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Abstract. Using a novel effective non-asymptotic concentration inequality, we establish a
distribution-uniform generalization of Sturm’s strong law of large numbers for inductive means
of L1-sequences of i.i.d. random variables on (separable) Hadamard spaces. Building on that, we
establish a strong law of large numbers for integrable random monotone vector fields on (sepa-
rable) Hilbert-Hadamard spaces, that is Hadamard spaces where all tangent cones isometrically
embed into Hilbert spaces, extending a previous result of Salim set in Hilbert spaces. We use
this latter strong law to establish a probabilistic Lie-Trotter-Kato formula for the gradient flow
generated by an integral function over (separable) Hilbert-Hadamard spaces where all tangent
cones are actually full Hilbert spaces. This application leverages the previous Lie-Trotter-Kato
formula established for gradient flows of sums of convex functions by Stojković together with
a result relating resolvent and gradient flow convergence established by Bačák, as well as a
new result on the interchangeability of the subdifferential and the integral, which we establish
for L2-Lipschitz integrands. The last ingredient provides, to our knowledge, the first nonlinear
version of (a particular case of) a previous result due variously to Ioffe and Tikhomirov, Levin,
Hiriart-Urruty, Thibault as well as Rockafellar and Wets. Throughout the paper, we highlight
various remaining open problems.
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1. Introduction

The strong law of large numbers, originally established by Kolmogorov [64], states that for
independent and identically distributed (i.i.d.) integrable random variables (Xi) on a probability
space (Ω,F,P), their sample averages converge to their common mean with probability one, i.e.

1

n

n∑
i=1

Xi → E[X1] P-a.s. as n → ∞.

Due to its ubiquity both in theoretical probability and statistics as well as their applications,
this result belongs arguably to the most important results in all of probability theory, and many
extensions and variants of the strong law of large numbers have been studied over the years
(see e.g. the surveys [101, 105], as well as [85, 84, 86] for recent quantitative studies of various
related results).

In the present paper, we focus on strong laws of large numbers that take place over complete
geodesic metric spaces of nonpositive curvature, so-called Hadamard spaces. Introduced by
Alexandrov [1, 2] and often called CAT(0) spaces since the influential work of Gromov [48],
this class unifies spaces with smooth structure such as (infinite-dimensional) Hilbert spaces
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and Hadamard manifolds (i.e. complete simply connected Riemannian manifolds of nonposi-
tive sectional curvature) with (potentially discrete) structures such as R-trees or the Billera-
Holmes-Vogtmann tree space prominently used in phylogenetics [30], as well as many more. We
generally refer to [4, 5, 21, 32] for various treatments of these spaces, which are a key common
ground for many analytic, geometric and probabilistic results, with techniques from either area
being used to study the others. Probability theory in particular provides various fundamental
tools by which analytical or geometrical aspects of these spaces can be studied, going back to
the work of Jost [53, 55] and in particular Sturm [112, 115, 114].

The present paper now aims to illustrate how such strong laws over nonpositively curved
spaces can be used in combination with other results from stochastic convex analysis to derive
new stochastic approximation principles for deterministic gradient flows generated by integral
functions. Concretely, as is well-known, if H is a Hadamard space and f : H → (−∞,+∞]

is a convex and lower-semicontinuous function such that f =
∑N

k=1 fk, then the gradient flow
semigroup St(x) associated with f (see [6]) can be characterized by a limit of products of the
individual proximal mappings proxλf1 , . . . , proxλfN of f1, . . . , fN , as opposed to a limit of the
proximal mapping proxλf of f as in the usual Crandall-Liggett-type formula (see [79]). More
precisely, one has the following limit for all t ≥ 0 and all x ∈ H:

St(x) = lim
n→∞

(
prox t

n
fN

◦ · · · ◦ prox t
n
f1

)(n)
(x).

This product formula provides a nonlinear analogue of the well-known Lie-Trotter-Kato product
formula for such gradient flow semigroups in linear spaces (see [57], among many other related
works) and was first established by Stojković [111] (and later simplified by Bačák [19]).1

The ultimate goal of the present paper is to establish the following probabilistic variant of the
Lie-Trotter-Kato formula (somewhat similar in spirit to [67]) for the gradient flow generated
by an integral function

∫
f(e, ·) dµ(e) for a proper normal convex integrand f : E × H →

(−∞,+∞], relating the flow of the integral to powers of products of random samples:

Theorem (informal, Theorem 7.5 in the paper). Let (Ω, F,P) and (E,E, µ) be suitable proba-
bility spaces and let (H, d) be a suitable separable Hadamard space. Let f : E×H → (−∞,+∞]
be a proper normal convex integrand which is L2-Lipschitz and suitably integrable. Write St(x)
for the gradient flow associated with

∫
f(e, ·) dµ(e), and fix an i.i.d. sequence (ξi) of random

variables ξi : Ω → E with distribution µ.
Then, there exists a set Ω′ ⊆ Ω with P(Ω′) = 1 such that for any ω ∈ Ω′ as well as for any

t ≥ 0 and x ∈ H:

St(x) = lim
n→∞

(
prox t

n2 f(ξn(ω),·) ◦ · · · ◦ prox t
n2 f(ξ1(ω),·)

)(n)
(x).

In particular, the above limit holds almost surely.

The probability space (E,E, µ) later has to satisfy completeness and separability restrictions,
and the class of permissible Hadamard spaces is characterized by the condition that their
tangent cones are isomorphic to Hilbert spaces (so-called full Hilbert-Hadamard spaces, which
encompass Hilbert spaces as well as manifolds with nonpositive sectional curvature but also
go beyond these classes, as discussed in more detail later). The integrability condition on f is
mild, but a bit technical and so postponed to later.

1We also mention the work of Ohta and Pálfia [94] which extended this result to CAT(1)-spaces. Generally,
while not addressed explicitly throughout, a natural question for future work is whether the results of the
present paper extend to more general upper curvature bounds.
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The proof of the above result makes crucial use of the usual Lie-Trotter-Kato formula for sums
of convex functions already mentioned previously and in particular a new uniform quantitative
variant thereof tailored to Lipschitz functions (see Lemma 7.4 later), as well as of a result
relating resolvent and gradient flow convergence established by Bačák [22].

However, as mentioned before, the main novel ingredients in the respective argument are
strong laws of large numbers together with further results from stochastic convex analysis over
these spaces. Concretely, there is the following sequence of intermediate results of independent
interest leading up to the above theorem:

(A) We derive a (distribution-uniform) strong law of large numbers for inductive means of
i.i.d. sequences of integrable random variables over general Hadamard spaces.

(B) We utilize the strong law for integrable random variables to derive a strong law of large
numbers for i.i.d. selections of integrable random monotone vector fields on so-called
Hilbert-Hadamard spaces (characterized by a flatness condition on the tangent cones).

(C) To apply the strong law for integrable random monotone vector fields in the context of
convex functions, we establish a result on the interchange between the subdifferential
and the Aumann integral on so-called full Hilbert-Hadamard spaces (characterized by
a linearity condition on the tangent cones, as mentioned before).

The use of this sequence of results can be avoided in certain cases. In the case of Hilbert
spaces (see Theorem 7.8 later on), the results can be replaced by an application of a strong
law for convex functions due to King and Wets [59], while in the case of a locally compact
Hadamard space (see Theorem 7.10 later on, which in particular does not require any further
assumptions on the tangent cones), one can utilize a related strong law due to Artstein and
Wets [11]. In both cases, the L2-Lipschitz assumption can actually be relaxed to L1-Lipschitz
continuity. Hence, the succession of results (A) – (B) – (C) is only required to establish the
above theorem for Hadamard spaces (satisfying the respective tangent cone restrictions) which
are neither linear nor locally compact, such as e.g. the infinite dimensional hyperbolic space
H∞ (see [49]), where it however remains the only route known to us.

Both of the strong laws in (A) and (B) are stronger than actually required in the later proof
of the probabilistic Lie-Trotter-Kato formula, and both strong laws are actually established
by means of a quantitative result which entails the various uniformities. On the way to each
of these results and the theorem above, we prove various other related results of independent
interest, and develop a considerable apparatus of stochastic nonlinear analysis for monotone
vector fields over Hadamard spaces. We use this coherent and expansive picture not aimed
exclusively at a single result to formulate a range of remaining open problems in the area.

The following sections of the introduction now describe each of the above ingredients and
related results in more detail.

A. Strong laws for inductive means of random variables on Hadamard spaces. The
strong law of large numbers for bounded random variables on Hadamard spaces goes back to
the work of Sturm [114] (see Theorem 4.7 therein, and also Theorem 7.2.1 in [21]): Over a
probability space (Ω,F,P) and a separable Hadamard space (H, d), if (Xi) is an i.i.d. sequence
of random variables Xi ∈ L∞(Ω,H,P), then

1

n

−→∑
i=1,...,n

Xi → E[X1] P-a.s. as n → ∞.

Here, 1
n

−→∑
i=1,...,nXi refers to an iteratively defined notion of sample average, the so-called in-

ductive mean introduced by Sturm (see Definition 3.1 later). These inductive means, which
coincide with the usual Cesaro means over the reals, are a crucial feature of this strong law
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since they allow one to actually compute the sample average without prior knowledge or ability
to compute the mean of the sequence. This is in particular opposed to other notions of approx-
imate means, such as e.g. those induced by barycenters (see e.g. [41]), in which case the strong
law would be much easier to prove but also of much less interest as the iteration itself becomes
already hard to compute (see Remark 4.8 in [114] for further discussions). This strong law
has various applications, and can be used to develop further probability theory on these spaces
(such as e.g. for deriving Jensen’s inequality [114]) or for developing algorithms to approximate
Fréchet means in practice (see e.g. [20]).

Many variants of this result have been studied since then (see [37, 43, 65, 68, 74, 93, 97, 98,
118, 123], among others), but to our knowledge only the work of Yokota [123] explicitly provides
an extension of Sturm’s strong law of large numbers using inductive means to L1-sequences of
i.i.d. random variables over general Hadamard spaces, mirroring Kolmogorov’s original strong
law. Indeed, all the other works above (while extending the strong law in various interesting
ways in their own right) deviate from this general formulation, either regarding the notion of
average by avoiding inductive means (as in [118]), still only entailing a corresponding strong law
for bounded or square-integrable variables (as in [37, 43, 65, 93, 97, 98]), or focusing on different
(perhaps not even Hadamard) spaces and operator-theoretic formulations (as in [43, 68, 74]).

Our first main result is set in the context of such a general strong law of large numbers on
Hadamard spaces using inductive means of L1-sequences of i.i.d. random variables, where we
establish an even stronger quantitative result by giving the following non-asymptotic concen-
tration inequality:

Theorem (Theorem 3.4 in the paper). Let (Ω, F,P) be a probability space and let (H, d) be a
separable Hadamard space. If (Xi) is an i.i.d. sequence of random variables Xi ∈ L1(Ω,H,P),
then for any ε > 0 and any m ∈ N:

P

(
sup
n≥m

d

(
1

n

−→∑
i=1,...,n

Xi,E[X1]

)
> ε

)
≤ 6

ε

(√
E[d(o,X1)]

m1/2
+ UP(m

1/8)

)
+

72

min{ε2, 1}m1/4
,

where UP(x) := E[d(o,X1)1d(o,X1)≥x] for a fixed o ∈ H.

While quantitative estimates for inductive means were previously obtained by Funano [43]
under substantially stronger boundedness assumptions (and under restrictions on the space),
the above result gives an explicit non-asymptotic estimate (on an arbitrary separable Hadamard
space) under the minimal first-moment assumption.

This inequality is derived by applying a type of geodesic truncation to the random variables
which allows us to leverage the Busemann convexity of the space as well as the nonexpan-
siveness of barycenters w.r.t. the Wasserstein metric to reduce the result to a previous non-
asymptotic concentration inequality for the usual strong law of large numbers on the reals due
to Kachurovskii [56] (see Theorem 3.3 later on, and also the recent [106] for related results) to-
gether with a respective quantitative variant of Sturm’s strong law of large numbers for bounded
i.i.d. sequences (see Lemma 3.2 later on).2 In particular, this provides a new proof of the pre-
vious L1 strong law of large numbers established by Yokota [123] (see Corollary 3.5 later on).
Moreover, this concentration inequality is strong enough to also entail a distribution-uniform
generalization of the strong law on Hadamard spaces (see Corollary 3.6 later on), extending a
corresponding result of Chung [39].

2These quantitative results, as well as the remaining quantitative results in this paper, have been informed
and obtained by the logic-based methodology of proof mining [62, 63] and as such are part of a recent advance
of applying these methods in the context of probability theory [87, 88]. This paper however avoids any further
reference to mathematical logic, as is common in proof mining.
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While not explored in this paper in detail, the present approach to the (quantitative) strong
law of large numbers seems moreover rather general and could perhaps be used to establish other
related results in the literature, such as an extension of the L1-version of Birkhoff’s pointwise
ergodic theorem to Hadamard spaces using inductive means (see Question 3.8 later on) or
establishing a strong law of large numbers for pairwise independent and identically distributed
random variables over Hadamard spaces (see Question 3.9 later on), among others, as discussed
in more detail later.

B. Strong laws for inductive means of random monotone vector fields on Hilbert-
Hadamard spaces. Our second main result is an extension of this strong law of large numbers
to random monotone vector fields. On Hilbert spaces, so-called maximal monotone operators
are key objects in the modern theory underlying convex analysis as well as that of differential
equations and their semigroups, among others (see e.g. [18]), and so-called monotone vector
fields extend this central notion and its theory to Riemannian manifolds using their tangential
structure [83, 89, 72, 73, 121]. Recently, these mappings have in particular also been studied
over Hadamard spaces (see e.g. [36]), where they make use of the tangent cones of these spaces
in the sense of Alexandrov, Berestovskii and Nikolaev [3]. Random monotone vector fields are,
similarly to random monotone operators on Hilbert spaces, stochastically perturbed versions of
these mappings which feature in stochastic convex analysis (see e.g. [27, 28, 29] as well as the
recent [97] for extensions to the setting of Hadamard spaces).

A strong law of large numbers for an integrable random monotone operator on Hilbert spaces
was recently established by Salim [108]. Concretely, if M(H) is the collection of all maximally
monotone operators on a separable Hilbert space H, it was shown in [108] that the averages
1
n

∑n
i=1A(ξi) of a suitably measurable and integrable mapping A : E → M(H) generated

via an i.i.d. sequence of random variables ξi : Ω → E converge a.s. to the integral operator∫
A(e) dµ(e) (defined using the Aumann integral [15]), that is

1

n

n∑
i=1

A(ξi) →R

∫
A(e) dµ(e) P-a.s. as n → ∞,

where convergence here is in the sense of R-convergence (see e.g. [12]), that is in terms of the
resolvents of the operators. This strong law of Salim is quite different to previous strong laws
of large numbers for random sets [34, 109, 116, 117, 9, 10] and more closely related to strong
laws for convex functions [11, 59], and was illustrated to have applications to empirical risk
minimization (see the discussions in [108]).

Using an appropriate notion of inductive mean for sets in a Hadamard space and a corre-
sponding variant of R-convergence, we extend this result of Salim (using a somewhat different
approach) to integrable random monotone vector fields (generalizing the respective notion from
[108]):

Theorem (informal, Theorem 5.3 in the paper). Let (Ω,F,P) and (E,E, µ) be probability spaces
and let (H, d) be a suitable separable Hadamard space. Further, fix an i.i.d. sequence (ξi) of
random variables ξi : Ω → E with distribution µ. Let A : E → M(H) be a suitably measurable
and integrable mapping, where M(H) refers to the collection of all monotone vector fields on
H with total resolvents. Then

1

n

−→∑
i=1,...,n

A(ξi) →R

∫
A(e) dµ(e) P-a.s.

as n → ∞.
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The class of Hadamard spaces that this result is phrased over is that of Hilbert-Hadamard
spaces as introduced by Gong, Wu and Yu [45], that is Hadamard spaces where every tangent
cone is flat (which are discussed in detail later, and also featured in recent investigations into
stochastic optimization [97]). In particular, the resulting strong law recovers the result from
[108] and additionally holds on Hadamard manifolds and their infinite-dimensional generaliza-
tions (as well as other spaces, see Example 2.2 later on).

This result and the surrounding discussion relies on various properties of (random) monotone
vector fields on (Hilbert-)Hadamard spaces, established here for the first time, which have
independent use in (stochastic) convex analysis where these objects are often employed. Also
this strong law of large numbers for vector fields can be made quantitative using a respective
concentration inequality phrased using the resolvents (see Remark 5.4 later on).

