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ABSTRACT. We prove quantitative sub-ballisticity for the self-avoiding walk on the lattice Z?,
d > 2. Namely, we obtain an explicit exponential rate of decay for the probability that a
self-avoiding walk of length n reaches distance at least vn, in terms of v > 0. As a consequence,
we show that the displacement of an n-step self-avoiding walk is at most n/exp(clog™ n) with
very high probability. Previously, only a non-quantitative o(n) bound was known from the
work of Duminil-Copin and Hammond. Along the way, we show that at criticality the partition
function of bridges of length n is on average bounded by C/loglogn, which we believe to
be of independent interest. Our approach is based on a quantitative analysis of the original
nonconstructive proof of Duminil-Copin and Hammond using ideas from proof theory.
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1. INTRODUCTION

A self-avoiding walk on a graph is a walk that visits each vertex of the graph at most once.
The model arose in the study of polymer chains [I2], and has since attracted the interest of
mathematicians and physicists alike. We refer to [3, B1] for comprehensive introductions. In
this article, we are concerned with the self-avoiding walk on the hypercubic lattice Z?, and
specifically on producing new quantitative results on their displacement. Our main result is
achieved through an analysis of a nonconstructive proof of the sub-ballisticity of self-avoiding
walks due to Duminil-Copin and Hammond [8]. Ideas from the logic-based applied proof theory
programme [26] formed part of our methodology, and indeed, the broad structure of this analysis
can be explained in terms of the Dialectica interpretation of Gédel [I4]. Though our main result
can be understood without reference to mathematical logic, we consider this connection between
self-avoiding walks and proof theory to be of independent interest.

1.1. Background: Self-avoiding walks in Z?. In dimensions d > 2 the number of self-
avoiding walks of length n starting from 0, which we denote by ¢,,, grows exponentially fast
and has a well-defined exponential growth rate

that we call the connective constant of the graph. The exact value of p. is not known in any
dimension d > 2 and to the best of our knowledge is not expected to take an interesting value. In

contrast, on the hexagonal lattice, Duminil-Copin and Smirnov [10] proved that p, = /2 + /2
by introducing and studying the so-called parafermionic observable.

Date: October 29, 2026.
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The main questions in the study of self-avoiding walk concern the asymptotic growth of the
number of self-avoiding walks of length n starting from a fixed vertex and the geometry of
a typical long walk. An important direction in the early study of the model was to obtain
quantitative improvements on the bound ¢, < e®™ . Hammersley and Welsh [17] introduced
the notion of bridges, a special class of self-avoiding walks, and used an unfolding operation to
compare ¢, with the number of bridges of length n starting from 0, which implies that there
exists a constant C' > 0 such that for every n > 1,

cn < eV

See also [15], 22, 23] for related works.

Despite this initial progress, improving on these early results has proved difficult. A more
complete picture has, however, emerged in high dimensions. As expected for many models in
statistical mechanics, in high-dimensions the self-avoiding walk exhibits mean-field behaviour,
in the sense that the model forgets the geometry of the lattice and the critical exponents that
describe its large-scale behaviour take the same values as those on a tree or on the complete
graph. This was established by Hara and Slade [19] 20], who used the lace expansion to prove,
in particular, that self-avoiding walk converges to Brownian motion under diffusive scaling in
dimensions d > 5. In contrast, in low dimensions, the gap between what is known and what
is expected to be true is very large. See [6] [7, [0, 8, 13, 18], B0] and references therein for some
relevant results.

1.2. Main results. The focus of this paper is on the displacement of self-avoiding walks.
Duminil-Copin and Hammond [8] have shown that the self-avoiding walk in Z? is sub-ballistic
in the following sense. Fix d > 2 and let SAW,, denote the set of self-avoiding walks of length
n on Z< that start at 0. Let Psaw, denote the uniform law on SAW,,.

Theorem 1.1 (Theorem 1.1 of [§]). For any v > 0 there exists € > 0 such that, for everyn € N
large enough,

Psaw, (max {||7|l | 0 <k <n} =>wvn) <e ™.

In the above theorem, the value of ¢ is ineffective, so the theorem only implies that a typical
self-avoiding walk of length n does not exit the ball of radius R,, for some non-quantitative
R, = o(n). The main result of this paper is an explicit construction of the exponential rate
of decay ¢ in terms of v, which in particular gives that a typical self-avoiding walk of length n
does not exit the ball of radius R,, = O(n/exp(clog® n)).

Theorem 1.2 (Main result). For any v > 0 and any n = ny(v),
Psaw, (max {||7el| [ 0 <k < n}>wn) <e "0

where T'(v) = exp®PUs/) (1) and ng(v) = 40%, T (v)? + 2T (v) log(1 + 2d), with Cyw > 0 the
constant defined in Proposition [2.1]

Corollary 1.3. There exists ¢ > 0 and ng € N such that for each n > ny,

n _n2/3
P 0<k< > — | <e " .
oo, (max (a0 k<) > ) <

Moreover, ¢ > 0 and ng can be explicitly defined.

A related result was obtained by Krachun and the second author in [29] in the particular
case of the hexagonal lattice, where it was shown that the displacement of a self-avoiding walk
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of length n is O(n/log n)E| These proofs on the hexagonal lattice make strong use of the
parafermionic observable, and they therefore do not apply to other lattices. Our result is the
first quantitative improvement of the result of [§] on Z<.

As an application of Theorem 1.1 in [§], Hutchcroft obtained a non-quantitative improvement
to the Hammerlsey-Welsh bound ¢, < e®V™yu? as n — oo [21]. Using our Theorem we
obtain the improved bound ¢, < e¥™y” for some explicit function ¥ such that ¥(n)/\/n — 0
as n — oo. Computing the precise asymptotic of ¥ is beyond the scope of the current paper.

The key ingredient in the main result of [§] is the proof that the Cesaro limit of byu_* is
equal to 0, where b,, denotes the number of bridges of length n starting from 0:

T

—k
(1) lim b"“j‘f ~0.

T—o0
k=1

Along the way, we obtain the following quantitative improvement of which we believe is of
independent interest.

Theorem 1.4. There exists C' > 0 such that for every T > 1,
T

=T log(log(T))

Theorem tells us that on average we have b, < Cul/log(log(n)), thus improving on the
standard bound b, < p. Similar bridge partition functions have also been studied in the
case of the hexagonal lattice, where it was shown in [4] that the critical partition function of
bridges of height 7" tends to 0 (at a non-quantitative rate), and later improved to logarithmic
decay in [13] and polynomial decay in [29]. The latter fact was used in [29] together with the
summability of the critical boundary 2-point function in the upper half-plane to show that on
the hexagonal lattice the typical displacement is at most O(n/logn). The latter is only known
for the hexagonal lattice among low-dimensional lattices and its proof uses the integrability
features of the model on this particular graph. Let us also remark that the optimal decay of
b,pu." is expected to be polynomial, and under this assumption, our proof gives the bound

O(n/(logn)?) on the displacement for some ¢ > 0; see Remark [4.7]

1.3. Overview of the proof. On a high-level, this paper can be viewed as a proof-theoretic
analysis of [§], in the sense that we break down the proof of Theorem given in [§] into
several different components, provide a specific quantitative version of each of these whose
relationship to its qualitative counterpart can be formally explained using ideas from logic, and
then reassemble them to arrive at Theorem [I.2] where the precise quantitative form of each
component is crucial in our ability to reassemble the pieces. Part of the significance of the
proof-theoretic aspect of the paper is that it represents a methodology that can be applied
systematically to obtain other quantitative results in probability theory, building on a body of
work on proof theory in probability that has been established over the last few years. To the
authors’ knowledge, this is the only time methods from logic have been applied to self-avoiding
random walks. For that reason, this connection to proof theory is described in detail in Section
below. However, while logic provides the overall structure, our proof can be formulated and
understood without reference to it, and indeed, a number of crucial non-logical innovations
were required, which we now discuss.

IThis bound on the displacement was allegedly improved by OpenAI to n/4t°(1) in the case of the hexagonal

lattice, as part of the repository https://github.com/openai/math (cf. group 237) released in October 2026.
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In the first part of the proof (Section , we obtain an estimate on the decay of

Psaw, (max {||7]| | 0 <k <n} > wvn)

in terms of an arbitrary function h which encodes the decay of Z;‘::l b’“‘f " t0 0. To this end,
we gather two key observations. First, it suffices to control the height of a typical bridge of
length n, due to the Hammersley-Welsh bridge decomposition operation. Second, as observed
by Kesten, bridges have a natural renewal structure, and Theorem and standard large-
deviations estimates imply an explicit fast decaying bound on the probability a bridge of length
n has many renewal points. To show that it is unlikely for a bridge v to have large height, we
apply successive unfolding operations based on the zigzags of [§] until we end up with a bridge
with a large number of renewal points. The main idea for this part of our proof is using the
fast decay of the probability of having many renewal points to control the cost of unfolding at
each step of the iteration. Then the bound O(n/exp(clog®n)) on the displacement arises from
the iterative nature of this approach applied to a concrete function h, and the need to choose
the height of the original bridge v to be large enough for the iteration to close.

