we can now recursively search for i(m+1) > i(m)

and dm+1 € By-m+1 (f(Q’m)z(erl)) with

Gitm+1) (Gm+1) < Gigm) (4m) = 4 = Gmea | + 2777

Let us abbreviate p,, = gg(m)(qm), so that we get

lgm — @m+1] < Pm — Pmt1 + gt

For m < n, we now obtain

n—1 n—1
lgm = anl = D lak = qrsal = D pk = prer1 + 275 <pp = pp + 2772
k=m k=m
In particular, this entails that the sequence (p,,) is almost decreasing in the sense
that we have p,, < p,, +27™%2 for m < n. One can conclude that (p,,) and hence
(gm) is Cauchy, which allows us to form the real number z = (¢, ).

Let us show that x is a fixed point of f. Towards a contradiction, we assume that
we have |z — f(z)| > ¢ for some £ > 0. By the continuity of f, we find an M € N
with | f(@m)i(m+1) — f(x)] < /3 for all m > M. If we choose m large enough, we
also get | — gm| < &/3 and

lgm — f(@m)im+)| < dm — @ma1l + [@mr1 — F(@m)itm+)]

S Pm — Pm+1 + 2—m+2 S g
This yields
|z — f(@2)| < |2 = gm| + |gm — F(@m)im+)| + 1 F(@m)im+1) — f(2)] <e,
which contradicts the choice of ¢. O

To conclude this section, we comment on the representation of lower semi con-
tinuous functions.

Remark 7.23. Consider a continuous function g: R — [0, 00) that is represented
by Cauchy sequences (g(q)i)ieny as in Definition We may assume that all
rationals ¢g(q); are non-negative. By taking h;(q) = g(q);, we get a representation of
a lower semi-continuous function h: R — [0, cc] as above. However, the functions g
and h do not coincide in general. To see this, note that the represented function g
does not change when we set g(¢q)o = 0 for all ¢, while this makes h constant zero.
In contrast, we can achieve ¢ = h when the Cauchy sequences (g(¢);) are fast in
the sense that we always have |g(q) — g(q);| < 27°. In this case, we consider the
modified approximations g*(q); = g(q); + 272, which satisfy

9 (@ir1 = 9(@)ir1 + 277 < glg) + 277 27
< g(q)i +27 + 27 F 27 < g(g); + 2772 = g*(g)s

The sequences (¢g*(q);) are still Cauchy and represent the same function g. For
notational convenience, we assume that we have g(q);+1 > g(q); to begin with.
Under this assumption, we get

hn(z) = inf{g(p); : i € N and p € By—n(x) NQ} = inf{g(p) : p € Ba—n(x) N Q}.
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Given that g is continuous, this yields

h(@) = sup hn(@) = g(x).

To summarize, without arithmetical comprehension we have no proof that every
continuous function is lower semi-continuous. As a consequence, we cannot apply
Theorem to an arbitrary continuous function g. This is related to the crucial
monotonicity property g;(q) > g;,(¢q) that was used in the proof of the theorem.
At the same time, the theorem applies to a wide range of lower semi-continuous
functions ¢g. This includes all continuous g such that the values g(g) on argu-
ments g € Q can be given by fast Cauchy sequences or even just by non-increasing
Cauchy sequences (think of right-computable reals). Let us also note that there are
no restrictions on the continuous function f from Theorem [7.:22] So our theorem
(proved in RCA() subsumes all instances that are covered by the classical approach
(where Caristi’s theorem for continuous functions needs arithmetical comprehen-
sion, by Theorem 2.3 of [38]; see [10] for further important results on the reverse
mathematics of Caristi’s theorem).
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