C. An interchange result between the subdifferential and the Aumann integral
on full Hilbert-Hadamard spaces. A canonical example of a (random) monotone vector
field is the (random) subdifferential ∂f(t, x) of a proper normal convex integrand f : T ×H →
(−∞,+∞] on a complete probability space (T,T, τ) and a suitable space H (see [104]). Crucial
for both the applicability of the associated strong law of large numbers for random monotone
vector fields in the context of gradient flows as illustrated in this paper, but also for other
results in (stochastic) convex analysis (see in particular [97], where the question for such a
result over Hilbert-Hadamard spaces H is raised) are interchange results between the random
subdifferential and the integral of the form∫

∂f(t, x) dτ(t) = ∂

(∫
f(t, ·) dτ(t)

)
(x) for all x ∈ H

where the integral on the left-hand side is again the Aumann integral.
Results of this type were famously considered by Ioffe and Tikhomirov [52], Levin [69],

Hiriart-Urruty [51], Thibault [119] as well as Rockafellar and Wets [103], among others, and
have various uses in stochastic optimization and analysis next to the one mentioned above (see
in particular the discussions in the above references).

As a third main result, we establish such an interchange when f is L2-Lipschitz and suitably
integrable:

Theorem (informal, Theorem 6.15 in the paper). Let (T,T, τ) be a suitable probability space
and let (H, d) be a suitable separable Hadamard space. Let f : T ×H → (−∞,+∞] be a proper
normal convex integrand and suppose that f is L2-Lipschitz and suitably integrable. Then, for
any x ∈ H: ∫

∂f(t, x) dτ(t) = ∂

(∫
f(t, ·) dτ(t)

)
(x).

The integrability condition on f is quite mild, and just requires that there exists a u0 ∈
L2(T,H, τ) such that f(·, u0(·)) ∈ L1(T,R, τ). Next to being complete, the probability space
(T,T, τ) moreover has to be separable for this result. The class of Hadamard spaces that
this result is phrased over is characterized by the assumption that all tangent cones of the
Hadamard space are not only flat but are actually isometric to Hilbert spaces. This class of
spaces, introduced as full Hilbert-Hadamard spaces in the present paper, is a further restriction
of the Hilbert-Hadamard spaces discussed previously, also naturally covering Hilbert spaces and
Hadamard manifolds and their infinite-dimensional variants, and which is still not limited to
those (see again Example 2.2 later on). In particular, the present result seems to be the first such
interchange result even in the manifold case. Also, this assumption of a Hilbert space structure
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on the tangent cones is in a way sharp since it does not extend to plain Hilbert-Hadamard
spaces, as illustrated by an example (see Example 6.2 later on).
As even full Hilbert-Hadamard spaces do not have a single global dual like linear spaces,

establishing this result is rather tricky, and relies on utilizing various tools, including conjugates
of convex functions on Hadamard spaces motivated by [26, 110], measurable selection theory (see
[14, 35]), directional derivatives of convex functions as studied in [78, 81] (see also [75, 95, 99]),
in particular also making use of recent results of Gigli and Nobili [44] on the study of the
tangent cones of the Hadamard-space of square integrable functions over a Hadamard space,
and classical results over Hilbert spaces like Hahn-Banach and the Riesz representation theorem.

Outline of the paper. The paper is organized as follows: Section 2 provides the various
preliminaries used throughout, such as background on geodesic metric spaces, Hadamard spaces
and their tangent cones as well as the special class of Hilbert-Hadamard spaces and basic
probability theory over these spaces. In Section 3, we derive the (quantitative and distribution-
uniform) strong law of large numbers for inductive means of integrable random variables on
Hadamard spaces and discuss various related problems and questions. Section 4 introduces
monotone vector fields on Hadamard spaces as well as their random variants, and derives various
initial properties required later. In Section 5, we then derive the strong law of large numbers for
integrable random monotone vector fields. Section 6 is concerned with the interchange result
for the integral and the subdifferential and the final Section 7 combines the previous work into
the probabilistic Lie-Trotter-Kato formula outlined before, and discusses special and alternative
cases.

2. Preliminaries

2.1. Geodesics, Hadamard spaces and tangent cones. Let (H, d) be a metric space. A
geodesic is an isometry γ : [0, l] → H. We say that γ joins γ(0) and γ(l), as well as that γ
issues from γ(0). Note that necessarily l = d(γ(0), γ(l)). H is called (uniquely) geodesic if
every two points x, y ∈ H are joined by a (unique) geodesic and if such a geodesic is unique,
we denote it by γx,y. A CAT(0) space (also called a space of nonpositive curvature in the
sense of Alexandrov) is a geodesic metric space (H, d) such that the (extended) Bruhat-Tits
CN-inequality [33] holds (see also Proposition 2.3 in [114]):

d2(γ(tl), x) ≤ (1− t)d2(γ(0), x) + td2(γ(l), x)− t(1− t)d2(γ(0), γ(l))

for all x ∈ H, t ∈ [0, 1] and all geodesics γ : [0, l] → H. Any CAT(0) space is uniquely geodesic
and a complete CAT(0) space is called a Hadamard space. In that context, we also sometimes
write (1 − t)x ⊕ ty given x, y ∈ H and t ∈ [0, 1] for the point γ(tl) on the unique geodesic
γ : [0, l] → H with γ(0) = x and γ(l) = y. It should further be noted that every CAT(0) space
is a Busemann space (see e.g. Theorem 1.3.3 in [21]), that is it holds that

d(γ(tl), η(tk)) ≤ (1− t)d(γ(0), η(0)) + td(γ(l), η(k))

for any two geodesics γ : [0, l] → H and η : [0, k] → H and any t ∈ [0, 1]. As mentioned before,
we refer to [5, 21, 32] for comprehensive overviews of geodesic metric spaces, CAT(0) spaces
and Hadamard spaces, including alternative definitions.

For nonconstant geodesics γ and η issuing from a point x ∈ H in a Hadamard space (H, d),
we define their Aleksandrov angle ∠x(γ, η) by

∠x(γ, η) := lim
s,t→0+

∠̄x(γ(s), η(t)),

with ∠̄x(y, z) referring to the comparison angle, defined via the comparison triangle ∆̄(x̄, ȳ, z̄)
of the geodesic triangle ∆(x, y, z) ⊆ H, as usual (see e.g. [32]). Using the Alexandrov angle, we
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can define the tangent cone TxH of H at a point x ∈ H in the sense of Alexandrov, Berestovskii
and Nikolaev [3]. For that, first note that the Aleksandrov angle ∠x is a pseudometric on the
set of all nonconstant geodesics issuing from x. Writing Σ′

xH for the space of all equivalence
classes of such geodesics under the equivalence relation defined by ∠x(γ, η) = 0, the completion
(ΣxH,∠x) of the space (Σ′

xH,∠x) is called the space of directions from x. The tangent cone
TxH of H at x is then the Euclidean cone over ΣxH, that is TxH := (ΣxH× [0,∞))/ ∼ where
(γ, t) ∼ (η, s) if, and only if, t = s = 0 or t = s > 0 and γ = η. For brevity, we write tγ for
the equivalence class [(γ, t)]∼ and given u = tγ and λ ≥ 0, we write λu := (λt)γ. On TxH, we
consider the metric

dx(tγ, sη) :=
√
t2 + s2 − 2ts cos∠x(γ, η).

By a result due to Nikolaev [91], TxH is a Hadamard space itself. We call the set TH =⋃
x∈H TxH the tangent bundle of H. On TxH, we now write 0x := 0γ as well as ∥tγ∥x :=

dx(0x, tγ) = t and

gx(tγ, sη) :=
1

2

(
∥tγ∥2x + ∥sη∥2x − d2x(tγ, sη)

)
= ts cos∠x(γ, η).

Crucially, we have that gx(tγ, sη) ≤ ∥tγ∥x ∥sη∥x, as well as gx(tγ, tγ) = ∥tγ∥2x, gx(tγ, sη) =
gx(sη, tγ) and gx(tγ, sη) = tgx(γ, sη). We refer to [71] as well as [5, 32] for further exposition
and proofs of the above results.

2.2. Flatness and Hilbert-Hadamard spaces. We call a Hadamard space H flat (see e.g.
[58]) if the CN-inequality is actually an equality, i.e. if

d2(γ(tl), x) = (1− t)d2(γ(0), x) + td2(γ(l), x)− t(1− t)d2(γ(0), γ(l))

for all x ∈ H, t ∈ [0, 1] and all geodesics γ : [0, l] → H. Following Gong, Wu and Yu [45], we
call a Hadamard space H a Hilbert-Hadamard space if every tangent cone TxH is flat.

Remark 2.1. This formulation diverges slightly from the definition used in [45], where instead
of flatness, it is required that TxH isometrically embeds into a Hilbert space (which in turn is
equivalent to being isometric to a closed and convex subset of a Hilbert space). However, this
condition is equivalent to flatness (see in particular Remark 2.4 in [97]).

As discussed in Example 3.2 of [45], Hilbert spaces and Hadamard manifolds are Hilbert-
Hadamard spaces, as are complete simply connected Hilbert manifolds of nonpositive sectional
curvature, that is generalizations of Hadamard manifolds modelled on (potentially infinite-
dimensional) Hilbert spaces (such as e.g. the infinite dimensional hyperbolic space H∞, see [49]).
Further, Hilbert-Hadamard spaces are closed under taking closed and convex subsets. As a flat
space is isometric to a closed and convex subset of a Hilbert space (recall Remark 2.1), every flat
space is itself a Hilbert-Hadamard space. Therefore, tangent cones of Hilbert-Hadamard spaces
are themselves Hilbert-Hadamard spaces. Further, whenever H is a Hilbert-Hadamard space,
so is the space of all square-integrable functions L2(T,H, τ) for a finite measure space (T,T, τ),
discussed in detail later. This latter construction in particular allows Hilbert-Hadamard spaces
to reach beyond the setting of manifolds (see the discussion in [45]). We here provide another
example of a Hilbert-Hadamard space which is not a manifold:

Example 2.2. Let H1 = {(x, y) ∈ H | x ≥ 0} be the right half of the usual Poincaré upper half
plane H with constant curvature −1 (see [32]), which is a closed and convex subset of H and
hence a Hadamard space. Let H2 be a scaled version of H1 with constant curvature −2. As
their left boundaries {(0, y) | y > 0} are isometric to R, we can glue H1 and H2 along these
boundaries to produce H := H1⊔RH2. By Reshetnyak’s gluing theorem (see e.g. Theorem 11.1
in [32]), as R is convex and H1, H2 are Hadamard spaces, we get that H is also a Hadamard
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space. If x ∈ H is away from the seam, it is easy to see that we have TxH ∼= R2. If x ∈ H is on
the seam, then ΣxH is the gluing of two semi-circles, that is ΣxH ∼= S1. Therefore TxH ∼= R2

as well. In particular, H is a Hilbert-Hadamard space. However, H cannot be isometric to a
smooth Riemannian manifold as the curvature is discontinuous across the seam.

Note that the tangent cones in the above Example 2.2 are not only all flat but actually all
isometric to a Hilbert space, which as highlighted in the introduction is a class of Hilbert-
Hadamard spaces that will be important for our interchange result between the subdifferential
and the integral as well as our probabilistic Lie-Trotter-Kato formula later on.

Whenever TxH is flat, we in particular have that gx(u, v) is affine, that is it is both convex and
concave, in both arguments. This follows from a similar argument as in the proof of Theorem
2.4, (4) in [47] and was already explicitly noted in [97].

Lemma 2.3 (Lemma 2.6 in [97]). Let x ∈ H. If TxH is flat, then gx(u, v) is affine in both
arguments.

Following [60] (see also already [3, 25]), we define a metric analog logx : H → TxH of the
inverse exponential map from Riemannian geometry by logx a := d(x, a)γx,a for a ̸= x as well
as logx x := 0x. Crucially, note that logx is nonexpansive:

Lemma 2.4 (see e.g. p. 224 in [45]). For any x, a, b ∈ H:

dx(logx a, logx b) ≤ d(a, b).

The most important property of the pseudo-Riemannian metric gx on TxH is the following
estimate relative to the inverse exponential map:

Lemma 2.5 (essentially Proposition 2.16 in [36]). For any x, a, b ∈ H:

gx(t logx a, s logx b) ≥
ts

2
(d2(x, a) + d2(x, b)− d2(a, b)).

Further, we will need that gx is Lipschitz continuous in both arguments.

Lemma 2.6 (Lemma 2.3 in [97]). For x ∈ H and u, v, w ∈ TxH:

|gx(u, v)− gx(u,w)| ≤ ∥u∥x dx(v, w).

2.3. Measurability and integration on CAT(0) spaces. Let (T,T, τ) be a probability space
and (H, d) be a separable Hadamard space. An (H-valued) random variable is a map x : T → H
which is T/B(H)-measurable, where B(H) is the Borel σ-algebra of H. Write P(H) for the set
of all probability measures on H and for p ∈ [1,∞), write Pp(H) for the set of all measures
P ∈ P(H) such that

∫
dp(w, z) dP (w) < ∞ for some/any z ∈ H. The push-forward measure

τx(A) := τ(x−1(A)) for A ∈ B(H) is called the distribution of x. Naturally, we have τx ∈ P(H).
Fundamentally (compare e.g. Theorem 2.3.1 in [21]), we have the following result in Hadamard

spaces: For any P ∈ P1(H) and some/any y ∈ H, there is a unique minimizer

b(P ) := argminz∈H

∫ (
d2(z, w)− d2(w, y)

)
dP (w),

which is independent of y, called the barycenter of P . Given p ∈ [1,∞), the space Lp(T,H, τ)
is the space of all T/B(H)-measurable maps x : T → H with dp(x, z) < ∞ for some/any
z ∈ H, where dpp(x, y) :=

∫
dp(x, y) dτ for T/B(H)-measurable maps x, y : T → H. The space

Lp(T,H, τ) arises from this space by considering equivalence classes under the equivalence
relation defined by dp(x, y) = 0. Note that x ∈ Lp(T,H, τ) if, and only if, τx ∈ Pp(H). For
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p = ∞, the space L∞(T,H, τ) is the space of all almost sure equivalence classes of T/B(H)-
measurable maps x : T → H where d(x, z) ∈ L∞(T,R, τ) for some/any z ∈ H. The expectation
of a random variable x ∈ L1(T,H, τ) is now defined via∫

x dτ := b(τx)

where b(τx) is the barycenter of τx as before. Later, we will sometimes work with multiple
probability spaces simultaneously. In that context, we generally use (Ω, F,P) as notation for a
ground space over which results take place, where we use E[x] as an alternative notation for the
integral

∫
x dP, and (E,E, µ) as notation for a secondary space. We use the notation (T,T, τ)

in general sections like the present to make it easier to transfer results to either case.
Before we move on, we briefly consider the above notion in the special case of a discrete

measure space: If T = {t1, . . . , tn} is a finite set with full σ-algebra T = 2T , a measurable
random variable x : T → H can simply be identified with a tuple of points (x1, . . . , xn) from H.
If τ is a measure on (T,T) with τ({ti}) = wi such that

∑n
i=1wi = 1, then the integral

∫
x dτ

of x = (x1, . . . , xn) reduces to

argminz∈H

∫
d2(z, x(t)) dτ(t) = argminz∈H

n∑
i=1

wid
2(z, xi),

also called the Fréchet mean of the points (x1, . . . , xn) (see e.g. [21]), a generalization of the
arithmetic mean in Hadamard spaces which is of central importance for various applications.
For this, we further refer to the discussions in [21] as well as [46], the latter of which gives
various computational approaches to recognizing whether a point arises as a mean itself.

The first key theoretical result on the expectation that we rely on here is as follows:

Lemma 2.7 (Corollary 2.4 in [113]). For any x, y ∈ L1(T,H, τ):

d

(∫
x dτ,

∫
y dτ

)
≤
∫

d(x, y) dτ.

The above lemma essentially states (and can be derived from) the nonexpansivity of the
barycenter relative to the Wasserstein (or Kantorovich-Rubinstein) metric

W1(P, P
′) := inf

γ∈Γ(P,P ′)

∫
d(x, y) dγ(x, y)

on P1(H), where Γ(P, P ′) is the set of all couplings

Γ(P, P ′) := {γ ∈ P(H2) | γ(A×H) = P (A) and γ(H× A) = P ′(A) for all A ∈ B(H)}.
The second key result on the expectation that we rely on here is the following analogous

version of Jensen’s inequality:

Lemma 2.8 (Proposition 3.4 in [113]). Let x ∈ L1(T,H, τ) and let φ : H → R be lower-
semicontinuous and convex with (φ ◦ x)+ ∈ L1(T,R, τ). Then∫

φ ◦ x dτ ≥ φ

(∫
x dτ

)
.

We refer to the fundamental works of Sturm [113, 114] as well as the exposition of these
matters given by Bačák [21] for further information on the above.