The second part consists of establishing Theorem and the provision of the concrete rate
of decay h, whose proof we now describe. The renewal structure of bridges allows us to study
them by decomposing them into irreducible components called irreducible bridges sampled
under the probability measure Pisag defined by Pisag(y) = pic M where |v| denotes its length.
This measure can be used to define a probability measure IP’%IXB on bridges of infinite length by

concatenating i.i.d. irreducible bridges. In [§], it was shown by contradiction that

(2) Eisa[|7]] = .

In this paper, we prove the following quantitative improvement, which is a reformulation of
Theorem and whose proof is presented in Section . In what follows, we write |y|SM :=

|’7‘1|7|<M-

Theorem 1.5. For all v = 1 we have Eisag [\’y|<h(”)] > v where h(v) = e”

The original argument of [8] for proving goes as follows. On the one hand, assuming
for a contradiction that Eisag[|v|] < o0, one can show using the law of large numbers that a
typical infinite bridge sampled from P%ﬁs has positive speed which is almost surely constant.
On the other hand, by the law of large numbers and an ergodicity argument, a typical bridge
sampled from P%IEB has a positive density of a certain class of renewal points called diamond
points. Applying a geometric construction involving the so-called stickbreak operation and the
multi-valued map principle, one obtains bridges that have different speed than the original one.
Hence it follows that under IP’%IEB, the speed cannot be constant with probability 1, thus leading
to a contradiction.

The argument described above is fundamentally non-constructive. However, the proof the-
oretic approach (as detailed in Section [3]) allows us to deal with nonconstructive reasoning in
a computational way, and in addition, a key innovation of this paper is a proof strategy that
completely avoids the use of the law of large numbers and of ergodicity arguments. Interest-
ingly, the presence of the law of large numbers was not in itself an obstacle: an earlier version of
our proof involved a more sophisticated proof-theoretic construction which replaced instances
of the law of large numbers with a finitary counterpart similar in style to that for pairwise in-
dependent random variables established in [32]. This however resulted in a version of Theorem
[1.5] where h had tower exponential size, as opposed to the double exponential bound obtained
via the more streamlined argument provided in Section [f
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The proof of Theorem is split into two steps both involving the event {0 € C,} that the
concatenation of n irreducible bridges stays in a cone of angle 7/4. First, under the assumption
Eisag [|7/5"™] < v for some v large enough, we obtain a polynomial lower bound for the
probability of the event {0 € C,}. Compared to the argument of [§], this step avoids the use
of the law of large numbers and uses instead a reflection argument to keep the bridge inside
the cone each time it exits it. The assumed upper bound Eisag [|7|<h(”)] < v is used to control
the cost of each reflection and the number of times the bridge tends to exit the cone. Second,
under the assumption Eisag [|7|<h(”)] < v, we obtain a similar polynomial upper bound for
the probability of the event {0 € C,}. To obtain this bound, we follow the argument of [§]
using a stick-break operation involving a multi-valued map argument and our novelty comes
in obtaining a tighter control in the number of pre-images via a geometric construction. Since
both bounds on the probability of {0 € C},} cannot hold at the same time, the assumption that
led to them cannot hold, which gives Theorem [1.5] To make this approach work, we prove
a quantitative upper bound on the tail of an irreducible bridge using the Hammersley-Welsh
bound—see Lemma [2.4, This result is one of the two sources of exponential growth in the
definition of the function h, with the other source arising from the repeated application of
reflections.

2. PRELIMINARIES

In this section, we formally define our model and gather some definitions and results that
will be useful throughout the paper.

2.1. Notation and definition of the model. We work on the hypercubic lattice Z%, d > 2,
where two vertices u,v are connected by an edge if ||u — v||; = 1. Given a vertex v € Z¢, we
write z(v) and y(v) to denote the first and second coordinates of v, respectively.

We write N to denote the set of non-negative integers {0,1,2,3,...} and N* = N\{0}. We
set [a;0] = {a,a+ 1,...,b}. The cardinality of a set A is denoted by |A|.

For n € N, a walk of length n is a sequence (Yp,71,---,%V,) of vertices in Z¢ such that for
every i € [0;n — 1], 7; and ;41 are neighbours. A self-avoiding walk is a walk, all vertices of
which are distinct. We denote by SAW,, the set of self-avoiding walks of length n starting at 0
and by ¢, the cardinality of SAW,,.

The connective constant p. = p.(Z%) is defined as

where the limit exists by a standard sub-additivity argument using Fekete’s lemma, see e.g.
[16]. The same sub-additivity argument gives that

(3) Cn = s Vn = 0.

For z > 0, we define the susceptibility as x(z) = >},-,cn2", and we note that x(z) < o for
every z € [0,1/ue).

For m,n € N| let v and 7 be two walks of lengths m and n, neither of which need to start at
0. The concatenation v o4 of v and 7 is given by

<
(vod)k = Tk - ~ k<m
Yoo + Fhem —Y0) m+1<k<m+n.
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2.2. Bridges and renewal theory. A self-avoiding bridge v of length n € N on Z% is a self-
avoiding walk of length n such that y(v) < y(v:) < y(v,) for all i € [1;n]. The span of 7 is
defined as
span(7) := y(n) — y(70)-

Let SAB,, denote the set of self-avoiding bridges of length n that start at 0, b, the cardinality
of SAB,, and B(z) = ., b,2". Let us also write Psag, for the uniform law on SAB,,.

Let SAW = UnZO SAW,, and SAB = Un>0 SAB,,. When clear from context, we will occasion-
ally omit the term “self-avoiding” when referring to walks and bridges.

We now recall some important properties and results regarding bridges. The first statement
we recall is due to Hammersley and Welsh [17] and relates the number of bridges to the number
of self-avoiding walks.

Proposition 2.1. Let d = 2. There exists a constant Cyyw > 0 such that, for each n € N,
(4) e CHwVRe < b < e,

We will refer to the Hammersley-Welsh constant as C'yy throughout the paper.
The Hammersley-Welsh bridge decomposition that gives the above result allows to deduce
the following result that relates x(z) and B(z). See [3, Corollary 2.8] for a proof.

Proposition 2.2. For every z € [0,1/u.) we have

() < Le2BE-D,
z

An important property of bridges is that any bridge can be decomposed into irreducible
pieces that we call irreducible bridges. This observation allows for the development of a renewal
theory for bridges (see [22], [23]). The set R, of renewal points of a v € SAB,, is the set of points
~i, with i € [0;n — 1], for which both (vg,...,v:) and (7;,...,7,) are bridges. We write 7 to
denote the index of the kth renewal point. An irreducible bridge is a bridge ~ of length n > 1
such that 7y is not a renewal point for any k € [1;n — 1]. Here we emphasise that irreducible

bridges are not allowed to have zero length.

EL

FIGURE 1. An example of a bridge and its decomposition into irreducible bridges.
The renewal points are highlighted in blue.

Let iSAB be the set of irreducible bridges of arbitrary length whose initial vertex is 0, and
for z > 0, define By (2) = X cisan 2. Every bridge can be uniquely decomposed into a finite
number of irreducible bridges. This implies that for every z € [0,1/u.),

) B(:) = D(Bule)* - 15

k=0
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Since B(1/pu.) = oo, which follows from Proposition and (3), we obtain the following result,
originally due to Kesten [22].

Lemma 2.3 (Kesten). We have Bi(1/pc) = X cisan pe =1,
We define the measure Pigag on iSAB by setting

Pisas(v) = ", v € iSAB.

By Lemma [2.3] Pisag is a probability measure. The following tail bound on the lengths of
irreducible bridges will be crucial in what follows.