We will later use the extension of the above integral to set-valued operators. Following [97],
we define this operation in an analogous way to the seminal work of Aumann [15] set in Hilbert
spaces, replacing the use of the Bochner integral therein with the integral of Sturm. Concretely,



STRONG LAWS, RANDOM MONOTONE VECTOR FIELDS AND GRADIENT FLOWS 11

given a set-valued operator F : T → 2H, a function ϕ : T → H is a measurable selection of F if
it is T/B(H)-measurable and ϕ(t) ∈ F (t) for all t ∈ T . The set of all measurable selections of
F is denoted by S(F ) and we write Sp(F ) := S(F )∩Lp(T,H, τ). The Aumann-Sturm integral
of F is then defined as ∫

F dτ =

{∫
ϕ dτ | ϕ ∈ S1(F )

}
.

Again, we briefly consider the above notion over discrete measure spaces. If T = {t1, . . . , tn}
is a finite set with full σ-algebra T = 2T , a set-valued map F : T → 2H can be identified with
a tuple (F1, . . . , Fn) of sets Fi ⊆ H. If now again τ is a measure on (T,T) with τ({ti}) = wi

such that
∑n

i=1wi = 1, then the integral
∫
F dτ reduces to{

argminz∈H

n∑
i=1

wid
2(z, xi) | xi ∈ Fi for all i = 1, . . . , n

}
,

that is the set of all Fréchet means which can be formed for tuples from F1 × · · · × Fn.
As we will later be concerned with probabilistic notions on TxH, we will need to ensure

that the respective concepts are well-defined thereon. In particular, this entails a separability
assumption on TxH which we briefly discuss in the following remark (compare Remark 2.18 in
[97]).

Remark 2.9. We later crucially rely on the tangent cone TxH ofH being separable. This however
directly follows if the underlying Hadamard space H separable as discussed in Remark 2.18 in
[97]. This in particular ensures that dx is jointly measurable and in particular also guarantees
that gx and ∥·∥x are (jointly) measurable as well. Further, note that logx is measurable as it is
nonexpansive and hence uniformly continuous.

It is in particular in the context of the interaction between the integral and the pseudo-
Riemannian metric that we in this paper make essential use of the assumption that TxH is flat
later on, that is that H is a Hilbert-Hadamard space. Concretely, in a separable Hilbert space
(H, ⟨·, ·⟩), it is well-known that independent (H-valued) random variables u, v : T → H satisfy∫

⟨u, v⟩ dτ =

〈∫
u dτ,

∫
v dτ

〉
,

where the integral in that case reduces to the Bochner integral on H. Flatness of TxH allows us
to extend this property to the pseudo-Riemannian metric gx, where we crucially rely on Lemma
2.3 above. Like that lemma, also this observation was already made and crucially employed in
[97] (in fact even an extension to conditional expectations, which we will not need here).

Lemma 2.10 (Lemma 2.19 in [97]). Fix x ∈ H and let TxH be flat. For independent integrable
random variables u, v : T → TxH, we have∫

gx(u, v) dτ = gx

(∫
u dτ,

∫
v dτ

)
.

Lastly, we discuss the space L2(T,H, τ) in more detail, which features crucially in a later
section on the interchange of the subdifferential and the integral. Since at least the work of Jost
(see Corollary 4.1.1 in [55] and see also e.g. Proposition 3.3 [112]), it is known that the space
L2(T,H, τ) is itself a Hadamard space whenever H is one. As mentioned before, it was shown
by Gong, Wu and Yu (see Proposition 3.13 in [45]) that if H is a Hilbert-Hadamard space, then
also L2(T,H, τ) is a Hilbert-Hadamard space, and if H and T are further separable,3 then so

3A probability space (T,T, τ) is called separable if the metric space (T, dτ ) with dτ (A,B) = τ(A△B) is
separable, where A△B is the symmetric difference of A,B ∈ T.
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is L2(T,H, τ). A study of the tangent cones of L2(T,H, τ) can be found in Proposition 4.5 of
[44], already for much more general spaces H, by which TxL

2(T,H, τ) for x ∈ L2(T,H, τ) is
isometric to the space of L2-sections of the so-called pullback x∗TGH of the geometric tangent
bundle TGH (see [44] for precise definitions). In the case that H is a separable Hadamard
space and that (T,T, τ) is separable (as later assumed), Proposition 4.8 of [44] shows that this
characterization of TxL

2(T,H, τ) reduces to the space of all equivalence classes of measurable
u such that u(t) ∈ Tx(t)H almost surely and

∫
∥u(t)∥2x(t) dτ(t) < +∞. In particular, if x ∈ H,

then TxL
2(T,H, τ) is isometric to L2(T, TxH, τ). In that case, one also in particular obtains

that for u, v ∈ TxL
2(T,H, τ) that

d2x(u, v) =

∫
d2x(u(t), v(t)) dτ(t)

and so ∥u∥2x =
∫
∥u∥2x dτ as well as gx(u, v) =

∫
gx(u(t), v(t)) dτ(t).

3. An L1 strong law of large numbers

The main goal of this section is to prove the quantitative generalization of the strong law of
large numbers for L1 i.i.d. processes where crucially, as already motivated in the introduction,
the notion of sample average is that of the inductive mean, following Sturm [113, 114]:

Definition 3.1 (Inductive mean). Let (xi) ⊆ H be given. The sequence of inductive means
(sn) ⊆ H of (xi) is defined as follows:

s1 := x1 and sn :=

(
1− 1

n

)
sn−1 ⊕

1

n
xn.

We write 1
n

−→∑
i=1,...,n xi for sn. In general, this point will depend on the permutation of the (xi).

To derive the distribution-dependent non-asymptotic concentration inequality, we first re-
quire a quantitative variant of Sturm’s L∞ strong law of large numbers:

Lemma 3.2. Let (Ω, F,P) be a probability space and let (H, d) be a separable Hadamard space.
If (Xi) is an i.i.d. sequence of random variables Xi ∈ L∞(Ω,H,P) with d(o,X1) ≤ b P-a.s. for
some b ≥ 1 and o ∈ H, then for any ε > 0 and m ∈ N:

P

(
sup
n≥m

d

(
1

n

−→∑
i=1,...,n

Xi,E[X1]

)
> ε

)
≤ 8b2

min{ε2, 1}m1/2
.

Proof. Write Sn for 1
n

−→∑
i=1,...,n

Xi. We first show that for any ε, λ > 0:

(∗) P

(
sup

n≥(max{4b2/ε2λ,8b/ε})2
d (Sn,E[X1]) > ε

)
≤ λ.

As shown in the proof of Theorem 4.7 in [114], it holds that

∞∑
n=1

P(d(Sn2 ,E[X1]) > ε) ≤
∞∑
n=1

V[X1]

ε2n2
,
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where V[X1] := infz∈H E[d2(z,X1)] is the variance of X1. Note that V[X1] ≤ E[d2(o,X1)] ≤ b2.
As the measure is sub-σ-additive, we get

P( sup
n≥n0

d(Sn2 ,E[X1]) > ε) ≤
∞∑

n=n0

P(d(Sn2 ,E[X1]) > ε)

≤ b2

ε2

∞∑
n=n0

1

n2
≤ b2

ε2n0

.

As further shown in the proof of Theorem 4.7 in [114], one has d(Sn2 , Sk) ≤ 4b/n for all n, k ≥ 1
with n2 ≤ k < (n+ 1)2. For ε, λ > 0 now fixed, write

n0 := max

{
4b2

ε2λ
,
8b

ε

}
.

For ω ∈ Ω such that d(Sn2(ω),E[X1]) ≤ ε/2 for all n ≥ n0 and d(Sn2(ω), Sk(ω)) ≤ 4b/n for all
n, k ≥ 1 as above, if k ≥ n2

0, then k ∈ [n2, (n + 1)2) for some n ≥ n0. Hence, for such a k, we
have

d(Sk(ω),E[X1]) ≤ d(Sk(ω), Sn2(ω)) + d(Sn2(ω),E[X1]) ≤
4b

n
+

ε

2
≤ 4b

n0

+
ε

2
≤ ε.

Therefore, we get

P

(
sup
k≥n2

0

d (Sk,E[X1]) > ε

)
≤ P

(
sup
n≥n0

d (Sn2 ,E[X1]) > ε/2

)
≤ 4b2

ε2n0

≤ λ.

This shows (∗). To now see the inequality claimed in the theorem, note first that (∗) implies

P

(
sup
n≥n2

λ

d (Sn,E[X1]) > ε

)
≤ λ

for nλ := 8b2/(min{ε2, 1}min{λ, 1}). Now, if m1/2 ≥ 8b2/min{ε2, 1}, we obtain

P
(
sup
n≥m

d (Sn,E[X1]) > ε

)
≤ 8b2

min{ε2, 1}m1/2

by setting λ := 8b2/(min{ε2, 1}m1/2) in the above. However, as 8b2/(min{ε2, 1}m1/2) > 1 if
m1/2 < 8b2/min{ε2, 1}, the above inequality holds unconditionally. □

We similarly require a quantitative estimate for the usual L1 strong law of large numbers on
R, which takes the form of the following distribution-dependent non-asymptotic concentration
inequality established by Kachurovskii [56]:

Theorem 3.3 (essentially Theorem 26 in [56]). Let (Ω,F,P) be a probability space and let (Xi)
be an i.i.d. sequence of random variables Xi ∈ L1(Ω,R,P). Then, for any ε > 0 and m ∈ N:

P

(
sup
n≥m

∣∣∣∣∣ 1n
n∑

i=1

Xi − E[X1]

∣∣∣∣∣ > ε

)
≤ 2

ε

(√
E[|X1|]
m1/2

+ UP(m
1/2)

)
,

where UP(x) := E[|X1|1|X1|>x] is the truncated first absolute moment of X1.

Note that the right-hand side of the inequality from Theorem 3.3 vanishes as m → ∞ since
UP(x) → 0 as x → ∞ by the dominated convergence theorem.

Combined, we can now derive the following quantitative estimate on the asymptotic behavior
of L1 i.i.d. processes on H:
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Theorem 3.4. Let (Ω, F,P) be a probability space and let (H, d) be a separable Hadamard space.
If (Xi) is an i.i.d. sequence of random variables Xi ∈ L1(Ω,H,P), then for any ε > 0 and any
m ∈ N:

P

(
sup
n≥m

d

(
1

n

−→∑
i=1,...,n

Xi,E[X1]

)
> ε

)
≤ 6

ε

(√
E[d(o,X1)]

m1/2
+ UP(m

1/8)

)
+

72

min{ε2, 1}m1/4
,

where UP(x) := E[d(o,X1)1d(o,X1)≥x] for a fixed o ∈ H.

Also here, the right-hand side of the inequality featuring in Theorem 3.4 vanishes as m → ∞.

Proof of Theorem 3.4. Let b ≥ 1 be given. We associate with (Xi) a bounded (relative to b and
o) and i.i.d. process (Xb

i ) by truncating it along geodesics as follows:

Xb
i :=

{
Xi if d(o,Xi) ≤ b,

b
d(o,Xi)

Xi ⊕ d(o,Xi)−b
d(o,Xi)

o if d(o,Xi) > b.

For brevity, write

Sn :=
1

n

−→∑
i=1,...,n

Xi and Sb
n :=

1

n

−→∑
i=1,...,n

Xb
i .

Note that d(o,Xb
i ) = min{d(o,Xi), b} so that (Xb

i ) is i.i.d. as well as X
b
i ∈ L∞(Ω,H,P). Our

quantitative version of Sturm’s L∞ strong law of large numbers, that is Lemma 3.2, then yields

P
(
sup
n≥m

d
(
Sb
n,E[Xb

1]
)
> ε

)
≤ 8b2

min{ε2, 1}m1/2

for any ε > 0 and m ∈ N. Now note that since H is a Hadamard space, it is a Busemann space
and so we have that d is jointly convex. In particular, we inductively get

d

(
1

n

−→∑
i=1,...,n

xi,
1

n

−→∑
i=1,...,n

yi

)
≤ 1

n

n∑
i=1

d(xi, yi)

for any pair of sequences (xi), (yi) ⊆ H. This yields

d
(
Sn, S

b
n

)
≤ 1

n

n∑
i=1

d(Xi, X
b
i ).

Since we have d(Xi, X
b
i ) = (d(o,Xi) − b)+, the real-valued process (d(Xi, X

b
i )) is i.i.d. and we

have d(Xi, X
b
i ) ∈ L1(Ω,R,P) since Xi ∈ L1(Ω,H,P). Appealing to the above quantitative

variant of the real-valued L1 strong law of large numbers, that is Theorem 3.3, now yields

P

(
sup
n≥m

∣∣∣∣∣ 1n
n∑

i=1

d(Xi, X
b
i )− E[(d(o,X1)− b)+]

∣∣∣∣∣ > ε

)
≤ 2

ε

(√
E[d(o,X1)]

m1/2
+ V b

P (m
1/2)

)
for any ε > 0 and m ∈ N, where V b

P (x) := E[(d(o,X1) − b)+1(d(o,X1)−b)+>x]. Using the above
inequality, we hence get

d
(
Sn, S

b
n

)
= d

(
Sn, S

b
n

)
− E[(d(o,X1)− b)+] + E[(d(o,X1)− b)+]

≤

∣∣∣∣∣ 1n
n∑

i=1

d(Xi, X
b
i )− E[(d(o,X1)− b)+]

∣∣∣∣∣+ E[(d(o,X1)− b)+].

Lemma 2.7 now yields that

d(E[X1],E[Xb
1]) ≤ E[d(X1, X

b
1)] = E[(d(o,X1)− b)+].
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The triangle inequality yields

d (Sn,E[X1]) ≤ d
(
Sn, S

b
n

)
+ d

(
Sb
n,E[Xb

1]
)
+ d(E[Xb

1],E[X1])

≤

∣∣∣∣∣ 1n
n∑

i=1

d(Xi, X
b
i )− E[(d(o,X1)− b)+]

∣∣∣∣∣+ d
(
Sb
n,E[Xb

1]
)
+ 2E[(d(o,X1)− b)+].

Now, note that (d(o,X1)− b)+ = (d(o,X1)− b)1d(o,X1)≥b and so

E[(d(o,X1)− b)+] = UP(b)− bP(d(o,X1) ≥ b) ≤ UP(b).

In particular, we have V b
P (x) ≤ UP(b). Hence 2E[(d(o,X1) − b)+] ≤ 2UP(b). If UP(b) ≤ ε/6 for

b = m1/8, then we have

P
(
sup
n≥m

d (Sn,E[X1]) > ε

)
≤ P

(
sup
n≥m

∣∣∣∣∣ 1n
n∑

i=1

d(Xi, X
b
i )− E[(d(o,X1)− b)+]

∣∣∣∣∣ > ε/3

)

+ P
(
sup
n≥m

d
(
Sb
n,E[Xb

1]
)
> ε/3

)
≤ 6

ε

(√
E[d(o,X1)]

m1/2
+ V b

P (m
1/2)

)
+

72b2

min{ε2, 1}m1/2

≤ 6

ε

(√
E[d(o,X1)]

m1/2
+ UP(m

1/8)

)
+

72

min{ε2, 1}m1/4
.

If ε/6 < UP(m
1/8), then 6

ε
UP(m

1/8) > 1 so that the result holds unconditionally. □

In particular, the above Theorem 3.4 entails the purely qualitative strong law of large numbers
for L1 i.i.d. processes first established by Yokota [123]:

Corollary 3.5. Let (Ω,F,P) be a probability space and let (H, d) be a separable Hadamard
space. If (Xi) is an i.i.d. sequence of random variables Xi ∈ L1(Ω,H,P), then

1

n

−→∑
i=1,...,n

Xi → E[X1] P-a.s.

as n → ∞.

However, akin to [106], also here the concentration inequality established in Theorem 3.4 is
strong enough to immediately entail a distribution-uniform generalization of the strong law of
large numbers in the style of Chung [39] on Hadamard spaces:

Corollary 3.6. Let (Ω, F) be a measurable space and let (H, d) be a separable Hadamard space.
Let P be a collection of probability measures on (Ω, F) and (Xi) be a sequence of random
variables which is i.i.d. for any P ∈ P . If X1 is P-uniformly integrable, i.e.

lim
x→∞

sup
P∈P

EP[d(o,X1)1d(o,X1)≥x] = 0

for a fixed o ∈ H, then

lim
m→∞

sup
P∈P

P

(
sup
n≥m

d

(
1

n

−→∑
i=1,...,n

Xi,EP[X1]

)
> ε

)
= 0.
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Proof. The corollary follows immediately from Theorem 3.4 once one notes that the P-uniform
integrability implies that supP∈P EP[d(o,X1)] < +∞. To see this, use the P-uniform integra-
bility to pick an x such that supP∈P EP[d(o,X1)1d(o,X1)≥x] ≤ 1. Then, for any P ∈ P :

EP[d(o,X1)] ≤ EP[d(o,X1)1d(o,X1)≤x] + EP[d(o,X1)1d(o,X1)≥x] ≤ x+ 1

which yields supP∈P EP[d(o,X1)] ≤ x+ 1 < +∞. □

The convergence result of Corollary 3.5 does not extend to the stochastic proximal point
algorithm for strongly convex functions, one of the generalizations of the strong law of large
numbers: While it is well-known that the stochastic proximal point algorithm for such func-
tions on Hadamard spaces converges under L∞- or L2-Lipschitz assumptions (see [93] or [98],
respectively), which in particular is used in [93] to re-derive Sturm’s L∞ strong law of large
numbers, the following example shows that this does not extend to an L1-Lipschitz assumption
on the function.

Example 3.7. We construct a probability space (E,E, µ) and a proper Hadamard space (H, d)
together with a function f : E × H → R such that f is E ⊗ B(H)-measurable and f(e, ·)
is strongly convex and L(e)-Lipschitz with L ∈ L1(E, (0,∞), µ), but where the stochastic
proximal point iteration

xn+1 := proxλnf (ξn, xn) := argminy∈H

{
f(ξn, y) +

1

2λn

d2(xn, y)

}
does not converge almost surely, for a given sequence of parameters λn ∈ (0,∞) such that∑

n∈N λn = +∞ and
∑

n∈N λ
2
n < +∞ as well as an i.i.d. sequence (ξn) of random variables

ξn : Ω → E with distribution µ.
For that, consider the Borel space over E := R with a measure µ induced by the push-forward

of a symmetric and integrable random variable ξ : Ω → E with symmetric Pareto tails (see e.g.
[8]), that is E[ξ] = 0, E[|ξ|] < +∞ as well as

P(ξ > t) =
1

2
t−r and P(ξ < −t) =

1

2
t−r

for all t ≥ 1, where r > 1. On that space and for H := [−1, 1], consider f : E×H → R defined
by f(e, x) := 1

2
x2 − ex. Then f(e, ·) is strongly convex and

|f(e, x)− f(e, y)| ≤ (1 + |e|)|x− y|

for all x, y ∈ [−1, 1] and e ∈ R, so that f(e, ·) is Lipschitz with constant L(e) := 1 + |e| ∈
L1(E, (0,∞), µ). Further, f(x) :=

∫
f(e, x) dµ(e) = 1

2
x2, which has the unique minimizer 0 on

[−1, 1]. It is easy to see that

proxλf(e,·)(x) = P[−1,1]

(
x+ λe

1 + λ

)
,

where P[−1,1] is the projection onto the interval [−1, 1]. Now, for λn = 1/na with a ∈ (1
2
, 1) and

where r ∈ (1, 1
a
], we have

∑
n∈N λn = +∞ and

∑
n∈N λ

2
n < +∞. Let now (ξn) be i.i.d. with

distribution µ. We then have∑
n∈N

P
(
ξn >

3

λn

)
=
∑
n∈N

1

2 · 3r
λr
n = +∞,

and so the Borel-Cantelli lemma yields that ξn > 3
λn

holds infinitely often almost surely. Now

if ξn > 3
λn
, we have x+λe

1+λ
> 1 and so xn+1 = 1, which hence holds infinitely often almost surely.
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Similarly, we get
∑

n∈N P
(
ξn < − 3

λn

)
= +∞ and so xn+1 = −1 holds infinitely often almost

surely. Hence xn+1 cannot converge almost surely.

As already highlighted in the introduction, it still remains open whether an L1 version of the
full Birkhoff pointwise ergodic theorem holds for inductive means. Concretely, while various
ergodic theorems are known on Hadamard spaces (see e.g. [7, 16, 38, 82], as well as [65]),
similar as with the strong law previously, all of these results deviate in some way from a full
formulation of Birkhoff’s pointwise ergodic theorem on Hadamard spaces using inductive means,
with [7, 38], while using inductive means, not being phrased for general dynamical systems but
only Kronecker systems (which in particular exclude the Bernoulli shift otherwise used to derive
the strong law of large numbers from the ergodic theorem) and with [16, 82] using other notions
of averages based on (canonical) barycenters. We thus want to highlight the following question:

Question 3.8. Let (Ω,F,P) be a probability space and let (H, d) be a separable Hadamard
space. Suppose T : Ω → Ω is a measurable and measure-preserving function and that f ∈
L1(Ω,H,P). Does it then hold that the inductive ergodic averages

1

n

−→∑
i=1,...,n

f(T (i)(ω)),

converge to E[f | I] almost surely? Here, T (i)(ω) denotes i-fold application of T to ω and
I = {A ∈ F | T−1(A) = A} is the σ-algebra of invariant events.

The above is in particular known in Hilbert spaces (see e.g. [66]). A result such as in
Question 3.8 would then in particular imply the strong law of large numbers from Corollary
3.5. In particular, the strategy employed above to deduce the L1 strong law of large numbers
is also viable in this context, that is using a similar bounding technique along geodesics, one
can derive an L1 variant of the pointwise ergodic theorem already from the L∞ version of
the pointwise ergodic theorem in Hadamard spaces together with the usual Birkhoff pointwise
ergodic theorem on R.

Another open problem already highlighted in the introduction is the generalization of Corol-
lary 3.5 to weaker notions than i.i.d. random variables, such as e.g. pairwise i.i.d. random
variables.

Question 3.9. Let (Ω,F,P) be a probability space and let (H, d) be a separable Hadamard
space. If (Xi) is a sequence of pairwise independent and identically distributed random variables
Xi ∈ L1(Ω,H,P), does it then hold that

1

n

−→∑
i=1,...,n

Xi → E[X1] P-a.s.

as n → ∞?

This problem is in particular open for Xi ∈ L∞(Ω,H,P), which suffices to establish the
claim for Xi ∈ L1(Ω,H,P), as also here the strategy employed above to deduce the L1 strong
law of large numbers, that is using a similar bounding technique along geodesics, is viable to
derive an L1 variant from an L∞ version together with the L1 strong law of large numbers for
pairwise i.i.d. processes (as established by Etemadi [42], see also e.g. Theorem 5.17 in [61]).
In particular, if one could establish a similar concentration inequality for an L∞ strong law
for pairwise i.i.d. processes over Hadamard spaces like that obtained in Lemma 3.2, then this
result can be combined in a similar way as in the proof of Theorem 3.4 with the respective
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concentration inequality for the real-valued L1 strong law of large numbers for pairwise i.i.d.
processes obtained in [90] (see Corollary 3 therein).

Next to the previous two questions, various other surrounding questions remain interesting
points for future study where the above approach could be of help, like e.g. whether the strong
law of large numbers extends to different classes of spaces such as e.g. Gromov’s hyperbolic
spaces (see the recent [92]), or whether there is an analogous result on Hadamard spaces to
the strong law of large numbers by Marcinkiewicz and Zygmund [77], or even whether the
associated non-asymptotic concentration inequality recently established in [106] (see Theorem
2.3 therein) can be (appropriately) extended to a more geometric case. Such a result could then
perhaps be used to establish, similar to [106], related Baum-Katz results [17] (see also [85]) on
Hadamard spaces.

4. Random monotone vector fields on Hadamard spaces

4.1. Monotone vector fields on Hadamard spaces. Following [36], a monotone vector
field over a Hadamard space (H, d) is a mapping A : H → 2TH such that A(x) ⊆ TxH and

gx(u, logx y) ≤ −gy(v, logy x)

for all (x, u), (y, v) ∈ A. We denote the set of zeros of A by zerA := {x ∈ H | 0x ∈ A(x)}.
As already discussed in the introduction, this notion simultaneously generalizes monotone op-
erators on Hilbert spaces and monotone vector fields on Hadamard manifolds as introduced in
[83, 89] (see also [72, 73, 121]).

The key derived object for a monotone vector field is its resolvent, which we defined (following
[36], which in turn generalizes [73]) via

JA
λ x := {z ∈ H | 1

λ
logz x ∈ A(z)}.

Lemma 2.5 immediately yields that a z ∈ H such that 1
λ
logz x ∈ A(z) is unique whenever A is

monotone. In that case, we identify JA
λ with the corresponding (potentially partial) function

from H to H. Following [36], we say that A satisfies the surjectivity condition if all resolvents
are total functions. In the following, we write M(H) for the set of all monotone vector fields
on H satisfying the surjectivity condition (adapting the notation used in [108]).

Remark 4.1. A monotone vector field A is called maximal if its graph graA := {(x, u) ∈
H × TH | u ∈ Ax} cannot be extended properly while preserving monotonicity. By the well-
known theorem of Minty [80], the maximality of a monotone operator over a Hilbert space is
equivalent to the totality of the resolvent. One direction remains valid, as shown in Proposition
3.5 in [36]: if A satisfies the surjectivity condition, then it is maximal. The converse extends
to the setting of Hadamard manifolds as shown in [72] under the condition that the domain
domA := {x ∈ H | A(x) ̸= ∅} is the whole space (see Remark 4.4 in [72]).

Question 4.2. Let A be a maximally monotone vector field on a Hadamard space such that
domA = H. Does A then satisfy the surjectivity condition? Further, can the assumption
domA = H be omitted? This latter problem in particular seems to be open already for
Hadamard manifolds.

Example 4.3 (cf. Examples 2.7 and 2.11 in [97]). Let f : H → (−∞,+∞] be a proper, convex
and lower-semicontinuous (lsc) function. Then the subdifferential

∂f(x) := {u ∈ TxH | f(y) ≥ f(x) + gx(u, logx y) for all y ∈ H},
as defined in the general setting of Hadamard spaces in [36], is a monotone vector field with
argminf := {x∗ ∈ H | f(x∗) ≤ f(x) for all x ∈ H} = zer∂f . As shown in [36, Proposition 3.8],
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the resolvent of ∂f is given by

proxλf (x) := argminy∈H

{
f(y) +

1

2λ
d2(x, y)

}
,

that is the proximal map of f (also called the Moreau-Yosida resolvent). Each proxλf is total
(see [54, Lemma 2]), so that ∂f satisfies the surjectivity condition (and hence is also maximal).

In the rest of this paper, we actually require very little properties of the resolvent. The first
is the following lemma:

Lemma 4.4 (Proposition 4.3 in [36]). If A is a monotone vector field, then JA
λ is nonexpansive,

that is
d(JA

λ (x), J
A
λ (y)) ≤ d(x, y)

for all x, y ∈ dom(JA
λ ). Further, it holds that Fix(JA

λ ) = zerA and if A also satisfies the
surjectivity condition, then

JA
λ (x) = JA

γ

((
1− γ

λ

)
JA
λ (x)⊕

γ

λ
x
)

for any x ∈ H and 0 < γ ≤ λ.

The only other property required later is the continuity of the resolvent in its real parameter.
This was established as Proposition 4.12 in [36] under the condition thatH satisfies the geodesic
extension property, but we here give the following lemma which disposes of that assumption:

Lemma 4.5. Let A be a monotone vector field that satisfies the surjectivity condition. Then
for any x ∈ H and any 0 < γ ≤ λ:

d(JA
λ (x), J

A
γ (x)) ≤

(
1− γ

λ

)
d(JA

λ (x), x).

In particular, JA
λ (x) is continuous in λ ∈ (0,∞).

Proof. Let x ∈ H and 0 < γ ≤ λ. Using Lemma 4.4, we get

d(JA
λ (x), J

A
γ (x)) = d

(
JA
γ

((
1− γ

λ

)
JA
λ (x)⊕

γ

λ
x
)
, JA

γ (x)
)

≤ d
((

1− γ

λ

)
JA
λ (x)⊕

γ

λ
x, x
)

≤
(
1− γ

λ

)
d(JA

λ (x), x).

To see that JA
λ (x) is continuous in λ, note now first that the above yields

d(JA
γ (x), x) ≤ d(JA

γ (x), J
A
λ (x)) + d(JA

λ (x), x)

≤
(
1− γ

λ

)
d(JA

λ (x), x) + d(JA
λ (x), x)

=
(
2− γ

λ

)
d(JA

λ (x), x) ≤ 2d(JA
λ (x), x).

If now γn → λ from below, then the first inequality yields

d(JA
λ (x), J

A
γn(x)) ≤

(
1− γn

λ

)
d(JA

λ (x), x) → 0

directly. If γn → λ from above, then w.l.o.g. γn ∈ [λ,Γ] for some Γ > 0. Then, the first together
with second inequality imply

d(JA
λ (x), J

A
γn(x)) ≤

(
1− λ

γn

)
d(JA

γn(x), x) ≤ 2

(
1− λ

γn

)
d(JA

Γ (x), x) → 0.
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Combined, JA
λ (x) is continuous in λ. □

4.2. Random monotone vector fields and their means. Fix a probability space (T,T, τ)
and let (H, d) be a separable Hadamard space. Over these spaces, consider a map A : T →
M(H).4 We write A(t, x) for A(t)(x).
For such a perturbed vector field, we define its resolvent similar to before via

J
A(t)
λ (x) := {z ∈ H | 1

λ
logz x ∈ A(t, z)}

for λ > 0, t ∈ T and x ∈ H. The following notion of a random monotone vector field, charac-
terized by a measurability condition on these perturbed resolvents, was recently introduced in
[97], extending the notion used in Hilbert spaces (see [27] as well as [108], among others):

Definition 4.6. An operator A : T → M(H) is called a random monotone vector field if

J
A(·)
λ (x) is T/B(H)-measurable for any x ∈ H and any λ > 0.

As J
A(t)
λ (·) is single-valued, total and uniformly continuous (being nonexpansive, as discussed

before) for any t ∈ T , the map J
A(·)
λ (·) is therefore a Carathéodory map and, in particular, is

T⊗ B(H)/B(H)-measurable (see e.g. Lemma 8.2.6 in [14]).

Example 4.7. Let f : T × H → (−∞,+∞] be a given function. Following [104], we call f a
normal integrand if f(t, ·) is lsc for all t ∈ T and its epigraph epif(t, ·) := {(x, α) ∈ H × R |
f(t, x) ≤ α} is measurable as a set-valued function T → 2H×R. We call f a normal convex
integrand if f(t, ·) is additionally convex for all t ∈ T and we call f proper if f(t, ·) is proper for
any t ∈ T . If (T,T, τ) is complete, the measurability of the epigraph condition can equivalently
be replaced with the assumption that f is T⊗ B(H)-measurable.

For such a proper normal convex integrand f , consider now the associated random subdif-
ferential

∂f(t, x) := {u ∈ TxH | f(t, y) ≥ f(t, x) + gx(u, logx y) for all y ∈ H}
for t ∈ T and x ∈ H. As discussed in Example 4.3, the resolvents of ∂f(t, ·) are given by
the proximal maps proxλf(t,·)(x), which are all total. As discussed in Example 3.2 in [97],
by adapting arguments from [104], it is further easy to see that proxλf (t, ·)(x) is T/B(H)-
measurable in t, so that ∂f : T → M(H) is a random monotone vector field.

The notion of a random monotone vector field A as defined above can be characterized by a
genuine measurability condition on A defined using the so-called R-topology, extending results
of Attouch [12]. This topology later gives rise to the notion of R-convergence which is the key
notion of convergence for our strong law of large numbers for random monotone vector fields.

Definition 4.8. The R-topology τR on M(H) is the coarsest topology that makes all the
functions px,λ(A) := JA

λ (x), given x ∈ H and λ > 0, continuous.

Analogously to Proposition 1.1 in [12], we also get here that this topology is metrizable and
that the resulting space is separable. Before we derive this result, we however first give the
following lemma, illustrating that the resolvents completely determine a monotone vector field
with the surjectivity condition.

Lemma 4.9. Let A,B ∈ M(H) such that JA
λ (x) = JB

λ (x) for all λ > 0 and x ∈ H. Then
A = B.

4Equivalently, we can regard A as a perturbed set-valued vector field A : T ×H → 2TH with A(t, x) ⊆ TxH
for all t ∈ T and x ∈ H such that A(t, ·) is monotone and satisfies the surjectivity condition for any t ∈ T (as
studied in [97]).
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Proof. We first show

A = {(JA
λ (x), λ

−1 logJA
λ (x) x) | x ∈ H, λ > 0}.

Concretely, call the right-hand side C. Then C ⊆ A and hence C is a monotone vector field.
Now, by definition we have λ−1 logJA

λ (x) x ∈ C(JA
λ (x)), and so by uniqueness of the resolvent,

we have JC
λ (x) = JA

λ (x) for any x ∈ H and λ > 0. In particular, C satisfies the surjectivity
condition and hence is maximal. Therefore, we have A = C. Now, we similarly get the above
representation for B, and so we immediately get

A = {(JA
λ (x), λ

−1 logJA
λ (x) x) | x ∈ H, λ > 0}

= {(JB
λ (x), λ

−1 logJB
λ (x) x) | x ∈ H, λ > 0} = B

if JA
λ (x) = JB

λ (x) for all λ > 0 and x ∈ H, as claimed. □

We can now characterize the R-topology further, using a similar approach as Attouch [12].