Lemma 2.4. Let d > 2. There exists C' = C(d) > 0 such that for every k = 2 we have

C
i = k)< .
P|SAB ("Y| k) log(k)

Proof. Tt suffices to prove the result for every k > 1 + u./e?. To this end, recall (3]) and the

definition of x(z). Then, for every z € [0,1/u.), x(z) = 1fzuc. For z, = 1;/]“ this gives
X(zx) = k. Using Proposition 2.2] we obtain
Blz) > 10g(2k2>((2k)) 1> log(k —1) —Qlog(ﬂc) +2
Combined with this, in turn, implies that
(6) Bu(z) =1 — &

- >1- ’
B(zk) log(k — 1) —log(pe) + 2

where here we note that because of our choice of k, we have log(k — 1) — log(p.) + 2 > 0.
On the other hand, using that (1 —1/k)" < 1 for all n > 1, and (1 — 1/k)" < 1/e for every
n =k, we get

1
(7) Bire(2) < Bisan (7] < k) + “Pisan(7| = k) = 1 = (1 = 1/e)Pisap (7] > k).
Combining @ with @, we obtain
2e
P; > k) < )
e I e | A )
The desired bound follows from choosing C' > 0 to be large enough. O

It will be useful in our analysis to define the function ¢ : ( 1] - N by
(8) o(A) =min{k > 1/X: Psan(|y| = k) < A}

Note that by definition, ¢(\) = 1/A and by Lemma [2.4 m, d(N) < eC/’\.

We construct a probability measure on infinite self-avoiding bridges as the product measure
PQ\s- That means, we consider v : N — Z? an infinite self-avoiding walk distributed as the
concatenation of an infinite number of irreducible self-avoiding bridges with distribution Pisag.
We extend the notion of renewal point to this infinite bridge in the natural way.

We recall the following lemma on the law of the infinite half-plane walk conditioned on the
existence of renewal points.

Lemma 2.5 (Lemma 3.8 of [§]). For each n € N, we have that
i " = Pi@gﬁB [ € R, ].

The conditional distribution of Yo under Pag| - | 7n € Ry] coincides with Psag,, .



8 EKIN ARIKOK, CHRISTOFOROS PANAGIOTIS, NICHOLAS PISCHKE, THOMAS POWELL

Finally, we note that a key tool in the study of self-avoiding walk, and in this article in
particular, is the multi-valued map principle, which we now state. Let f be a multi-valued map

from A to B. Write f~1(b) :={a€ A:be f(a)}. Then

maxpeg | f1(D)]

minge4 | f(a)]

Al < |BJ.

3. CONNECTIONS TO PROOF THEORY

Our approach was partly inspired by the proof mining programme, which, using ideas and
techniques from mathematical logic (and proof theory in particular) seeks to answer the fol-
lowing question: by analysing an existing proof from a logical perspective, can we obtain new
insights and information? Over the last 35 years or so, a large body of work has formed in
which new information has been systematically extracted from proofs, which very often takes
the form of explicit bounds for existential statements. Success here often involves combining
proof-theoretic techniques with ordinary mathematical reasoning, and our route to the main
result of the present paper involved studying the original, qualitative proof of [8, Theorem 1.1]
using Godel’s Dialectica interpretation [I4] in a form in which it has recently been applied in
probability theory (see [34] for a logical account and [35] for a recent case study).

A detailed account of proof mining can be found in the monograph [26] as well as the surveys
[27,28]. The purpose of this section is simply to highlight, very informally, how the construction
of our main bound can be viewed from a proof-theoretic perspective. Not only do we consider
this connection between logic and probability to be of interest in its own right, but it also
provides a convenient map of the technical results that follows. Discussions around logic are
restricted to this section, and the remainder of the paper can be understood without reference to
any of the theory we allude to here (a fact which also justifies our informal presentation). Indeed,
one of the virtues of proof mining is that once a bound has been obtained, any logical apparatus
can normally be suppressed and the quantitative result presented in ordinary mathematical
language.

3.1. The Dialectica interpretation. We start with a brief sketch of Godel’s Dialectica in-
terpretation (see [2] or [26] for a modern account). Roughly speaking, this takes a state-
ment A in some formal system, and interprets it as an equivalent statement of the form
AP = 32VyAp(x,y), where x,y are (potentially empty) sequences of variables, and Ap(z,y) is
quantifier-free and thus, in some sense, “computationally neutral”. This translation on formulas
is defined inductively over their logical structure, the most interesting and relevant clause being
implication. Here, if AP = 32VyAp(z,y) and BP = JuVvBp(u,v), the Dialectica characterises
the computational content of the implication A = B as a pair of functions f(x) and g(x,v)
such that

(+) Va, v (Ap(z, g(z,v)) = Bp(f(x),v)).

We now arrive at the important question: given a proof of A, can we produce (a bound on)
some explicit term ¢ satisfying VyAp(t,y). In the case that we have proved an implication
A = B, this becomes the question of whether we can produce explicit (bounds on) functionsﬂ
f(z) and g(z,v) satisfying ().

In order to answer this question rigorously, we must first fix a formal system for representing
the kind of proofs we want to analyse, and this alone is an extremely delicate matter, particularly

2The precise way in which the notion of bounds extends to functions and functionals is formally dealt with
via the concept of majorization and the monotone variant of the Dialectica interpretation [25], though we do
not mention any details here.
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in probability theory. Here, a naive formalisation in which basic concepts such as probability
measures and random variables are formally encoded in terms of functions on natural numbers
leads to an unwieldly system of vast complexity. However, the last few years have seen the
development of specialised systems for probability [33, 34] (and a forthcoming paper by the
last two authors with Neri on the treatment of unbounded random variables) along with so-
called metatheorems which guarantee that explicit bounds can be extracted from large classes
of proofs in probability theory. Moreover, these bounds satisfy striking uniformities. A key
insight, made formal in the aforementioned works, is that one can make computational sense
of probabilistic statements involving infinite unions or intersection by replacing those events
with finitary approrimations that are formulated using only finitely many Boolean operations
on atomic events, where the latter include events of the form X > a for X a random variable.

Under these assumptions, the three key steps in the present paper (Theorems , and
can be viewed as the construction of (bounds on) functions for the Dialectica interpre-
tation of a series of implicative statements (, and below), which together reflect
the broad structure of the original proof of Theorem in [§]. Crucially, these implications
are individually proven constructively (that is, without using proof by contradiction), and the
functions arise naturally from those proofs. However, as we will see, combining the interpreta-
tions of these implications allows us to give a computational meaning to a global strategy that
does use contradiction.

3.2. The logical structure of the proof in [§]. We first turn to the logical structure of
Theorem [L.T], which is

T=YweQ,3IeQ,Inge NVn =neTp(v,e,n)

for
Tp(v,e,n) :=Psaw, (max{||7] |0 <k <n}>wvn) <e ",

noting that the event A inside the probability is a finite union of events of the form ||yx|| = vn,
in line with our earlier observation.ﬂ Here we prefer to represent the positive reals (0,00) in a
finite way via the positive rationals Q. , and note that all functions (0, o0) — (0, 0) produced
in this paper are in particular computable in the sense of computability theory when restricted
to positive rationals.

The proof in [§] can be divided into two parts. First, one shows that if the conclusion of
Theorem [L.1]is violated, then Eisag[|y|] < o0 ([8, Theorem 2.3, Corollary 2.4]), or equivalently:

(11) Eisagllyl]] =00 = T.

One then shows that Eisag(]y|) = o ([8, Theorem 2.5]) by contradiction, and we give a modified
proof of the latter that can be decomposed along the lines of [8]. Specifically, letting {0 € C'}
denote the event that the concatenation of infinitely many independent samples of Pisag stays
in a cone of angle 7/4, one can simultaneously show that

(12) Eisas[|y]] < 0 = PEpe(0€ C) >0
(which forms a simplified analogue of [8, Proposition 4.2]), but also
(I3) Eisag[[7]] <0 = PEpe(0€C) =0,

the latter via a modified version of the stickbreak operation given in [8, pp. 22-25]. An im-
portant improvement in our case is that both of these individual implications can be proven
constructively, with the law of large numbers and ergodicity argument in [§ eliminated in

3We note that, technically, there is an additional quantifier implicit in the inequality P(A) < e™*" between
real numbers, but for logical reasons that we do not expand on here, this can be viewed as benign.



10 EKIN ARIKOK, CHRISTOFOROS PANAGIOTIS, NICHOLAS PISCHKE, THOMAS POWELL

favour of a strategy based on Levy’s maximal inequality and a Borel-Cantelli type argument.
Our overall proof that Eisag(|y]) = oo is still by contradiction, but here the Dialectica inter-
pretation of the corresponding implications allows us to deal with this computationally, as we
now show.

3.3. The Dialectica interpretation of (1)), (I2) and . We now sketch the Dialectica
interpretation of the statements we have identified. These not only provide insight into the
structure of the key computational theorems of the paper, but also how they combine to prove
the main result (Theorem [I.2). We first consider ([1)), for which we need to understand the
quantifier structure of Eigsag[|y|] = c0. In particular, since we cannot assume that |y| € L', we
instead consider truncations |y|SM := |y|1},j<ir and formulate Eisag[|7|] = 0 as Vo € Q4 IM €

Q. Eisap[|v[S] > v. Then it is easy to see that is equivalent to

3hvv € Qy (Eisas[|y|S"™] > v) = Je,no V6 € Q. Vn = no(8) To(0,(8),n).

where now h, e : Q, — Q4 and ny : Q; — N are functions. Because we are later able to provide
an explicit function h satisfying the premise of the above, we actually only require a pair of
functionals Fy(h, d), Fy(h,d) which satisfy the ‘forward’ direction of the Dialectica interpretation
i.e. witnessing ¢ and ng, and we do not need to identify the ‘backward’ functional witnessing
Vv in the premise. In other words, it is sufficient to find functionals F}, F5 such that

Vh (Vo € Qy (Esas[|y|S"V] > v) = V€ Qs,Vn = Fy(h,0) Ty(, Fi(h,0),n)) .

The explicit construction of such an F, Fy is directly implied by Theorem 4.6, as best seen in
. In particular, these functionals allow us to transfer an asymptotic bound for any given h to
one for the functions Fj(h,-) and Fy(h, -). In this paper, we are able to show that h(v) € e”"
and our main bound in Theorem then follows from a complexity analysis of the functionals
I, F5 in this specific case.

Our construction of a concrete h(v) € ¢“ is, in turn, obtained by combining the Dialectica
interpretations of and . For this, we need to understand the quantifier structure of

PRz(0 € C). Here, we observe that
f0eC}=[){0eC,}
neN

where {0 € C,,} denotes the event that the concatenation of n independent irreducible bridges
stays in the cone. Since the sequence {0 € C,} is monotone decreasing, the full quantifier
structure of the statement P(0 € C) > 0 becomes 3§ € Q, Vn € N (P50 € C,) = 6),
where now we observe that {0 € C,,} can be written as a finite intersection of basic events of
the form (y + z)(7x) = 0 or (y — x)(y%) = 0. Thus is equivalent to

Jve Q VM € Qi (Esas[[v[SY] <v) = 36€ QyVne N (PR(0e C,) = 6)
and its Dialectica interpretation is given by a pair of functions f(v) and g(v,n) satisfying
(D1) ¥ e Qy,ne N (Esps[[y[¥0M] <v = PE(0e Cy) = f(v)) -

The construction of such functions is given in Theorem [5.8 In an analogous way, we can show
that is equivalent to

Jve Q. VM € Q; (Esas[|v|] <v) = InVse Qp (PLg(0 € Cup) < 9)

for n : Q; — N a function, whose Dialectica interpretation is now a pair of functions N (v, -)
and L(v, ) satisfying

(D2) Vo, 6 € Q (Bisas[[7[5""V] < v = PEig(0 € Ongy) <9).
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The construction of such functions is given in Theorem [5.10] Fixing v > 0, we now combine

(D1} and by setting 0 := f(v) in (D2)), n := N(v,d) in ED and defining
h(v) := max{g(v, N (v, f(v))), L(v, f(v))} ,

we obtain

Eisas [\’Y|\ ] < v is false)

cO(v)

and therefore Vv iSAB > v . A complexity analysis of the functions that make up h
as defined in Theorems 5 8 and

0| gives us our asymptotic bound h(v) =

3.4. Summarising the role of proof theory. Logical insights were used in the first instance
to help decompose the proof in [§], and identify, via the Dialectica interpretation, the correct
quantitative formulations of the key Lemmas , and . Numerous mathematical (as
opposed to logical) insights and simplifications were then needed to find witnesses for these
quantitative reformulations. However, our ability to recombine these individual quantitative
results to arrive at the overall bound, and in particular eliminate the use of proof by contradic-
tion in the original proof, was only possible due to the precise way in which the main lemmas
were reformulated. Because proof theory was only used in a specific, local way, our entire
argument can be presented in ordinary mathematical language, and without reference to any
of the underlying proof-theoretic techniques.

4. EXPLICIT BOUND ON THE DISPLACEMENT OF SELF-AVOIDING WALK

This section is dedicated to the proof of Theorem under the assumption that Theorem
holds. We will mainly work with bridges. First, we show in Section that, under the
assumption that irreducible bridges are typically long under Pisag, one has that finite bridges
of given length cannot have many renewal points. Then, in Section [4.2] we use an iteration
procedure similar to the one of [8, Proposition 3.2] to show that tall bridges are uncommon
under the same assumption. Finally, in Section [£.3] we use that bound to deduce Theorem [I.2]

4.1. A concentration result for the number of renewal points. Define
q(M) := Eisa[|7] A M].

We now introduce a useful concentration result on the number of renewal points, recalling that
Cyw is the Hammersley-Welsh constant:

Lemma 4.1. For every n e N* and M > 0,

2n
s, (11> 20 ) < oxp (2 + )
SAB., <| ’Y| Q(M)) €xp 5M + HW[
Proof. Throughout this proof, let hA(x) = (1 + z)log(1l + x) — . Consider a sequence of i.i.d.
irreducible bridges 7* sampled from Pisag. For all i € N*, define X; = E2as[|7*| A M]—|7'| A M.
Notice that the random variables X; are independent, E|SAB[X ] =0, and |X;| < M for all 1.
Then, by Bennett’s inequality [5, Theorem 2.9], for every k£ > 1 and every ¢t > 0,

k
Mt
i=1
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where 02 = 3" ESN.[X?]. Notice that the expression Zoh (2) is decreasing in o2, hence,

using that ESNs[X?] < M EZN[|V| A M] = Mq(M), we get that

Pae (Zk](h"l AM) <t kqw)) = (_ kqf(WM)h (kq(tM)» |

=1

In particular, for ¢t = \kg(M) with 0 < A < 1,

HﬁB(ZXWHAAn<<1—»mmMQ:swp(—@%ybwm).

i=1

Define Sy = Zle 17¢| and apply the previous inequality for k = [O—SW] to get

h(\) n
o . <n) <exp (-0
Fisne (S[u—x)q(m] n) P ( 1—A M)

Note that for every n € N,

®N _ "\ _peN
Pisas (|R’Y[1’n]| = (1 — /\)(](M)) Pisas <S[w] < TL) .

Proposition [2.1| and Lemma [2.5| finally give

n n
P > | = PZ) 1|z ——=|Mm
s, (172> 7577 = PRl (10— 0> s e )
~ P2y (IR [1,n]] > ———— |y e R
iSAB <| ’Y[ 7n]| (l—A)q(M) Tn € Ly
h(A) n
We conclude the proof by taking A = 1/2, for which we have 2h(1/2) > 1/5. O

4.2. Unfolding bridges. In this section, we will work with finite bridges. First, we will
reintroduce the concept of zigzag and some elementary results as presented in [§]. We then
prove Proposition , which is a quantitative analogue of [8, Proposition 3.2]. The bound
is obtained through an iterative argument and, as we shall see, is a function of the maximal
number of steps of the iteration.

The following notions of zigzags and unfolding maps are taken from [8]. Let v € SAB,,. A
zigzag of ~y is a pair (7, j) of indices belonging to [0;n] that satisfy i < j and for which

e the largest value of k at which the maximum of y(+;) over 1 < k < j is achieved equals
7, and
e the largest value of k£ at which the minimum of y(v) over ¢ < k < n is achieved equals
J.
Let ZZ, denote the set of zigzags of . For (4, j) € ZZ,, we call the image of the subwalk 7, ;1
the central section of (i,j). The indices ¢ and j are respectively called the point of zig and the
point of zag of (i, 7).

Let R, : R — R? denote the orthogonal reflection with respect to the hyperplane {u e R¢ :
y(u) = y(v)}. For v € SAB,, and (i,5) € ZZ,, let Unf, ;() € SAB,, be given by Unf, ;(y) =
0.i) © Ry (V1) © Wjim)-

The following lemma is straightforward and is stated without proof:

Lemma 4.2. [8, Lemmas 3.3 and 3.5] Let v € SAB,,.
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(1) The central sections of the zigzags of v are pairwise disjoint.
(2) Let (Z,j) € ZZ,. Then v; and .Ur‘lfw‘(’y)j each belong to Ruut, ;(v)-
(3) Let (i,j) € ZZ,. Then ZZ\{(i,7)} © ZZuns, ;(v)-

(4) Let 21,20 € ZZ,. Then Unf, Unf,,(y) = Unf,, Unf, (v).