Lemma 4.10. The R-topology on M(H) is metrizable with metric

dR(A,B) :=
∞∑
n=1

1

2n
min{1, d(JA

rn(xn), J
B
rn(xn))},

where {(xn, rn) | n ∈ N} is dense in H× (0,∞). Further, the space (M(H), dR) is separable.

Proof. First, note that τR is the topology induced by dR. For that, note that the topology
induced by dR is the coarsest topology that makes all the functions JA

rn(xn) continuous. It hence
only remains to be shown that JA

λ (x) is continuous in A under dR, given λ > 0 and x ∈ H. For
this, suppose dR(An, A) → 0. Then by definition d(JAn

rk
(xk), J

A
rk
(xk)) → 0 for any k ∈ N. Take

a k ∈ N such that d(xk, x) <
ε
3
. Then, for large enough n, we get d(JA

rk
(xk), J

An
rk

(xk)) <
ε
3
for

this k, and hence obtain

d(JA
rk
(x), JAn

rk
(x)) ≤ d(JA

rk
(x), JA

rk
(xk)) + d(JA

rk
(xk), J

An
rk

(xk)) + d(JAn
rk

(xk), J
An
rk

(x)) < ε

for all such suitably large n. Now, using Lemma 4.5, take a k such that rj ≥ rk ≥ λ is close
enough to λ such that d(JA

λ (x), J
A
rk
(x)) < ε

3
and

d(JAn
rk

(x), JAn
λ (x)) ≤ 2

(
1− λ

rk

)
d(JAn

rj
(x), x) <

ε

3
,

using that d(JAn
rj

(x), x) is bounded for varying n. Then, for large enough n, we get that

d(JA
rk
(x), JAn

rk
(x)) < ε

3
for this k, and hence obtain

d(JA
λ (x), J

An
λ (x)) ≤ d(JA

λ (x), J
A
rk
(x)) + d(JA

rk
(x), JAn

rk
(x)) + d(JAn

rk
(x), JAn

λ (x)) < ε.

To see that (M(H), dR) is separable, define the map i : M(H) → HN via

i(A) := (JA
rn(xn))n∈N.

The map i is now injective: Suppose that A,B ∈ M(H) are such that JA
rn(xn) = JB

rn(xn) for
all n ∈ N. Then by Lemmas 4.4 and 4.5, we get that JA

λ (x) = JB
λ (x) for all λ > 0 and x ∈ H.

Lemma 4.9 now yields that A = B. In particular, i is a bijection between M(H) and i(M(H)).
Now, note that by definition of the R-topology, the map i is a homeomorphism between M(H)
and i(M(H)). As H is separable, so is HN and hence M(H) is also separable. □
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Remark 4.11. Proposition 1.1 in [12] also establishes that (M(H), dR) is complete for a separa-
ble Hilbert space H. Lifting this completeness to the present nonlinear setting is not completely
trivial: While the approach from [12] carries over conceptually, it relies on the ability to as-
sociate a monotone vector field to a given nonexpansive map which is not fully available in
this nonlinear context (see Proposition 4.7 in [36] for some partial results in the context of the
geodesic extension property). We however do not need the completeness of (M(H), dR) here,
and so simply omit results related to this.

The following result now partially extends Lemma 2.1 from [12]:

Lemma 4.12. Let A : T → M(H) be given. Then A is a random monotone vector field if,
and only if, A is T/B(M(H))-measurable.

Proof. Suppose that A is T/B(M(H))-measurable. Then J
A(t)
λ (x) = px,λ(A(t)) is T/B(H)-

measurable as px,λ is continuous in M(H). Hence, A is a random monotone vector field.

Conversely, suppose that each J
A(t)
λ (x) is T/B(H)-measurable. Then, for an arbitrary but

fixed B ∈ M(H), we have

dR(A(t), B) :=
∞∑
n=1

1

2n
min{1, d(JA(t)

rn (xn), J
B
rn(xn))}.

As each summand is measurable, we get that also the series and hence dR(A(t), B) is T-
measurable for any B ∈ M(H). As (M(H), dR) is separable by Lemma 4.10, we get that
A is T/B(M(H))-measurable (see e.g. Lemma III.16 in [35]). □

Further, we can show that for a fixed x ∈ H, the map t 7→ A(t, x) is measurable as a set-
valued map T → 2TxH, which will be useful later. For that, we first recall the following two key
notions from measurable selection theory (we generally refer to [14, 35] for further background):
Over a complete separable metric space (H, d) and a measurable space (T,T), a set-valued map
φ : T → 2H is called graph measurable if

gra(φ) := {(t, x) ∈ T ×H | x ∈ φ(t)} ∈ T⊗ B(H).

Over complete σ-finite measure spaces, and if φ has nonempty closed images, this is equivalent
(see e.g. Theorem 8.1.4 in [14]) to the so-called weak measurability of φ : T → 2H, that is that

φ−1(C) := {t ∈ T | φ(t) ∩ C ̸= ∅} ∈ T

for all open sets C ⊆ H, as well as to the so-called measurability of φ, that is that φ−1(C) ∈ T
for all closed sets C ⊆ H.

Lemma 4.13. Let (T,T, τ) be a complete probability space. Let A : T → M(H) be given and
fix x ∈ H. Then t 7→ A(t, x) is measurable as a set-valued map T → 2TxH.

Proof. Similar as in the proof of Lemma 4.9, we have

A(t) = {(JA(t)
λ (y), λ−1 log

J
A(t)
λ (y)

y) | y ∈ H, λ > 0}.

Hence, we get

A(t, x) = {λ−1 log
J
A(t)
λ (y)

y | y ∈ H, λ > 0 such that J
A(t)
λ (y) = x}.

Hence, for U ⊆ TxH closed, we have

{t ∈ T | A(t, x) ∩ U ̸= ∅} = πT (EU)



STRONG LAWS, RANDOM MONOTONE VECTOR FIELDS AND GRADIENT FLOWS 23

where πT is the projection onto T and

EU = {(t, y, λ) ∈ T ×H× (0,∞) | JA(t)
λ (y) = x and λ−1 logx y ∈ U}.

Note that J
A(t)
λ (y) is jointly continuous in (y, λ) ∈ H × (0,∞) since we have

d(J
A(t)
λn

(yn), J
A(t)
λ (y)) ≤ d(J

A(t)
λn

(yn), J
A(t)
λn

(y)) + d(J
A(t)
λn

(y), J
A(t)
λ (y))

≤ d(yn, y) + d(J
A(t)
λn

(y), J
A(t)
λ (y)) → 0

as (yn, λn) → (y, λ), using the nonexpansivity of the resolvent and Lemma 4.5. As J
A(t)
λ (y) is

also measurable in t, we get that J
A(t)
λ (y) is a Carathéodory function and hence that it is jointly

measurable in (t, y, λ) ∈ T ×H × (0,∞). Hence, by the inverse image theorem (see Theorem
8.2.9 in [14]), we have that

t 7→ {(y, λ) ∈ H × (0,∞) | JA(t)
λ (y) = x}

is measurable and hence also graph-measurable. Similarly, we have that

t 7→ {(y, λ) ∈ H × (0,∞) | λ−1 logx y ∈ U}
is measurable and hence graph-measurable. Combined, we get that EU ∈ T⊗B(H)⊗B((0,∞)).
Hence πT (EU) ∈ T by the measurable projection theorem (see Theorem III.23 in [35]). This
implies that A(·, x) is measurable. □

For a random monotone vector field A : T → M(H), we define its integral operator via∫
A(t) dτ : H → 2TH, x 7→

∫
A(t, x) dτ(t),

where the integral refers to the Aumann-Sturm integral as defined before, now on TxH. As
already remarked in [97], if H is a separable Hilbert-Hadamard space and A is a random
monotone vector field, then

∫
A(t) dτ(t) is immediately monotone, using that gx is affine (recall

Lemma 2.3).
In this paper, we now need a concept of a random monotone vector field being integrable.

In [108], Salim called a random monotone operator on a Hilbert space integrable if
∫
A(t) dτ(t)

is maximal (see also already [28, 29] for previous uses of this notion). This however is used
therein exclusively to guarantee that the associated resolvents are total functions via Minty’s
theorem [80]. This equivalence is not available in this nonlinear context as discussed before,
and we hence focus on the resolvents right away and arrive at the following condition.

Definition 4.14. A random monotone vector field A : T → M(H) is called integrable if∫
A(t) dτ(t) satisfies the surjectivity condition.

Examples of random monotone operators on Hilbert spaces which are integrable are discussed
in [108] (see also [28]). Modelled on these discussions, we in the following discuss a few cases
where similar results can be guaranteed in more general metric contexts.

Example 4.15. Let (T,T, τ) be a complete probability space and A : T → M(H) be a random
monotone vector field.

(1) Suppose that A is L1-dominated, that is there exists a g ∈ L1(T, (0,∞), τ) such that
A(t, x) ̸= ∅ and supy∈A(t,x) ∥y∥x ≤ g(t) almost everywhere. As shown in Example 2 of

[27], over Rd, an L1-dominated random monotone operator is integrable. This extends to
finite-dimensional Hadamard manifolds as follows: By Remark 4.4 of [72], it suffices to
show that

∫
A(t) dτ(t) has full domain and is maximally monotone, and by Theorem 3.7

of [72], this reduces to
∫
A(t) dτ(t) being monotone, upper semicontinuous and having
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full domain as well as having closed and convex values. Monotonicity is immediate
as a Hadamard manifold is a Hilbert-Hadamard space. Further, fixing x ∈ H, first
recall from Lemma 4.13 that A(·, x) is measurable. Also, its values are closed (since A
is maximal). We hence get that S1(A(·, x)) ̸= ∅ by the Kuratowski–Ryll-Nardzewski
measurable selection theorem (see Theorem 8.1.3 in [14]), using that A is dominated
to guarantee integrability. Hence,

∫
A(t) dτ(t) has full domain. Further, the values are

convex and closed as can be immediately seen (see also [100]). As the tangent cones
are just Euclidean spaces and as the values of A(t, ·) are closed and bounded, they are
compact. Hence, the results of [122] imply that

∫
A(t) dτ(t) is upper semicontinuous as

each A(·, x) has measurable graph.
(2) Suppose A(t, x) = ∂f(t, x) is the subdifferential of a proper normal convex integrand

f : T × H → (−∞,+∞], which is a random monotone vector field as discussed in
Example 4.7. Assume that

∫
f(t, ·) dτ(t) is proper and lsc (it is immediately convex).

If we can interchange the integral and the subdifferential, that is if∫
∂f(t, x) dτ(t) = ∂

(∫
f(t, ·) dτ(t)

)
(x)

for all x ∈ H, then
∫
∂f(t, ·) dτ(t) satisfies the surjectivity condition as ∂

(∫
f(t, ·) dτ(t)

)
does (recall Example 4.3). Suitable conditions which guarantee this interchange of the
integral and the subdifferential on Hilbert spaces can be found in [103]. We will later
extend this result to separable Hilbert-Hadamard spaces where every tangent cone is
isometric to a Hilbert space, covering in particular Hadamard manifolds, provided that
(T,T, τ) is additionally separable and f is L2-Lipschitz and suitably integrable.

If (T,T, τ) is a finite discrete measure space with T = {t1, . . . , tn} as well as τ({ti}) = wi,
and H is such that each TxH is isometric to a Hilbert space, then

∫
A(t, x) dτ(t) reduces to

an arithmetic mean of the image sets
∑n

i=1 wiA(ti, x), where the sum refers to the Minkowski
sum. In particular, if H is a finite dimensional Hadamard manifold and all A(ti, ·) have full
domain,

∫
A(t) dτ(t) satisfies the surjectivity condition as can be seen similarly to item (1)

above: Since the sum also has full domain, by Remark 4.4 of [72] and Theorem 3.7 of [72],∫
A(t) dτ(t) satisfying the surjectivity condition reduces to

∫
A(t) dτ(t) being monotone, upper

semicontinuous and having closed and convex values which we can establish in this case. First, in
the present context,

∫
A(t) dτ(t) is clearly monotone and its values are convex as the Minkowski

sum preserves convexity. By Lemma 3.6 in [72], the Ai are locally bounded and so, as they are
also closed, we get that A has closed values since the tangent cones of H are finite dimensional
Hilbert spaces. Also, by the same argument as given in item (1) above, we get that A is upper
semicontinuous.

5. A strong law of large numbers for random monotone vector fields

We now turn to the second main result of this paper, an extension of the previous L1 strong
law of large numbers for random variables on Hadamard spaces to integrable random monotone
vector fields. For this, unless said otherwise, let (H, d) now be a separable Hilbert-Hadamard
space (and recall Remark 2.9).

Again, we require a notion of finite mean, and for this we extend the previously discussed
inductive mean of Sturm from points to sets.
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Definition 5.1 (Inductive mean of sets). The inductive mean of A1, . . . , An ⊆ H is defined as
follows:

1

n

−→∑
i=1,...,n

Ai :=

{
1

n

−→∑
i=1,...,n

xi | xi ∈ Ai for i = 1, . . . , n

}
.

If Ai : H → 2TH are monotone vector fields, we define inductive mean vector field via

1

n

−→∑
i=1,...,n

Ai : H → 2TH, x 7→ 1

n

−→∑
i=1,...,n

Ai(x).

In particular, this vector field is monotone in a separable Hilbert-Hadamard space H, using
that gx is affine (recall Lemma 2.3) similar as with

∫
A(t) dτ .

Before we can derive this second strong law of large numbers, we require an intermediate
step. In a Hadamard manifold H, using that ∇x

1
2
d2(x, y) = − logx y (as follows from the first

variation formula, see [107]) and that 1
2
d2(x, y) is strongly convex, it can be shown that − logx

is strongly monotone, that is

gz(logz x, logz y) ≥ −gy(logy x, logy z) + d2(z, y)

for all x, y, z ∈ H. Our proof of the strong law of large numbers for integrable random mono-
tone vector fields relies on this property and while the conclusion of strong monotonicity as
formulated above does make sense in the context of Hadamard spaces, there are two immediate
issues with the above approach: First, a Hadamard space does not carry differential structure
as is, and second, the expression − logx is not well-defined as the space TxH is not linear but
just a cone.

We hence rely on a different approach here. Concretely, we follow the argument used in
Proposition 2.9 from [97] to show that ∂f is strongly monotone whenever f is strongly convex,
but utilize −1

2
d2(x, y) in place of f .

Lemma 5.2. Let (H, d) be a Hadamard space. For any x, y, z ∈ H:

gz(logz x, logz y) ≥ −gy(logy x, logy z) + d2(z, y)

Proof. For f(a) := −1
2
d2(a, x), we get for any t ∈ [0, 1] and any a ∈ H that

(1− t)f(a) + tf(b) + t(1− t)
1

2
d2(a, b) ≤ f((1− t)a⊕ tb).

Lemma 2.5 yields

2ga(loga x, loga y) ≥ d2(a, x) + d2(a, y)− d2(x, y)

≥ d2(a, x)− d2(x, y)

and so
f(y) ≤ f(a) + ga(loga x, loga y)

for all y ∈ H. In particular, we have

f((1− t)a⊕ tb) ≤ f(a) + ga(loga x, loga((1− t)a⊕ tb)),

so that combined, we have

(1− t)f(a) + tf(b) + t(1− t)
1

2
d2(a, b) ≤ f(a) + ga(loga x, loga((1− t)a⊕ tb)).

Hence

f(b)− f(a) ≤ ga(loga x, loga((1− t)a⊕ tb))

t
− (1− t)

1

2
d2(a, b)
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for all t ∈ (0, 1]. Similarly, we get

f(a)− f(b) ≤ gb(logb x, logb((1− t)b⊕ ta))

t
− (1− t)

1

2
d2(b, a).

Using ga(loga x, loga((1− t)a⊕ tb))/t = ga(loga x, loga b) (and similarly for b), as established in
the proof of Proposition 2.9 in [97], we have

ga(loga x, loga b)− (1− t)d2(a, b) ≥ −gb(logb x, logb a).

Taking t → 0, we get

ga(loga x, loga b) ≥ −gb(logb x, logb a) + d2(a, b)

as claimed. □

We can now establish our strong law of large numbers for integrable random monotone vector
fields over Hilbert-Hadamard spaces. Similar to [108], the mode of convergence for the random
monotone vector fields will be that of R-convergence, as already mentioned before. Concretely,
the R-topology discussed previously in Definition 4.8 gives rise to the following notion of R-
convergence: Given a sequence (An) ⊆ M(H) together with A ∈ M(H), we say that (An)
R-converges to A, written An →R A, if

JAn
λ (x) → JA

λ (x)

for all x ∈ H and λ > 0. In particular, if An, A : Ω → M(H) are random monotone vector
fields, then An →R A holds P-a.s. if, and only if, there exists a set Ω′ ⊆ Ω of measure one such

that J
An(ω)
λ (x) → J

A(ω)
λ (x) for all ω ∈ Ω′, x ∈ H and λ > 0.