The last item of this lemma allows us to extend the action of Unf so that several zigzags are
undone at once. Let v € SAB,, and Z < ZZ,. Set Unf,(v) € SAB,, equal to the bridge obtained
by iteratively applying the maps Unf, for z € Z.

We now introduce some further notation that will be useful for the rest of the section. Let n, ¢
be natural numbers and k, k € [1, +0) be real numbers with 2k an integer. For h € Z and ~y €
SAB,,, define the set of edges Vi, py1 by Vins1(7) := {(7i, Y1) i€ [0;n — 1], {y (), y(7is1)} =
{h,h + 1}}. We define

SAB,, ; := {7 € SAB,, : span(y) > ﬁ} ,

k
SABL, = {7 €SAB,,: [{heZ:1< V| <0}] = ﬁ} .
" K
Let us now gather the following remarks:
e SAB) ;. = {7 € SAB,x : |R,| = 2}, since for all 0 < i < n —1, y; € R, if and only if
Vyewin+1 = {0, Yie1)}-
e For all / > 1, SABffk’H = SAB%,;,I_@, because each crossed layer must be crossed an odd

number of times.
e SAB, \ © SAB?Z’fk’%, since for v € SAB,, 1, we have

Hh e : ‘Vh,thl‘ > 2]6}‘ 2k < n

and
HheZ: 1< |Vhps1l}| = span(y) =

Define the function p : [4,00) — (0, 1] by
4 x
== (1+10g (%))
pla) =~ (1+1og (5

(z) 1 1
x)==q| —————
2 z\1/3
10p ((3) )
for z > 5- 8% and ¢(z) = 0 otherwise. For x > 0 and g a nondecreasing function, define
M(x,g) :=sup{m € N* : 3™ < ¢°"(z)}

with M (z, g) := 0 when the set is empty.
We now state the key proposition of this section.

e

Let ¢ be defined as

Proposition 4.3. For any n € N* and o = 8§,

on ) exp (—@n + C’HW\/E>
<

Psag, (Span(v) 2 i
3M(q(50),9) 1 — exp <—@n>

Before getting to the proof, let us give a sketch of the argument. If a bridge has neither
many renewal points nor many zigzags, then one can apply an unfolding procedure to the
bridge without losing too much information on the original bridge. One can then iterate this
procedure as long as not too many renewal points or zigzags are created. The main observation
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is that if we are able to iterate a given explicit number of times, we will necessarily have enough
renewal points. Otherwise, that means that at some step of the iteration we get either many
renewal points or many zigzags. In that second case, there are multiple ways to unfold a given
proportion of these zigzags to create renewal points, and we do so while controlling the cost.
In any case, one can always obtain a walk with many renewal points without losing too much
information. One can then explicitly control the thresholds for the number of renewal points
and zigzags at each step so that, no matter when we end the iteration, the bound given by
Lemma [4.1] beats the cost of the unfolding procedure.

Proof. Let ¢ = 3 be an integer and «, 3, k, k be positive reals. Suppose for now that o > 8. Let
pe (0,1) and n € N. In a similar way to [8}, we consider the following trichotomy:
Case 1: Many renewal points. Suppose that

Then, by the first remark above,

|SAB

nszi|

nk/@|

Case 2: Few zigzags and few renewal pomts. Suppose that

2n n
SABL, 1|ZZ]< =R < —
‘{’76 n,k,k ‘ ’Y| a | 7| ﬁ}

Let v € SABy, . and 7' = Unfzz, (y). We have that span(y') > span(y) > 2. Furthermore,
if h € Z is such that 2 < [Vin+1(7)] < £, then the successive unfoldings performed by Unfzz,
will leave the set Vj, ;41 unchanged except for changing the value of & until the first zigzag
whose central section includes an edge of V}, 511(7) is unfolded, at which time, the set Vj, p41(7)
will be split into three sets: the set of edges before the point of zig, between the point of zig
and the point of zag (i.e. in the central section), and after the point of zag. Each one of these
sets will correspond to a set Vj jy41 for some new height h’' € Z; subsequently, the smallest of
these sets has at most one third as many edges as the original set. We thus see that the number
of values of h € Z such that 1 < [V, 11(7')| < ¢/3 is at least the number of h € Z such that
1 < WVhnt1(7)] < €. Therefore, we deduce, for all £ = 3,

Unfzz, (SABL, ) = SABL/

n,k,k"

> (1 —p)|SAB

nk/-i|'

Let ¢ € SABn,M and suppose that ¢ = Unfzz () for some unknown ~. To recover v, one
only needs to know the set of points in ¢ that were points of zig or zag in v and were unfolded
by Unfzz . If [ZZ,| < 2n/a, this set of points has cardinality at most 4n/a. Therefore, we have

[2n/o]
_ 2n n
‘Unfzzlw(@ {VESABMH.|ZZ | < H < ) (QJ,).

j=0
Since we supposed a > 8, we have for 0 < x < 1,
[2n/«] [4n/«] n
Z <n> < Z <n) < pm /e Z (n> gl = g 4 1) < g
3=0 2) =0 \J =0 \J

which for z = 4/« gives



QUANTITATIVE SUB-BALLISTICITY OF SELF-AVOIDING WALK 15

Applying the multi-valued map principle, we obtain

[SABL | = el

n.k,k nk,x n,k,K

2
{7 €SAB!, |72, < E"}‘ > (1 — p)e P @m|SABL , .

Case 3: Many zigzags and few renewal points. Suppose that

[ManyZZfewR| > £[SABY, ;.|

where ManyZZfewR := {y e SAB! , . : |ZZ,| = IR, | < %}

n,k,k
Fix § = 50% and 0 = 50%, and set r = |4], Ny = [2], Ny = |2+ 3a3|. 1fr = 0, then

n/0 < 1 and every bridge in ManyZZfewR belongs to SAB:Z’,C’(,, since its initial vertex is a
renewal point. Thus follows immediately. We therefore assume that » > 1. We see that
for v € ManyZZfewR and Z < ZZ, such that |Z| = r, Unfz(v) € SAB,, , , since each point of
zig is sent to a renewal point (and 7y is a renewal point).

Define the map

MultiUnf : ManyZZfewR — P(SAB}W,@)
Y — {Unfz(y): Z c shortZZ,,|Z| = | %]},

where shortZZ., := {(i,j) € ZZ, : j —i < a}.

We want to use the multi-valued map principle on this map. First, we consider the size of
the images. Notice that |ZZ,\shortZZ,|a < n, and hence |shortZZ,| > |ZZ,| — n/a = n/a.
Since |shortZZ,| is an integer, we obtain |shortZZ,| > N;. For each v € ManyZZfewR, the map
Z — Unfy(y) from P(ZZ,) — SAB,, is one to one. Hence,

| MultiUnf ()| = ('Shortzz”) > (N 1>.
r r

We will now consider the size of the preimages. First, we notice that |R,| < N,. Indeed,
consider a single unfolding of a short zigzag (i, 7). Outside the range of heights

y(v) <y <yln) +2(y(n) — (),
renewal points of the unfolded bridge correspond to renewal points before the unfolding. This
range contains S(y(%) — y(yj)) < 3a heights. Thus each unfolding creates at most 3a new
renewal points. Applying this estimate successively to the r unfoldings gives the claim.

As in Case 2, if ¢ € MultiUnf(y) for a given ¢ and unknown ~, then it suffices to know the
set of points in ¢ that were points of zig or zag in 7 and were unfolded by MultiUnf. This
time, we will first identify the unfolded points of zig and then identify the unfolded points of
zag, knowing where the unfolding points of zig are. To find the unfolded points of zig, we only
need to identify them among the renewal points of ¢. Hence, there are at most ('Fi‘?l) possible
choices. For the unfolded points of zag, we only need to know the distance to their respective
points of zig. This distance is at most «, hence there are at most o" possible choices. Therefore,

R N.
| MultiUnf ' (¢)| < (| ¢|)of < ( 2)04’“.
r r
Combining the two bounds, we get
min,, | MultiUnf(~)| - <N1 — 7’)’“
max | MultiUnf_1(¢)| “\ N

()
()

where we used that

m
> <%) for ny = ne = m.
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By the multi-valued map principle, we therefore get
in., | MultiUnf (v Ny —
L T ACTNEL] G NETC)
Qmax¢ | MultiUnf = (¢)| 2\ M
With these choices of 5 and € (for which 8 < 6), we have
N, —
1 r > ? — L > 1’
Noov 4 4a?

[SAB;, 1.0l =

since we assumed « > 8. This gives

(10) [SAB;, 10l = |SAB gl

We will now iterate these cases to obtain the desired bound. Let n € N. Let 6, = 5a?,
ap = «, and define recursively «,,, 3,, and 6,, by

1 1 . 1/3
(11) O = {Qq (mf’(am—l)) Homa 28 - (e_m) . B = 5al,.

0 otherwise 5

Notice that for all m > 1, 0,, = G(0,,—1). Let M = M(0y,q). If M = 0 then the statement of
the proposition is trivial, since its left-hand side is zero. Suppose therefore that M > 1.

Let us prove that the sequences «a,, and 6, are non-increasing in m. Indeed, ¢(z) < x and
p(z) = 4/x, hence for any m > 1 such that 6,, > 1, by (11]), we have

1 B 1 . 1/3
(12) 0, < < Omot 1 ()T
20p(0m_1) = 80 80\ 5

By the definition of M, we have 0,1 = 3™ > 1, hence by a backward induction in m one can
prove that 6, is non-increasing in m and that for each m € [0; M + 1], 6,, = 1. One can then

to get

0\ /3 1 3y s
13 m= () <) < (200
(13) “ (5) (100p(am_1)) 50 (200m-1)

for each m € [1; M. This gives in particular that a,, is also non-increasing. Combining (12)),
and 07,1 = 1, one gets that for each m € [0; M], a,,, = 80.

We will iterate Case 2 until either Case 1 or Case 3 happens, or until we have iterated Case
2 enough times. For each m € [1; M], let p,, € (0,1). At each step m, we use the parameters
Q= Qn, =0, and 0 =0, and p = p,,.

Fix k = 3M /2. We start with the set SABQIC rok- I Case 2 happens m times, we get that

% |
(14) ISABM% > A(m)|SABL, al,

where
m

A(m) = [ [(1 = pi)erteom.
i=1
Suppose that Case 2 happens M consecutive times. Then, we can stop iterating and
reads as
[SAB,, j. 2| = A(M)|SAB 5.

Suppose now that this is not the case, which means that there exists m € [1; M] such that
Case 1 or Case 3 happens at the m-th step. If Case 1 happens, then we can deduce from @D

and that

SABL 5,1 = T2 A(m — 1)[SABZ |
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Similarly, if Case 3 happens, then we get from and that
SABL 10, > 2 Alm — 1)]SABZ |
Therefore, regardless of which case happens, there exists m € [1; M + 1] such that
Pm
(15) [SAB, g, | = T A(m = 1)|SAB, 24,
with paro1 = 1 for convenience. For such an m, we have

n |SAB,, | ‘SABnka
P > -] = — <
SABn (Spa“(’” > ISAB,,| ISAB,,|

k
|SAB O, | n
_ omm [[D > —

and

hence

n 2
Fou, (om0 = ) < fog gy (1012 77)

Define P,, = p,, ]_[:':11(1 — p;). One can easily see that the values of p; can be chosen to give
any desired positive values to the P,, (as long as the condition ZMH P,, =1 is satisfied). For

any m satisfying , Lemma implies that

n 92 m—1
Psas, (span(v) > E) < poexp (2 pla)n — 2p(a,_1)n + CHW\/E) .
We can now choose
_exp (B plaw)n — 2p(ag-1)n)

S0 &P () plas)n — 2p(ai)n)
to make the bound independent of m:

M+1

Psag,, (span( > 2 Z exp (Z (a;)n — 2p(am—1)n + C’HW\/E> :
Using the inequality 1 + log(t) < 2/t we have

4 x 4
16 — (14108 (%)) <
(16) o) =2 (14108 (3)) <
By (16), the bound p(z) = 4/x for x > 4, and (13), we have, for every m € [1; M],
p(n—_1) __m 1 _ 1 1

S X X < a5
plam) Vam_1  204/a,, 8045 3

where we used that «,, = 80. In particular, p(a,,) = 3p(ay,—1). We claim that, for every
m € [0; M],

Zp% (m + 2)p(c).

Indeed, this holds for m = 0. Moreover, increasing m by one increases the left-hand side by
p(mi1) — 2p(au) = plam) = p(ap), so the claim follows by induction.
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Setting a = p(ap)n > 0, the preceding probability estimate therefore gives

Psag,, (span(’y) > %) < 2eCHWVn Z exp <<Z plai) — 20(0%)) ”)

=1

0
< 2€CHW\/E Z 6—(m+2)a
m=0
26—2a+CHW\/ﬁ

1—e@
e*a/2+CHW\/ﬁ

1 —e—a/2
exp (——p(;o)n + CHW\/ﬁ>
1—exp <——p(g‘°)n>

Here, the last inequality follows from 1 —e™® = (1 — e~ %?)(1 4+ e¢~%?) and 2732 < 1 + ¢~/
for a > 0. U

4.3. Deducing Theorem [1.2] In this section, we will prove Theorem [I.2] assuming that
Theorem holds. To do so, we first translate Proposition |4.3] into a result on walks and
then rewrite M(x, f) in a more convenient form, up to some explicit multiplicative constant.

Combined with Theorem [I.5], this will allow us to prove Theorem [I.2]

Proposition 4.4. For all n € N* and o > 8§,

2412, exp (—@n + QCHW\/H>
PSAWn (maX ”'}/k” = ) < 2d
kell; 1 —exp (—@n)

e[Ln] 3M(‘j(5a3)7q)
The proof is the same as the one of [8, Theorem 1.1]. We include it nonetheless for com-
pleteness:

Proof. Notice that Psaw, is invariant under permutations and reflections of the Euclidean co-
ordinates. Therefore,

2d%n 2n
Psaw,, <klgl[%>§] H’Yk“ = m) < 2dPsaw,, <kfé1[%>;]y<7k) = m) .

Hammersley and Welsh introduced a map from the set of self-avoiding walks to the set of
self-avoiding bridges that unfolds walks in such a way that each bridge has at most e“H#wv®
preimages. Note that maxyei,n) ¥(7%) can only increase after unfolding, and maxepi ;) y(vk) =
y(7n) as soon as v is a bridge. Therefore,

2n Crw/ 2n
Psaw,, <J§iﬁ§] () = W) Se Psae, ( ¥(m) = sirGeana ) -
Combining the two inequalities above with Proposition [4.3] gives the desired result. 0

We will conclude this section by an analysis of the function M (z, f). Let f be a nondecreasing

function for which there exists a constant ¢y > 0 such that @ — f(z) = ¢ for all x > 1. Define
the function f* by the following recurrence equation:
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s, . )0 itr <1,
fw) = {1+f*(f(a:)) if x > 1.

Proposition 4.5. Let f be defined as above. Suppose that there exists ¢ > 1 such that f(x) <
x/c for all x = 1. Then one has for all © > 1,

“(z) — 1
(17) {M‘ <Mz, f) < f*(x) — 1.

log 3
1+ logc

Proof. Let © > 1. Denote N = f*(z) and M = M(x, f). For all m > 0, define z,,, = f(x),
and note that N = min{m > 0: z,,, < 1}. By definition,
ry < 1, Ty_1 > 1.

For the left inequality, let m = LJFN . J The assumption on f gives x,,11 < z,,/c. We can

log ¢

iterate backwards to get

Ty =NV My > AN
Now, the choice of m implies N —1 —m > m%. Therefore x,, > 3™, which implies that
m < M.
For the right inequality, one can see that for any m > 1, if z,, > 3™, then z,, > 1 and
m < N — 1. Therefore, M < N — 1. O

Note that a better upper bound on f means a sharper lower bound in . In particular, this
implies that if f(x) = o(x) and f(z) — 0 as x goes to infinity, then M (x, f) = f*(z)(1 +0(1)).
Note that, by the same argument as (12)), g(x) satisfies the hypothesis of Proposition with
c = 80- 52, We can therefore deduce the following theorem.

Theorem 4.6. For all n € N* and a > 8,

6d1/2n ) deXp (—@n + QCHW\/E>

P > :
SAW,, (Jﬁ% Il > e = | o (_ o) n)
2

where C' = exp (%) and ¢ = 80 - 5/3.