We now turn to the second main result of this paper:

Theorem 5.3. Let (Ω,F,P) and (E,E, µ) be probability spaces and let (H, d) be a separable
Hilbert-Hadamard space. Further, fix an i.i.d. sequence (ξi) of random variables ξi : Ω → E
with distribution µ. Let A : E → M(H) be an integrable random monotone vector field such

that 1
n

−→∑
i=1,...,n

A(ξi) satisfies the surjectivity condition P-a.s. Then

1

n

−→∑
i=1,...,n

A(ξi) →R

∫
A(e) dµ(e) P-a.s.

as n → ∞.

Proof. For brevity, write

An :=
1

n

−→∑
i=1,...,n

A(ξi) and A :=

∫
A(e) dµ(e).

Given any x ∈ H and λ > 0, write y := JA
λ (x) and z := 1

λ
logy x ∈ A(y). As z ∈ A(y), there is

an α ∈ S1(A(·, y)) such that z =
∫
α dµ. Define

zn :=
1

n

−→∑
i=1,...,n

α(ξi)

and note that zn(ω) ∈ An(ω, y). Then by Corollary 3.5 on TyH, we have

zn → z P-a.s.

as n → ∞. Now, define yn(ω) := J
An(ω)
λ (x) and un(ω) := 1

λ
logyn(ω) x ∈ An(ω, yn(ω)). As

An(ω, ·) is monotone for any ω, we get

gyn(un, logyn y) ≤ −gy(zn, logy yn)
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almost surely. Lemma 5.2 yields that

gyn(logyn x, logyn y) ≥ −gy(logy x, logy yn) + d2(yn, y),

and so

gyn(un, logyn y) ≥ −gy(z, logy yn) +
1

λ
d2(yn, y).

Combined, we have

d2(yn, y) ≤ λ
(
gyn(un, logyn y) + gy(z, logy yn)

)
≤ λ

(
gy(z, logy yn)− gy(zn, logy yn)

)
≤ λ

∥∥logy yn∥∥ dy(z, zn)
= λd(y, yn)dy(z, zn),

where the third inequality follows from Lemma 2.6. Hence, we have

d(J
An(ω)
λ (x), JA

λ (x)) = d(yn(ω), y) ≤ λdy(z, zn(ω)) → 0

for almost all ω as n → ∞. This shows that for any x ∈ H and λ > 0, there exists a set Ωx,λ

of measure one such that

J
An(ω)
λ (x) → JA

λ (x)

for all ω ∈ Ωx,λ. Using that H is separable, let Z ⊆ H be a countable dense subset. Define

Ω′ :=
⋂

z∈Z,r∈Q>0

Ωz,r,

which has measure one as well. Now, let ω ∈ Ω′ as well as x ∈ H and λ > 0 be arbitrary.
Let ε ∈ (0, 1] be arbitrary and let z ∈ Z be such that d(x, z) < ε

6
and let r ∈ Q>0 be such

that λ ≤ r ≤ min{λ/(1− ε/24b), ⌈2λ⌉} for b ≥ 1 such that b ≥ d(JA
⌈2λ⌉(z), z). Then, using the

nonexpansivity of the resolvents JA
λ and J

An
λ , we get

d(J
An(ω)
λ (x), JA

λ (x)) ≤ d(J
An(ω)
λ (x), J

An(ω)
λ (z)) + d(J

An(ω)
λ (z), JA

λ (z)) + d(JA
λ (x), J

A
λ (z))

≤ 2d(x, z) + d(J
An(ω)
λ (z), JA

λ (z))

≤ 2d(x, z) + d(J
An(ω)
λ (z), JAn(ω)

r (z)) + d(JAn(ω)
r (z), JA

r (z)) + d(JA
r (z), J

A
λ (z)).

Now, note that

d(JA
r (z), J

A
λ (z)) ≤ 2

(
1− λ

r

)
d(JA

⌈2λ⌉(z), z) ≤ 2

(
1− λ

r

)
b

using (the proof of) Lemma 4.5. Similarly, we have

d(J
An(ω)
λ (z), JAn(ω)

r (z)) ≤ 2

(
1− λ

r

)
d(J

An(ω)

⌈2λ⌉ (z), z)

≤ 2

(
1− λ

r

)
d(J

An(ω)

⌈2λ⌉ (z), JA
⌈2λ⌉(z)) + 2

(
1− λ

r

)
d(JA

⌈2λ⌉(z), z)

≤ 2d(J
An(ω)

⌈2λ⌉ (z), JA
⌈2λ⌉(z)) + 2

(
1− λ

r

)
b.
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Combined, we have

d(J
An(ω)
λ (x), JA

λ (x)) ≤ 2d(x, z) + 2d(J
An(ω)

⌈2λ⌉ (z), JA
⌈2λ⌉(z)) + 4

(
1− λ

r

)
b+ d(JAn(ω)

r (z), JA
r (z))

≤ 3ε

6
+ 2d(J

An(ω)

⌈2λ⌉ (z), JA
⌈2λ⌉(z)) + d(JAn(ω)

r (z), JA
r (z)).

Using ω ∈ Ω′ ⊆ Ωz,r ∩ Ωz,⌈2λ⌉, there is an m such that

d(JAn(ω)
r (z), JA

r (z)), d(J
An(ω)

⌈2λ⌉ (z), JA
⌈2λ⌉(z)) ≤

ε

6

for all n ≥ m. Hence

d(J
An(ω)
λ (x), JA

λ (x)) ≤ ε for all n ≥ m.

As ε ∈ (0, 1] was arbitrary, we get that J
An(ω)
λ (x) converges to JA

λ (x). This yields the result. □

Remark 5.4. Also the strong law for random monotone vector fields in the above Theorem 5.3
can be made quantitative. At first, note that by following the proof of Theorem 5.3, we get

d(J
An(ω)
λ (x), JA

λ (x)) ≤ λdy(z, zn(ω))

for almost all ω. Theorem 3.4 can then be employed to provide a quantitative rendering of
zn → z P-a.s.: For any ε > 0 and any m ∈ N:

P
(
sup
n≥m

d (zn, z) > ε

)
≤ 6

ε


√
E[∥α(ξ1)∥y]

m1/2
+ UP(m

1/8)

+
72

min{ε2, 1}m1/4

where UP(a) := E[∥α(ξ1)∥y 1∥α(ξ1)∥y≥a] where α ∈ S1(A(·, y)) such that z =
∫
α dµ and y =

JA
λ (x). Hence, we in particular have

P
(
sup
n≥m

d(J
An
λ (x), JA

λ (x)) > ε

)
≤ 6

ε/λ


√
E[∥α(ξ1)∥y]

m1/2
+ UP(m

1/8)

+
72

min{ε2/λ2, 1}m1/4

for all ε > 0 and m ∈ N. If A is L1-uniformly majorized (in the spirit of [96]), that is
supy∈A(e,x) ∥y∥x ≤ g(e, b) almost everywhere for all b > 0 and all x ∈ H with d(o, x) ≤ b, where

g(·, b) ∈ L1(E, (0,∞), µ) for all b > 0, then we can estimate
√

E[∥α(ξ1)∥y] ≤
√

E[g(·, c)] as well
as

UP(a) = E[∥α(ξ1)∥y 1∥α(ξ1)∥y≥a] ≤ E[g(·, c)1g(·,c)≥a],

where c ≥ d(o, y). In particular, if d ≥ d(o, JA
λ (o)) and b ≥ d(o, x), then

d(o, y) ≤ d(o, JA
λ (o)) + d(JA

λ (o), J
A
λ (x)) ≤ d+ b

so that we can take c = d + b and so that the above bound holds uniformly for all x ∈
H in terms of such d and b as well as λ > 0. In particular, if A is L1-dominated, that is
supy∈A(e,x) ∥y∥x ≤ g(e) almost everywhere and g(·) ∈ L1(E, (0,∞), µ) for all x ∈ H, then the
above holds uniformly for all x ∈ H. We do not spell this out here further.
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6. On the interchange of integration and subdifferentiation

Let (T,T, τ) be a complete probability space and (H, d) be a separable Hadamard space, and
let f : T×H → (−∞,+∞] be a proper normal convex integrand (recall [104] and Example 4.7).
The goal of this section is to investigate in what way the interchange between subdifferentiation
and integration in the form of∫

∂f(t, x) dτ(t) = ∂

(∫
f(t, ·) dτ(t)

)
(x) for all x ∈ H

holds true in separable Hilbert-Hadamard spaces. Results of this type have a longer history.
One of the strongest instances was obtained by Rockafellar and Wets [103], who actually proved
a stronger relation on the interchange of the conditional expectation and the subdifferential of
F (x) :=

∫
f(t, x(t)) dτ(t) defined for x ∈ L2(T,H, τ), over H = Rd (see also [31] for similar

results). A result such as the above for suitable functions f over Rd was first derived by Ioffe
and Tikhomirov [52], and later extended and modified by Levin [69], Hiriart-Urruty [51] and
Thibault [119], among others.

Throughout, we now write f(x) :=
∫
f(t, x) dτ(t) as well as ∂f(x) :=

∫
∂f(t, x) dτ(t). As a

first observation, we note that over separable Hilbert-Hadamard spaces, one direction always
holds true (as already observed in Example 3.2 of [97]):

Lemma 6.1. Let (H, d) be a separable Hilbert-Hadamard space and let f : T ×H → (−∞,+∞]
be a proper normal convex integrand. For any x ∈ H: ∂f(x) ⊆ ∂f(x).

Proof. Let u ∈ L1(T, TxH, τ) be a selection of ∂f , that is for all t ∈ T and all y ∈ H:

f(t, y) ≥ f(t, x) + gx(u(t), logx y).

Integrating and using Lemma 2.10 yields

f(y) ≥ f(x) + gx

(∫
u dτ, logx y

)
for all y ∈ H, so that

∫
u dτ ∈ ∂f(x). □

Unfortunately, the converse does not hold true over general Hilbert-Hadamard spaces, as the
following construction shows:

Example 6.2. Consider H := [0,∞). This is a non-empty, closed and convex subset of a Hilbert-
Hadamard space, and so itself a Hilbert-Hadamard space. In particular, we have T0H = [0,∞)
and log0 x = x for all x ∈ H := [0,∞). Consider the complete probability space on T := {1, 2}
with measure τ induced by τ({1}) := τ({2}) := 1

2
, and define the function f : T ×H → R by

f(1, x) := −x and f(2, x) := 2x for all x ∈ H := [0,∞).

Clearly f(1, ·) and f(2, ·) are proper, convex and continuous. Further, f is clearly measurable.
We now have

f(x) =
1

2
f(1, x) +

1

2
f(2, x) =

x

2
.

It can be easily seen that ∂f(0) = [0, 1
2
]. Now, it holds that u ∈ ∂f(1, 0) if, and only if, u ∈ T0H

and u ≤ −1, but since u ∈ T0H implies u ≥ 0, we get ∂f(1, 0) = ∅. Hence, we have

∂f(0) =
1

2
∂f(1, 0) +

1

2
∂f(2, 0) = ∅

which shows that ∂f(0) ̸⊆ ∂f(0).
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A key problem in the above example was that T0H, while flat, is not a linear space, so that
u ∈ T0H contradicted u ≤ −1.

Indeed, once the linearity of the tangent cones is imposed, we are actually able to establish
the converse to the above result (if f is additionally Lipschitz). We first give these spaces a
name:

Definition 6.3. We call a Hadamard space H a full Hilbert-Hadamard space if each tangent
cone TxH is isometric to a Hilbert space.

Hilbert spaces and Hadamard manifolds as well as their infinite-dimensional generalizations
are not only Hilbert-Hadamard spaces but also full Hilbert-Hadamard spaces. Further, Example
2.2 shows that also full Hilbert-Hadamard spaces are not restricted to the settings of manifolds.
Before moving on, we note the following result relating Hilbert-Hadamard spaces to full Hilbert-
Hadamard spaces. Say that H has the geodesic extension property if every geodesic in H can
be extended to an isometry R → H.

Lemma 6.4. If H is a Hilbert-Hadamard space and it satisfies the geodesic extension property,
then H is a full Hilbert-Hadamard space.

Proof. Fix x ∈ H. By assumption (recall Remark 2.1), TxH isometrically embeds into a Hilbert
spaceH, say via a mapping ι : TxH → H. Using a shift, we may assume that ι(0x) = 0. We now
show that ι(TxH) is closed under additive inverses. For this, let γ ∈ Σ′

xH and let −γ ∈ Σ′
xH

be an opposite geodesic. Note that ∥γ∥x = ∥−γ∥x as well as ∠x(γ,−γ) = π so that

dx(γ,−γ) =
√
2− 2 cos∠x(γ,−γ) =

√
4 = 2 ∥γ∥x .

As ι is an isometry, we get ∥ι(γ)∥H = ∥ι(−γ)∥H and ∥ι(γ)− ι(−γ)∥H = 2 ∥ι(γ)∥H , where ∥·∥H
is the norm on H. As we hence have an equality in the triangle inequality in H, we get that
ι(−γ) = −ι(γ). As Σ′

xH is dense in ΣxH, the result extends to ΣxH by continuity and then
it further extends to TxH, the cone over ΣxH, where we in particular use that ι(tv) = tι(v),

which holds since ∥ι(v)− ι(tv)∥H = dx(v, tv) = ∥v∥x
√
(t− 1)2 = ∥v∥x |t− 1| = ∥ι(v)∥H |t− 1|.

Combined, we get that ι(TxH) is a nonempty closed and convex subset of H containing 0 and
which is closed under non-negative scalar multiplication and additive inverses. Hence, ι(TxH)
is linear. □

To now establish the converse of the above Lemma 6.1 over full Hilbert-Hadamard spaces
(and suitable Lipschitz functions), we broadly follow a similar approach as used in [51] (which in
turn relies on the exactness result from Valadier [120]), together with suitably adapted variants
of a variety of results due to Castaing and Valadier [35] highlighted throughout.

In particular, we rely on the conjugate of F , which we introduce following the work [26, 110]
(see also [24, 50] for related works using Busemann functions). Generally, for a Hadamard space
H and h : H → (−∞,+∞] and p ∈ H, define h∗

p : TpH → (−∞,+∞] via

h∗
p(u) := sup

q∈H
{gp(u, logp q)− h(q)}.

We begin with some immediate lemmas.

Lemma 6.5. Let H be a Hadamard space and let h : H → (−∞,+∞] be given. For any p ∈ H
and u ∈ TpH:

(1) h∗
p(u) + h(p) ≥ 0,

(2) u ∈ ∂h(p) if, and only if, h∗
p(u) + h(p) = 0.
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Proof. (1) By definition, we have that

h∗
p(u) + h(p) ≥ gp(u, logp p)− h(p) + h(p) = 0.

(2) Suppose u ∈ ∂h(p), that is

h(q) ≥ h(p) + gp(u, logp q) for all q ∈ H.

Re-arranged, we get

−h(p) ≥ gp(u, logp q)− h(q) for all q ∈ H.

Taking the supremum over q, we get −h(p) ≥ h∗
p(u), that is h

∗
p(u) + h(p) ≤ 0. By (1),

we get h∗
p(u) + h(p) = 0.

Conversely, if h∗
p(u) + h(p) = 0, then h∗

p(u) + h(p) ≤ 0 and so

−h(p) ≥ h∗
p(u) ≥ gp(u, logp q)− h(q) for all q ∈ H.

Re-arranging yields that u ∈ ∂h(p).
□

As discussed in Section 2, L2(T,H, τ) is a separable Hilbert-Hadamard space whenever H
is so and T is separable, and the tangent cone TpL

2(T,H, τ) of L2(T,H, τ) at a point p ∈ H
(identified with its constant map) is (isometric to) L2(T, TpH, τ). In particular, the pseudo-
Riemannian metric takes the form of

gp(u, v) =

∫
gp(u(t), v(t)) dτ(t).

Hence, we have
F ∗
p (v) := sup

q∈L2(T,H,τ)

{gp(v, logp q)− F (q)}

for p ∈ H and v ∈ L2(T, TpH, τ).
We now show that F ∗

p can be represented as the integral over the conjugate f ∗
p . For that,

we follow the approach taken in [35] for a similar result. At first, we show that the latter is a
normal convex integrand over Hilbert-Hadamard spaces, which is an adaptation of Corollary
VII-2 in [35].