Proof. Let N = ¢*(5a%). If N < 2, then the event on the left-hand side is empty, since its
displacement threshold is larger than n. Suppose therefore that N > 3. Then g(5a%) > 1 and

7*(7(5a3)) = N — 1. Proposition [4.5| gives

o 8y = N —2
M(q(50°),q) = LJFTgB‘

log e
Using that |z] = x — 1 and the definition of C', we obtain

N1;23 -1 1
gM(a(Ga®).a) 5 giriggs = chfZ'
Consequently,
2d"%n 6d"?n
3MGGa,D) S N2
and the result follows from Proposition [4.4! O

We are now ready to prove Theorem [1.2] assuming Theorem [1.5]
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Proof of Theorem [1.4 assuming Theorem [1.5 We have that q(h(z)) > « for all > 1. Define
the function h(z) = 5p~1(1/(10h(22)))* and set

b= s (M) |2, e (E0Y

Since q(h(x)) > z for all z > 1, applying Theorem.for a = T(v) with the bound p(«a) = 4/«
gives

exp (—% + ZCHW\/E>

1 —exp <—%)

Since p is nonmcreasmg on [4,0), the inverse of any nonincreasing majorant of p majorizes p~*
and thus by (L6) p~(y) < (4/y)? for all y € (0,1], from which we easily see that h(z) < hi(z)
for all z € [1,0) Where hl(x) 5-40% - h(2x)5. Since h; is nondecreasing, we also have

) (z) < by ()

for all z € [1,00) and n € N. Theorem gives h(z) = ¢*“” and thus also hy(z) = ¢

Since we then have h;(z) < exp®©(z) for some fixed integer ¢ > 0, hi(")(l) is bounded from

above by a tower of exponentials of height O(n). Since L(v) = O(log(1/v)) as v — 0, this

implies that T'(v) is bounded from above by a tower of exponentials of height O(log(1/v)).
For any d > 0, C = 0 and T > 0, the condition n > 4C%*T? + 2T log(1 + 2d) gives

exp (=2 +2C/n) <1
1 —exp (—2?”) h

Indeed, one can bound the numerator and denominator separatly. For the numerator, the
AM-GM inequality on 2C/n followed by the condition gives

(18) ]P)SAWn (kn%ax H’ka UTL) < 2d

O(x)

2d

——+20\F ——+202 < —log(1 + 2d),

which in turn gives

2d
2d exp (—% + 20\/5) < T+ 2d

For the denominator, the condition implies n > 27T log(1 + 2d), which gives

2n _ 1 2d
1—exp(—T)>1—(1+2d)4 “1iod  1+2d

Combined with , this proves the theorem. [l

Remark 4.7. If instead we assumed the bound h(x) = O(2P), which is believed to be optimal
for some value of p > 1 that depends on the dimension d, then the same argument as above
allows us to take hi(z) = (Cyx)" for r = 6p and some C; > 0, and by a simple induction we
have

(1) = RO 000,

This implies that T'(v) = exp(O(v~7)) for some explicit v > 0, and one can use that to get that
with high probability the displacement is at most O(n/(logn)®) for some explicit € > 0. On
the other hand, improving the bound to h(x) = e°® leads in just the same manner to tower
exponential bounds for 7'(v).
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5. PROOF OF THEOREM [L.5]

In this section, we prove Theorem namely that Eigag[|7|] = o0 with the explicit rate
OW)
Eisas [|7|<6 ] > o for v > 1.

As highlighted in Section [3| our proof combines two quantitative ingredients to reach a contra-
diction, reflecting the very same structure of the qualitative argument given in [§, Section 4].
The first ingredient is a polynomial lower bound on the probability of the event {0 € C),} under
the assumption that the truncated expected length of an irreducible bridge does not grow too
fast, and the second one is a polynomial upper bound on the probability of the event {0 € C,}
under a similar assumption. Since both conclusions cannot hold at the same time, this means
that one of the two premises does not hold, which gives the desired result.

Before we proceed with the proofs, let us give the definition of a diamond point. We say that k
is a diamond point of a bridge v if y(v;) > |x(7;)| for every i > k, and y(;) < —|z(~;)| for every
i < k. We also write {v,, € D,} to denote the event y(vy;) > |z(v;)| for every i € [rg + 1;7xin],
and y(v;) < —|z(v)] for every i € [ry_pn;ri, — 1].

FIGURE 2. An example of a bridge with four diamond points highlighted in blue.

5.1. Polynomial lower bound for diamond points. The desired lower bound for the prob-
ability of a diamond point is obtained by making the argument of [8, Proposition 4.2] quanti-
tative. The argument of Duminil-Copin and Hammond uses the law of large numbers to show
the existence of diamond points under the assumption of finite expected length for irreducible
bridges. Our argument avoids the use of the law of large numbers and is instead constructive.

This alternative strategy for establishing the existence of diamond points is based on deriving
a metastable version of the law of large numbers from Etemadi’s proof [11]. While the argument
presented below follows a different route, it is also inspired by Etemadi’s proof. Indeed, using
a Borel-Cantelli-type of argument we can bound the length of each irreducible bridge 7¢ by ci
for some constant ¢ > 0. Conditioning on this event, this allows us to work with the symmetric
random variables Z; = 3;1 x(71), whose summands are bounded in absolute value by ¢, and
in order to show that v stays in a cone, it suffices to show that all Z; are uniformly bounded
with not too small probability. This is where our argument deviates from Etemadi’s proof.

The first ingredient we use to show the latter is Levy’s maximal inequality for sums of
independent symmetric random variables [I, Theorem 8.3.2]. We include a short proof for the
reader’s convenience.
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Lemma 5.1. Let (Y,) be a sequence of independent random variables symmetrically distributed
around 0. For everyn =1 and x > 0 we have

P<lrr[1ax]|Y1+...+Y}\>x) <2P(IYi+...+ Y, >x2).
elln

Proof. Let 7 := min{l € [1;n] : |Y1 + ... + Y]] > 2}. Note that conditionally on {r = k},
Yii1+...4Y, isindependent from Y7, ..., Y}, and symmetrically distributed around 0. Hence,
conditionally on {7 = k}, with probability at least 1/2, Yy.1 + ... + Y, has the same sign as
Y1 + ...+ Y}, Moreover,

{fr=kMVi+... YY1 +...+Y) =20 c{Y1+...+Y,| >z},

and the events on the left are disjoint as k varies. Thus,

P(max\yl—i-...—i—Yl|>x> =ZP(T=/€)
k=1

le[1;n]
<2Y P(r=k i+ +Y) Ve +...+Y,) > 0)

k=1
<SP (YVi+4...+Y,]>2).
This completes the proof. O

We next use Levy’s maximal inequality to uniformly bound sums of independent symmetric
random variables by a given constant € > 0, at a cost which is exponential in the variance of
the sum. The main idea of the proof is the use of a reflection argument which is applied each
time the sum becomes larger than £/2. The variance of the sum allows us to control the number
of times the sum becomes larger than /2.

Lemma 5.2. Take some real C' > 0 and integer M > 1, and fix € > 0. Let also Yy,..., Yy be
mutually independent random variables which are all symmetrically distributed around O such
that almost surely, |Y;| < e/16 for everyi=1,..., M, and

M
YEY?) <C.
i=1
Then A
J

Proof. First, let us partition the interval [1; M] into disjoint intervals [a1;b1], ..., [an;by] such
that for every j =1,...,N — 1,

< 5) > 4—[640/52]‘

(19) = i E(Y??) < <
64 = ‘ 32’
and for j = N,
by ) 22
(20) i—ZaN E(Y?) < 5.

. We can construct these inter-

These bounds will allow us to handle each max,,<x<s, Zf:aj Y;

vals greedily. Indeed, let a; = 1 and define S; := {1 <k < M : Zf:al E(Y?) > €2/64}. Now let
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b1 := min Sy if Sy is non-empty, and set b; := M otherwise. Observe that if S; # (J, then case
happens for j = 1, since, by definition, Zf;ll E(Y?) < €2/64, and E(Y;?) < /64 thanks
to our assumption that |Y;,| < &/8. On the other hand, if S; = ¢, then case happens. If
by = M, then we stop. Otherwise, we set as := b; + 1, and we define by similarly to how b,
was defined by working in the interval [ag; M| instead of [ay; M]. We continue until we have
exhausted the interval [1; M]. Tt follows that and hold.
Let us also observe that

64C'
(21) N< =
since by and our assumption,

2 M
€ 2

Zf:aj Y;|. By Chebyshev’s inequality and , ,

We next handle each max,; <x<s,
IP) (

(22) P ( max

a;<k<b;

bj

DY

1=aj

b.
4 J
= 6/2> < o) Z E(Y?) < 1/8.