Lemma 6.6. Let H be a separable Hilbert-Hadamard space and let f : T ×H → (−∞,+∞] be
a proper normal integrand. For any p ∈ H, the conjugate f ∗

p : T × TpH → (−∞,+∞] defined
by

f ∗
p (t, u) := sup

q∈H
{gp(u, logp q)− f(t, q)}

is a normal convex integrand.

Proof. First, note that by Lemma 2.3, f ∗
p (t, ·) is a supremum of convex and lsc functions and

hence is convex and lsc. As T is complete, it suffices to show that f ∗
p is T⊗B(TpH)-measurable.

To see this, note that
f ∗
p (t, u) = sup

(q,r)∈epif(t,·)
{gp(u, logp q)− r}.

As epif(t, ·) is measurable, there is a sequence (qn, rn) of measurable selections such that, for
any t ∈ T , the sequence (qn(t), rn(t)) is dense in epif(t, ·). Hence, we have

f ∗
p (t, u) = sup

n∈N
{gp(u, logp qn(t))− rn(t)},

using that gp and logp are continuous. Now, gp(u, logp qn(t)) is a Carathéodory function and
hence is T ⊗ B(TpH)-measurable. Therefore, f ∗

p is a supremum of T ⊗ B(TpH)-measurable
functions and hence is T⊗ B(TpH)-measurable. □
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Further, we need the following lemma, which is an adaptation of Proposition VII-4 in [35].

Lemma 6.7. Let H be a complete separable metric space and s : T → H be measurable. Then
there exists an increasing sequence of measurable sets Tn such that τ(T \

⋃
n∈N Tn) = 0 and

s(Tn) is compact for all n ∈ N.
Proof. Consider the push-forward measure τs on B(H). As H is a Polish space, τs is a Radon
measure (as follows from Prohorov’s theorem, see Theorem 13.29 in [61]). Therefore, there
exists an increasing sequence of compact sets Kn ⊆ H such that τs(

⋃
n∈N Kn) = τs(H). Define

Tn := s−1(Kn). This gives the claim. □

Lastly, we require another result from measurable selection theory, stating the graph-measurability
of set-valued maps induced by inequalities (extending Proposition 2I in [102]):

Lemma 6.8. Let H be a complete separable metric space and let f : T ×H → (−∞,+∞] be
a normal integrand and α be measurable. Then

Γ(t) := {x ∈ H | f(t, x) ≤ α(t)}
is closed-valued and graph measurable.

Proof. That Γ is closed-valued follows immediately as f is lsc in its right argument. We have

graΓ = {(t, x) ∈ T ×H | f(t, x) ≤ α(t)}
= {(t, x) ∈ T ×H | (x, α(t)) ∈ epif(t, ·)}
= φ−1(gra(epif))

for φ(t, x) = (t, x, α(t)), which is clearly measurable. Hence graΓ ∈ T⊗B(H) since gra(epif) ∈
T⊗ B(H)⊗ B(R). □

We now can give the respective result on the conjugate F ∗
p , where we follow the approach

taken in the proof of Theorem VII-7 in [35].

Lemma 6.9. Let T be separable and let H be a separable Hilbert-Hadamard space, let f :
T ×H → (−∞,+∞] be a proper normal convex integrand and assume that F is proper and lsc.
For any p ∈ H and any v ∈ L2(T, TpH, τ):

F ∗
p (v) =

∫
f ∗
p (t, v(t)) dτ(t).

Proof. Let q ∈ L2(T,H, τ). Then

gp(v(t), logp q(t))− f(t, q(t)) ≤ f ∗
p (t, v(t))

for any t ∈ T , and hence

gp(v, logp q)− F (q) ≤
∫

f ∗
p (t, v(t)) dτ(t).

Now, taking the supremum over all such q, we get∫
f ∗
p (t, v(t)) dτ(t) ≥ sup

q∈L2(T,H,τ)

{
gp(v, logp q)− F (q)

}
.

For the converse, let β <
∫
f ∗
p (t, v(t)) dτ(t). Now, we define a real-valued integrable function

γ such that β <
∫
γ(t) dτ(t) − ε for some ε > 0 and γ(t) < f ∗

p (t, v(t)) for all t ∈ T . If∫
f ∗
p (t, v(t)) dτ(t) < +∞, then we set γ(t) := f ∗

p (t, v(t))− ε for ε > 0 such that

β <

∫
f ∗
p (t, v(t)) dτ(t)− ε.
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If
∫
f ∗
p (t, v(t)) dτ(t) = +∞, then let N and ε > 0 be such that

β <

∫
min{N, f ∗

p (t, v(t))} dτ(t)− ε

and set γ(t) := min{N, f ∗
p (t, v(t))} − ε. Define

Γ(t) := {x ∈ H | gp(v(t), logp x)− f(t, x) ≥ γ(t)}.
Then Γ is graph-measurable by Lemma 6.8 and so, by completeness, measurable. Further,
the values of Γ are closed and non-empty, the latter since γ(t) < f ∗

p (t, v(t)). Hence, by the
Kuratowski–Ryll-Nardzewski measurable selection theorem (see Theorem 8.1.3 in [14]), there
exists a measurable s : T → H such that

gp(v(t), logp s(t))− f(t, s(t)) ≥ γ(t) for all t ∈ T.

Now, take u0 ∈ domF , which exists since F is proper. Then, there exists an integrable α such
that

gp(v(t), logp u0(t))− f(t, u0(t)) ≥ α(t) for all t ∈ T.

Using Lemma 6.7, take now an increasing sequence Tn such that τ(T \
⋃

n Tn) = 0 and such

that s(Tn) is compact for all n ∈ N. Define

un(t) :=

{
s(t) if t ∈ Tn,

u0(t) if t ∈ T \ Tn.

Clearly we have un ∈ L2(T,H, τ). In particular, we have∫
gp(v(t), logp un(t)) dτ(t)−

∫
f(t, un(t)) dτ(t) ≥

∫
Tn

γ(t) dτ(t) +

∫
T\Tn

α(t) dτ(t).

As
∫
T\Tn

α(t) dτ(t) → 0 as well as
∫
Tn

γ(t) dτ(t) →
∫
T
γ(t) dτ(t) when n → ∞, there is an n

such that ∫
T\Tn

α(t) dτ(t) ≥ −ε/2 and

∫
Tn

γ(t) dτ(t) ≥
∫

γ(t) dτ(t)− ε/2.

Hence, for such an n, we get

gp(v, logp un)−F (un) =

∫
gp(v(t), logp un(t)) dτ(t)−

∫
f(t, un(t)) dτ(t) ≥

∫
γ(t) dτ(t)−ε > β.

This completes the proof. □

The above can now be used rather immediately to show the following characterization of the
subdifferential of F :

Lemma 6.10. Let T be separable and let H be a separable Hilbert-Hadamard space, let f :
T × H → (−∞,+∞] be a proper normal convex integrand and suppose that F is proper and
lsc. Then, for any x ∈ H:

∂F (x) = {v ∈ L2(T, TxH, τ) | v(t) ∈ ∂f(t, x) almost surely}.

Proof. By Lemma 6.5, we have v ∈ ∂F (x) if, and only if, F ∗
x (v) + F (x) = 0. By Lemma 6.9,

the latter is equivalent to

0 =

∫
f ∗
x(t, v(t)) dτ(t) +

∫
f(t, x) dτ(t)

=

∫
(f ∗

x(t, v(t)) + f(t, x)) dτ(t).
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As f ∗
x(t, v(t))+f(t, x) ≥ 0 by Lemma 6.5, the above is hence is equivalent to f ∗

x(t, v(t))+f(t, x) =
0 almost surely, which by Lemma 6.5 again is equivalent to v(t) ∈ ∂f(t, x) almost surely. □

The following key lemma now requires the linearity of the tangent cones as well as the
Lipschitz continuity of the integrand.

Lemma 6.11. Let T be separable and let H be a separable full Hilbert-Hadamard space. Let
f : T×H → (−∞,+∞] be a proper normal convex integrand and suppose that f is L2-Lipschitz,
that is

|f(t, x)− f(t, y)| ≤ L(t)d(x, y) for all x, y ∈ H and t ∈ T,

where L ∈ L2(T, (0,∞), τ). Assume that there exists a u0 ∈ L2(T,H, τ) such that f(·, u0(·)) ∈
L1(T,R, τ). Then, for any x ∈ H:

∂f(x) =

{∫
v dτ | v ∈ ∂F (x)

}
.

Conceptually, the above result is similar to (a special case of) Theorem I-29 in [35] on the
representation of the subdifferential ∂(h ◦ A)(x) of a composition h ◦A of a convex function h
with a linear operator via its conjugate A∗ as A∗(∂h(A(x))).
To prove Lemma 6.11, we rely on the directional derivative dxh(v) at a point x ∈ H and

v ∈ TxH of a convex and Lipschitz continuous function h : H → R. To define such an object,
we follow the approach of [78] and first define the function σxh : Σ′

xH → R via

σxh(γ) := lim
t→0

h(γ(t))− h(x)

t

for x ∈ H and γ ∈ Σ′
xH. Note that by convexity of h, the above fraction is actually nonde-

creasing in t. A related object was studied already in [81] as well as [75, 95, 99] (the latter
in different, partly more general settings). As shown in [78], using that h is Lipschitz, this
function can be extended to TxH and this extension retains various properties of h.

Lemma 6.12 (Proposition 2.16 in [78]). Let H be a Hadamard space and let h : H → R be
convex and Lipschitz-continuous with constant L > 0. Then, for each x ∈ H, there exists a
unique continuous map dxh : TxH → R such that

dxh(γ) = σxh(γ) for all γ ∈ Σ′
xH.

Further, dxh is convex, Lipschitz-continuous with constant L and positively 1-homogeneous,
that is dxh(λv) = λdxh(v) for any v ∈ TxH and λ ≥ 0.

As every convex and positively 1-homogeneous function is sub-additive over linear spaces,
we in particular get the following result for linear tangent cones:

Corollary 6.13. Let H be a Hadamard space and let h : H → R be convex and Lipschitz-
continuous with constant L > 0. Fix x ∈ H. If TxH is a Hilbert space, then dxh is sub-additive.

The last property we need of the directional derivative is that it characterizes the subgradient:

Lemma 6.14 (extending Theorem 2.7 in [81]). Let H be a Hadamard space and let h : H → R
be convex and Lipschitz-continuous with constant L > 0. Then, for any x ∈ H and v ∈ TxH,
v ∈ ∂h(x) if, and only if, gx(v, w) ≤ dxh(w) for all w ∈ TxH.

Proof. Suppose that v ∈ ∂h(x), that is

h(y) ≥ h(x) + gx(v, logx y) for all y ∈ H.
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Hence, for γ ∈ Σ′
xH with length l, we have

h(γ(t)) ≥ h(x) + gx(v, logx γ(t)) for all t ∈ [0, l].

Now, note that
gx(v, logx γ(t)) = tgx(v, γ).

Dividing by t and taking t → 0 yields σxh(γ) ≥ gx(v, γ). Using continuity of dxh, this now
extends to γ ∈ ΣxH. For w = λγ ∈ TxH, we then get

dxh(λγ) = λdxh(γ) ≥ λgx(v, γ) = gx(v, λγ)

using positive 1-homogeneity of dxh and gx.
For the converse, suppose gx(v, w) ≤ dxh(w) for all w ∈ TxH, that is in particular

gx(v, logx y) ≤ dxh(logx y) = d(x, y)dxh(γx,y) ≤ d(x, y)
h(γx,y(t))− h(x)

t

for y ̸= x and for all t ∈ (0, d(x, y)]. Taking t = d(x, y), we get

gx(v, logx y) ≤ h(y)− h(x) for all y ∈ H
and so v ∈ ∂h(x). □

We can now give the proof of Lemma 6.11. Note for this that if f is L2-Lipschitz with
L ∈ L2(T, (0,∞), τ), integrating the respective Lipschitz condition

|f(t, x(t))− f(t, y(t))| ≤ L(t)d(x(t), y(t)) for all t ∈ T

for x, y ∈ L2(T,H, τ) and using the Cauchy-Schwarz inequality yields that

|F (x)− F (y)| ≤ ∥L∥2 d2(x, y),
where ∥L∥2 is the L2-norm of L, so that F is ∥L∥2-Lipschitz on L2(T,H, τ), and in particular
domF = L2(T,H, τ) if F is proper, i.e. if there exists a u0 ∈ L2(T,H, τ) such that f(·, u0(·)) ∈
L1(T,R, τ). In particular, f is ∥L∥2-Lipschitz on H. Note also that for x ∈ H and v ∈ TxH,
we have dxF (v) = dxf(v). To see the last statement, note first that for γ ∈ Σ′

xH, we have
σxf(γ) = σxF (γ) simply because f and F coincide on H. Then, for the unique extensions dxF

of σxF on TxL
2(T,H, τ) and dxf of σxf on TxH and v = λγ ∈ TxH, we have

dxF (v) = λdxF (γ) = λσxF (γ) = λσxf(γ) = λdxf(γ) = dxf(v),

using Lemma 6.12.

Proof of Lemma 6.11. If v ∈ ∂F (x), then by Lemma 6.10, we have v(t) ∈ ∂f(t, x) almost
surely, that is

f(t, y) ≥ f(t, x) + gx(v(t), logx y) for all y ∈ H.

Integrating and using Lemma 2.10 yields
∫
v dτ ∈ ∂f(x). For the converse, let u ∈ ∂f(x) and

define the function l0 : TxH → R by l0(w) := gx(u,w). Then Lemma 6.14 yields

l0(w) = gx(u,w) ≤ dxf(w) = dxF (w)

for any w ∈ TxH. Since TxH is a Hilbert space, so is TxL
2(T,H, τ) = L2(T, TxH, τ) of which

TxH is a subspace of. By Lemma 6.12 and Corollary 6.13, we hence have that l0 is a continuous
linear functional on TxH which is dominated by the continuous and sub-linear functional dxF :
TxL

2(T,H, τ) → R. By the Hahn-Banach theorem, l0 extends to continuous linear function
l : TxL

2(T,H, τ) → R such that l(w) ≤ dxF (w) for all w ∈ TxL
2(T,H, τ). By the Riesz

representation theorem, there is a v ∈ TxL
2(T,H, τ) such that

l(w) = gx(v, w) for all w ∈ TxL
2(T,H, τ).
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Since we thus have gx(v, w) ≤ dxF (w) for all w ∈ TxL
2(T,H, τ), we get v ∈ ∂F (x). Further,

for any w ∈ TxH, we have

gx(u,w) = l0(w) = l(w) = gx(v, w) =

∫
gx(v(t), w) dτ(t) = gx

(∫
v dτ, w

)
so that

∫
v dτ = u. □

We now turn to the main result of this section, the converse to the above Lemma 6.1 over
full Hilbert-Hadamard spaces.

Theorem 6.15. Let H be a separable full Hilbert-Hadamard space and T be a complete and
separable probability space. Let f : T ×H → (−∞,+∞] be a proper normal convex integrand
and suppose that f is L2-Lipschitz and that there exists a u0 ∈ L2(T,H, τ) such that f(·, u0(·)) ∈
L1(T,R, τ). Then, for any x ∈ H:∫

∂f(t, x) dτ(t) = ∂

(∫
f(t, ·) dτ(t)

)
(x).

Proof. By Lemma 6.1, we only have to show the inclusion ∂f(x) ⊆ ∂f(x). Let u ∈ ∂f(x).

Hence, by Lemma 6.11, we have that there exists a v ∈ ∂F (x) such that u =
∫
v dτ . As

v ∈ ∂F (x), Lemma 6.10 yields that v(t) ∈ ∂f(t, x) almost surely. Hence, we have u ∈ ∂f(x). □

For the above Theorem 6.15, we in particular highlight the following natural question:

Question 6.16. Are the assumptions of Theorem 6.15 that f is L2-Lipschitz or that T is
separable necessary?

7. A probabilistic Lie-Trotter-Kato formula

Combining Theorem 6.15 with Theorem 5.3, we in particular obtain the following result on
full Hilbert-Hadamard spaces, in analogy to Theorem 1 in [108].

Theorem 7.1. Let (Ω, F,P) and (E,E, µ) be probability spaces and let H be a separable full
Hilbert-Hadamard space. Further, fix an i.i.d. sequence (ξi) of random variables ξi : Ω → E
with distribution µ. Let A : E → M(H) be an integrable random monotone vector field such
that 1

n

∑n
i=1A(ξi) satisfies the surjectivity condition P-a.s. Then

1

n

n∑
i=1

A(ξi) →R

∫
A(e) dµ(e) P-a.s.

as n → ∞.
In particular, suppose that (E,E, µ) is complete and separable and A = ∂f for a proper

normal convex integrand f : E ×H → (−∞,+∞] which is L2-Lipschitz and where there exists
a u0 ∈ L2(E,H, µ) such that f(·, u0(·)) ∈ L1(E,R, µ). Then

∂

(
1

n

n∑
i=1

f(ξi, ·)

)
→R ∂

(∫
f(e, ·) dµ(e)

)
P-a.s.

as n → ∞.

This latter conclusion can now be used to derive a probabilistic representation of the gradient
flow associated with

∫
f(e, ·) dµ(e) which resembles the well-known Lie-Trotter-Kato formula.

Concretely, let H be a Hadamard space and let f : H → (−∞,+∞] be a convex lsc function.
Then, given t > 0, one can define the mapping St : domf → H by

St(x) := lim
k→∞

(
prox t

k
f

)(k)
(x),
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the so-called exponential formula. The limit exists and is uniform in t on bounded subintervals
of (0,∞) (see Theorem 1.13 in [79]), and the above map can be continuously extended to
t ∈ [0,∞) by S0(x) := x. Moreover, the collection of maps (St) is a nonexpansive semigroup,
that is every St is nonexpansive and St+s = St ◦Ss. As such, the above definition and existence
result provides a nonlinear extension of a similar result of Crandall and Liggett [40] set over
Hilbert spaces, where this semigroup can also be characterized as the solution semigroup of
the parabolic inclusion problem −ẋ ∈ ∂f(x) which generalizes the gradient flow equation
ẋ = ∇f(x) to non-smooth convex functions f (in fact, these results extend to general maximally
monotone operators in place of ∂f). In particular, the nonlinear variant inherits many aspects
of the associated theory of this inclusion, such as regularity of the flow or characterizations
via an evolution variational inequality, and further extends to various other classes of spaces,
making it a seminal tool in geometric analysis. We refer to [6, 21] for further background.

The first key result we need is that resolvent convergence actually implies the convergence
of the gradient flow semigroup, as established by Bačák [22]:

Lemma 7.2 (Theorem 4.4 in [22]). Let H be a Hadamard space and let hn : H → R as well
as h : H → R be convex and lsc. Let St(x) be the gradient flow semigroup associated with h
and Sn,t(x) be the gradient flow semigroup associated with hn. If proxλhn

(x) → proxλh(x) as
n → ∞ for all λ > 0 and x ∈ H, then Sn,t(x) → St(x) as n → ∞ for all t ≥ 0 and x ∈ H.

Fundamentally, there is the following theorem of Stojković [111], of which an easier proof is
given by Bačák in [19].

Lemma 7.3 (Theorem 4.4 in [111]). Let H be a Hadamard space and let h : H → R be convex

and lsc such that h =
∑N

k=1 hk. Let St(x) be the gradient flow semigroup associated with h.
Then, for every t ≥ 0 and all x ∈ H:

St(x) = lim
n→∞

(
prox t

n
hN

◦ · · · ◦ prox t
n
h1

)(n)
(x).

If the functions h1, . . . , hN are suitably Lipschitz, we can improve the above to the following
uniform quantitative version, essentially by following (and at points quantitatively improving)
the argument provided in [111]:

Lemma 7.4. Let H be a Hadamard space and let h : H → R be convex such that h =
∑N

k=1 hk

where hi is Li-Lipschitz. Let St(x) be the gradient flow semigroup associated with h. Then, for
every t ≥ 0 and all x ∈ H as well as any n ∈ N:

d

(
St(x),

(
prox t

n
hN

◦ · · · ◦ prox t
n
h1

)(n)
(x)

)
≤ 8Ltn−1/4,

where L :=
∑N

k=1 Lk.

Proof. Given r > 0, write Qr := proxrhN
◦· · ·◦proxrh1

. Note that Qr is nonexpansive. Consider
the (λ, r) resolvent Jλ,r associated with Qr, defined as in Definition 3.2 in [111]. For each
λ, r > 0, the map Jλ,r is also nonexpansive (see Lemma 3.3 in [111]). Let Sr

t (x) be the
nonexpansive semigroup generated by Jr

λ,r as in Theorem 3.10 in [111], and note that one has

d(Sr
t (x), Q

(m)
r (x)) ≤ 2

√(
m− t

r

)2

+
t

r
d(x,Qr(x))

for any t, r > 0, x ∈ H and m ∈ N (see Lemma 3.11 in [111]). Setting r := t/m, we get

d(S
t/m
t (x), Q

(m)
t/m(x)) ≤ 2

√
md(x,Qt/m(x))
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As in e.g. eq. (3.32) in [111] (see also [6]), we further have

d
(
(prox t

m
h)

(m)(x), St(x)
)
≤ t√

2m
|∂h|(x),

where, again, |∂h|(x) is the metric slope of h at x. As h is L-Lipschitz, we have |∂h|(x) ≤ L.
Using Theorem 3.1.6 in [6], we get

d(x, proxrhi
x) ≤ r|∂hi|(x) ≤ rLi

and hence

d(x,Qrx) ≤
N∑
k=1

d(proxrhk
◦ · · · ◦ proxrh1

(x), proxrhk−1
◦ · · · ◦ proxrh1

(x)) ≤
N∑
k=1

rLk = rL.

Combined, we have

d(S
t/m
t x,Q

(m)
t/mx) ≤ 2tL/

√
m.

Eq. (4.13) in [111] gives

1

2λ
d2(v, Jλ,tx) +

1

2λ
d2(x, Jλ,tx) +

N∑
i=1

hi(xi) ≤ h(v) +
1

2λ
d2(x, v)

for xi := proxthi
(xi−1) with x0 := Jλ,tx. We get d(xi, xi−1) ≤ tLi again using Theorem 3.1.6 in

[6], so that d(xi, x0) ≤ t
∑i

k=1 Lk and hence

h(x0)−
N∑
i=1

hi(xi) ≤
N∑
i=1

Lid(xi, x0) ≤ t
N∑
i=1

Li

i∑
k=1

Lk ≤ tL2,

using that hi is Li-Lipschitz. Hence

1

2λ
d2(v, Jλ,tx)− tL2 ≤

(
h(v) +

1

2λ
d2(x, v)

)
−
(
h(Jλ,tx) +

1

2λ
d2(x, Jλ,tx)

)
.

For v = proxλhx, the right-hand side is nonpositive, so that

1

2λ
d2(proxλhx, Jλ,tx) ≤ tL2

and hence d(Jλ,tx, proxλhx) ≤ L
√
2λt. Using that both maps are nonexpansive, we get

d(J
(n)
λ,t x, (proxλh)

(n)x) ≤ nL
√
2λt.

Lastly, note that by Theorem 3.10 in [111], we have

d(Sr
t (x), J

(n)
t/n,rx) ≤ 2t

1√
n

d(x,Qrx)

r
≤ 2tL√

n
.

Combined, we get

d(Sr
t (x), St(x)) ≤ d(Sr

t (x), J
(k)
t/k,rx) + d(J

(k)
t/k,rx, prox

(k)
t/khx) + d(prox

(k)
t/khx, St(x))

≤ 2tL√
k
+ L

√
2trk +

t√
2k

L.

For r = t/n and k = ⌈
√
n⌉, we get

d(S
t/n
t (x), St(x)) ≤ Lt

(
2

n1/4
+

2
√
2√
n

+
1√
2
√
n

)
≤ 6Ltn−1/4.
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All together, we finally obtain

d(Q
(n)
t/nx, St(x)) ≤ d(Q

(n)
t/nx, S

t/n
t x) + d(S

t/n
t x, St(x))

≤ 2tLn−1/2 + 6Ltn−1/4 ≤ 8Ltn−1/4,

as claimed. □

Note that by the above Lemma 7.4, the convergence in the Lie-Trotter-Kato formula is in
particular uniform in t on each bounded time interval in this case (compare Problem 4.10 in
[23]).

Combined, we can now show the following:

Theorem 7.5. Let (Ω, F,P) and (E,E, µ) be probability spaces, with the latter complete and
separable, and let H be a separable full Hilbert-Hadamard space. Further, fix an i.i.d. sequence
(ξi) of random variables ξi : Ω → E with distribution µ. Let f : E×H → (−∞,+∞] be a proper
normal convex integrand which is L2-Lipschitz and where there exists a u0 ∈ L2(E,H, µ) such
that f(·, u0(·)) ∈ L1(E,R, µ). Write St(x) for the gradient flow associated with

∫
f(e, ·) dµ(e).

Then, there exists a set Ω′ ⊆ Ω with P(Ω′) = 1 such that for any ω ∈ Ω′ as well as for any
t ≥ 0 and x ∈ H:

St(x) = lim
n→∞

(
prox t

n2 f(ξn(ω),·) ◦ · · · ◦ prox t
n2 f(ξ1(ω),·)

)(n)
(x).

In particular, the above limit holds almost surely.

Proof. Using Theorem 7.1, we get that there exists a single set Ω0 of measure one such that

proxλ 1
n

∑n
i=1 f(ξi(ω),·)

(x) → proxλ
∫
f(e,·) dµ(e)(x)

as n → ∞, for all λ > 0 and x ∈ H as well as ω ∈ Ω0. Let Sω
n,t(x) be the gradient flow

semigroup associated with 1
n

∑n
i=1 f(ξi(ω), ·). Using Lemma 7.2, we hence get that

Sω
n,t(x) → St(x)

as n → ∞, for all t ≥ 0 and x ∈ H as well as ω ∈ Ω0. Now, using Lemma 7.4, we get

d

(
Sω
n,t(x),

(
prox t

jn
f(ξn(ω),·) ◦ · · · ◦ prox t

jn
f(ξ1(ω),·)

)(j)
(x)

)
≤ 8tj−1/4

(
1

n

n∑
i=1

L(ξi(ω))

)
for any j, n ∈ N, t ≥ 0 and x ∈ H as well as ω ∈ Ω0. As L is square-integrable and (ξi) is i.i.d.,
we get 1

n

∑n
i=1 L(ξi) →

∫
L(e) dµ(e) P-a.s. as n → ∞ by the strong law of large numbers, say

on a set Ω1 of measure one. In particular, Ls(ω) := supn∈N
(
1
n

∑n
i=1 L(ξi(ω))

)
< +∞ for all

ω ∈ Ω1. In particular, we have

d

(
St(x),

(
prox t

n2 f(ξn(ω),·) ◦ · · · ◦ prox t
n2 f(ξ1(ω),·)

)(n)
(x)

)
≤ d(St(x), S

ω
n,t(x)) + 8tn−1/4Ls(ω)

for all ω ∈ Ω0 ∩ Ω1 as well as t ≥ 0, x ∈ H and n ∈ N, and so we get the result by letting
n → ∞. □

As mentioned in the introduction, the use of Theorem 7.1 can be avoided in certain cases
which moreover allow for the simplification of the Lipschitz assumption in the above Theorem
7.5.

At first, in the special case where H is a separable Hilbert space, we can employ a (conse-
quence of a) strong law of large numbers for convex functions established by King and Wets
[59].
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Lemma 7.6 (consequence of Theorem 2.4 in [59]). Let (Ω, F,P) and (E,E, µ) be probability
spaces, with the latter complete, and let H be a separable Hilbert space. Further, fix an i.i.d.
sequence (ξi) of random variables ξi : Ω → E with distribution µ. Let f : E ×H → (−∞,+∞]
be a normal convex integrand which is L1-Lipschitz and where there exists a u0 ∈ H such that
f(·, u0) ∈ L1(E,R, µ). Then

1

n

n∑
i=1

f(ξi, ·) →M

∫
f(e, ·) dµ(e) P-a.s.

as n → ∞, with →M meaning convergence in the sense of Mosco (see e.g. [21]).

Over Hilbert spaces, by a result of Attouch [13], Mosco convergence of convex functions is
equivalent to the pointwise convergence of proximal maps. While it is not known whether this
equivalence fully transfers to Hadamard spaces (see Problem 3.14 in [23]), one direction remains
valid which will be the crucial one for the present paper.

Lemma 7.7 (Theorem 4.1 in [22]). Let (H, d) be a Hadamard space and let hn : H →
(−∞,+∞] be convex and lsc for each n ∈ N. If hn →M h as n → ∞, then proxλhn

(x) →
proxλh(x) as n → ∞ for all λ > 0 and x ∈ H.

This now allows us to establish the following variant of Theorem 7.5:

Theorem 7.8. Let (Ω,F,P) and (E,E, µ) be probability spaces, with the latter complete, and let
H be a separable Hilbert space. Further, fix an i.i.d. sequence (ξi) of random variables ξi : Ω → E
with distribution µ. Let f : E ×H → (−∞,+∞] be a proper normal convex integrand which is
L1-Lipschitz and where there exists a u0 ∈ H such that f(·, u0) ∈ L1(E,R, µ). Write St(x) for
the gradient flow associated with

∫
f(e, ·) dµ(e). Then, there exists a set Ω′ ⊆ Ω with P(Ω′) = 1

such that for any ω ∈ Ω′ as well as for any t ≥ 0 and x ∈ H:

St(x) = lim
n→∞

(
prox t

n2 f(ξn(ω),·) ◦ · · · ◦ prox t
n2 f(ξ1(ω),·)

)(n)
(x).

In particular, the above limit holds almost surely.

Proof. Proceed as in the proof of Theorem 7.5, using Lemmas 7.6 and 7.7 in place of Theorem
7.1 to derive that there exists a single set Ω0 of measure one such that

proxλ 1
n

∑n
i=1 f(ξi(ω),·)

(x) → proxλ
∫
f(e,·) dµ(e)(x)

as n → ∞, for all λ > 0 and x ∈ H as well as ω ∈ Ω0. From that point onwards, the proof
proceeds similar, noting that it suffices that L is integrable to apply the strong law of large
numbers. □

The second case we consider is that H is a locally compact Hadamard space. In that case,
we cannot only weaken the L2-Lipschitz assumption to L1-Lipschitz continuity but also do not
have to require any additional assumptions on the tangent cones of H. The result that makes
this possible is the following (consequence of a) strong law of large numbers for convex functions
due to Artstein and Wets [11]:

Lemma 7.9 (consequence of Theorem 2.3 in [11]). Let (Ω, F,P) and (E,E, µ) be probability
spaces, with the latter complete, and let H be a separable Hadamard space. Further, fix an i.i.d.
sequence (ξi) of random variables ξi : Ω → E with distribution µ. Let f : E ×H → (−∞,+∞]
be a normal convex integrand which is L1-Lipschitz and where there exists a u0 ∈ H such that
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f(·, u0) ∈ L1(E,R, µ). Then

1

n

n∑
i=1

f(ξi, ·) →Γ

∫
f(e, ·) dµ(e) P-a.s.

as n → ∞, with →Γ meaning Γ-convergence in the sense of De Giorgi (see e.g. [21]).

The reason why we are restricted to locally compact Hadamard spaces when applying the
above Lemma 7.9 is that it only establishes the weaker Γ-convergence, which is generally not
enough to guarantee the convergence of the proximal maps (this already fails in infinite-
dimensional Hilbert spaces, see e.g. Example 3.2 in [70]). However, over locally compact
Hadamard spaces, weak and strong convergence coincide (see e.g. Example 3.2 in [76]), and
so Γ- and Mosco-convergence also coincide. It is hence exactly outside of Hilbert spaces and
locally compact Hadamard spaces where our Theorem 7.1 has its full use.

We now end this paper with the corresponding variant of Theorem 7.5 in the case of locally
compact Hadamard spaces:

Theorem 7.10. Let (Ω, F,P) and (E,E, µ) be probability spaces, with the latter complete, and let
H be a locally compact Hadamard space. Further, fix an i.i.d. sequence (ξi) of random variables
ξi : Ω → E with distribution µ. Let f : E×H → (−∞,+∞] be a proper normal convex integrand
which is L1-Lipschitz and where there exists a u0 ∈ H such that f(·, u0) ∈ L1(E,R, µ). Write
St(x) for the gradient flow associated with

∫
f(e, ·) dµ(e). Then, there exists a set Ω′ ⊆ Ω with

P(Ω′) = 1 such that for any ω ∈ Ω′ as well as for any t ≥ 0 and x ∈ H:

St(x) = lim
n→∞

(
prox t

n2 f(ξn(ω),·) ◦ · · · ◦ prox t
n2 f(ξ1(ω),·)

)(n)
(x).

In particular, the above limit holds almost surely.

Proof. Proceed as in the proof of Theorem 7.5 (as well as Theorem 7.8), now using Lemmas
7.9 and 7.7 in place of Theorem 7.1. □
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[121] J.H. Wang, G. López, V. Mart́ın-Márquez, and C. Li. Monotone and accretive vector fields on Riemannian
manifolds. Journal of Optimization Theory and Applications, 146(3):691–708, 2010.

[122] N.C. Yannelis. On the upper and lower semicontinuity of the Aumann integral. Journal of Mathematical
Economics, 19(4):373–389, 1990.

[123] T. Yokota. Law of large numbers in CAT(1)-spaces of small radii. Calculus of Variations and Partial
Differential Equations, 57(2), 2018. Article no. 35, 28pp.