By Lemma [5.1]

k
DY

Now for z,y € (—/2,£/2), let us condition Y%7 V; = z and | Y]

< e/2> > 3/4.

b
i=a;

Y:| = |y|, and note that
by

cither |z + y| < ¢/2 or |z —y| < £/2. Since conditionally on Y% 'Y; = z, ila, Yil = [yl

b; . . .
iza, Y; is a symmetric random variable,

bj
DY
=1

P('_

By averaging and using independence,

b
DY

1=aj

a;—1
<e/2 ‘ Z Y, =z,
=1

= |y|> > 1/2.

bj b
P < M| <2 | &-1| DY, <5/2) >1/2,
i=1 i=a,
where
k bm
Eiq = {Vm =1...,7— 1amr2’?i<bm Z Yi| < ¢g/2, ZlYi < 5/2} )
Using a union bound, independence, and ,
k b bj bj
P <a2;?§bj _Z Vil < ¢/2, gy <e/2 ‘ 5]»1) >3/4—P ( _Z Yi| < e/2, Z{Y > /2 ( 5]-1)
bj bj
>3/4—P(2m >ef2 | | DY <a/2>
i=1 i1=a;

> 1/4.
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Thus, iterating the latter bound and using (21)),
P(Ey) =4
Finally, on the event &y, for every 1 < k < M, letting m be the largest integer such that

am < k,
k k
QY| < 2 Vi <e
=1 1=am

This completes the proof. O

—[64C /€2 '

bmfl

RAE:

i=1

In the above lemma, we chose to bound the probability that the maximum of the sum
remains smaller than ¢ in terms of the variance of the sum, while it is also possible to bound
this probability in terms of the expectation of the sum of |Y;|. The reason why we prefer to use
the variance here will become clear in Lemma below, as the variance is the natural quantity
that arises when we apply Lemma to bridges.

Next, we show how to adapt Lemma to averages of random variables.

Lemma 5.3. Fix M > 1 and € > 0, and suppose that X1, ..., Xy are mutually independent
random variables which are symmetrically distributed around 0 such that | X;| < ic/32 almost
surely for everyi=1,..., M, and

SEIX

72
i=1 t

Then writing S; == X1 + ... + X; we have

P (\ﬁ =1,...,M |Si| < 5> > 4~ 12560/%]

1

Proof. Let Zy = 0 and for every j > 1 define

X,
=L

Note that the random variables X1, X5/2, ..., X;/M satisfy the assumptions of Lemma on
parameter /2, hence we get

P(Yi=1,...,M|Zi| < ¢/2) > 471256C/=],

To relate the latter bound to the desired bound of the lemma, we use summation by parts.
More precisely, note that X; = i(Z; — Z;_1). Then,

)-
J J j—1 j—1
DX = Z Z +1)Z = jZ; = ). 7.
i=1 i=1 i=0 1=0
By the triangle inequality, it follows that on the event {Vi =1,..., M |Z;| < ¢/2},

—1

1551 < J\Z\+Z!Z!<<€J

1=0

This completes the proof. 0
In what follows, we now fix two sequences (X,,) and (Y;,) of random variables. Furthermore,

we assume that these are related as follows:

e the pairs (X, Y, )n>1 are i.i.d.,
e (X1,Y]) and (—X7,Y)) have the same distribution,
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* |X1| < Yi a.s.,
e there exists b > 0 with p:= P(Y; <b) > 0 but P(Y; <b,X; >0) =0.

For M >1and € > 0 let
Aye={Vi=1,...,N.—1Y; <b,Vi=N.,...,MY,; <ic/32}

for N := max{[320/¢],1}. We next show that conditionally on Ay, and under the assump-
tion that the truncated expectation of Y; is bounded by a given constant, X, /n satisfies the
assumption of Lemma [5.2

Lemma 5.4. Fiz M > 1, e € (0,1) and v > 0. Then whenever E[Y;S"] < v we have

M
E[X2 | Ay

S B Auel

n=1 n
Proof. Let N := N. and write ¢, := ne/32. Note that conditionally on Ap., X, = 0 for
n=12...,N—1since P(Y, < b,X,, > 0) =0, so we can restrict the sum to n € [N; M].
Following a broadly similar argument to the proof of Lemma 5.20 in [24], we first observe that
for n e [N; M], | X,| <Y, a.s. and mutual independence of the (Y},),>1 gives us

P(t <Yi<cn) _ P(Y;SM > t)
P(Y1 <c¢.) p

where the last inequality follows from the fact that ¢,, > b and thus P(Y; < ¢,) = P(Y; < b) = p,
and also ¢, < n < M. Therefore

P(|X,| >t | Aye) <SPV, >t | Ape) = P(Yy >t | Yy < ¢) =

o0
E[X? | Ay.] — f HUP(X,| > | App.) it
0

0] 2 oo

< 2J Lice tP(Y, >t ] Y, <c¢,)dt < —f e, tP(Y;SM > 1) dt.
0 b Jo

It therefore follows that

M M
E[X2]| A *
Z E[X; | Awe] < 2p! Z n? | Lo, tP(YSY > t)dt.
n2 0 "

n=1 n=N
Hence, because the integrand is nonnegative, we can change the order of summation so the
right-hand side becomes

w [ M

2p1f <Z n21t<cn> tP(Y;SM > t)dt
0 n=N

and since

M [e)
-2 -2 —2 1
En 1t<cn<§n 1t<cn<§n <<
t

n=N n=1

n>2t

the integral is bounded by

o0
2plf P(Y;™ > t)dt = 2p'E[YSM] < 2v/p
0

and this completes the proof. O

We now assume that we have an explicit tail rate function x : (0, 1] — N for Y] i.e. satisfying
P(Y: = k(A)) < Aforall e € (0,1). This allows us to construct a lower bound on the probability
of A M-
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Lemma 5.5. Fize € (0,1) and M > N := N.. Then whenever E[Yf'ﬁ(l/M)] < v we have
P(Ap.e) = pYV texp (—321)p_15_1 — p_l) :

Proof. We will use that for = € [0,1) we have log(1 — z) > —x/(1 — z), which follows from
applying the standard inequality ¢ > 1 —e™* for ¢ = log(1 — x). Writing ¢,, := ne/32 as before,
and noting again that P(Y; <t,) = p for n € [N, M], by independence we have

P(Ap.) = p" texp (Z log (1-P(Y, > tn))>
Now, since

we can conclude
M 0 M
<K 1 32 <k(1/M) 321}
(Vi > t,) ( (1/M>tn>+ < ZR[yS M4 < 220 4
nz;\/ ' Z Z € [ ! ]

and the result follows. O

We now collect everything together into the following key technical lemma that will be
required to establish our lower bound for diamond points.

Lemma 5.6. Let (X,,,Y,)n>1 be ii.d. with (X1,Y7) and (—X4,Y1) identically distributed and
| X1| <Y1 a.s. Suppose that b = 0 is such that p :=P(Yy <b) > 0 and P(Y; < b, X; > 0) = 0.
Finally, let k be a tail rate for Y. Then for any € € (0,1) and M > N. := max{[32b/¢], 1},

[leémax{M,n(l/M)}]

whenever E < v we have

P(Vie[l;N.)Y; <bVie [N, M| (| X1+ ...+ X;| <ig,Y; <ig/32))

> 4512007 eI N oy (=320p~ 't —p7h).
Proof. Fixing € € (0,1) and M > N., we apply Lemmal[5.3|to X1, ..., Xy under the conditional
measure P( - | Ays.), where the assumptions of that lemma are satisfied conditionally on Ay .
due to the independence of (X, Y, )n=1, (Xn, Yn) 4 (—X,,Y,) and |X,| <Y, as., together
with Lemma [5.4l From this we obtain

P(Vie [1; M]| X1+ ...+ X;| <ie| Ape) = 4701200777

and the result then follows by Lemma [5.5] 0

Though we do not use it, we note that the following quite natural result on i.i.d. and sym-

metrically distributed random variables corresponds to the special case of our technical lemma
with Y, = | X,,|.

Corollary 5.7. Let (X,,),>1 be i.i.d. and symmetrically distributed around 0. Suppose that
p = P(X; = 0) > 0 and let sk be a tail rate for |X;|. Then for any ¢ € (0,1) and M > 1,
whenever E[| X, [smax{Ms(1/M}] < ¢ we have
Xi+...+X;
> < X1+ ..+ X

e i < 6) > 47112 e oy (—320p~te ! — pY)
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We now arrive at our main result of this section, namely our quantitative variant of Propo-
sition 4.2 of [§].

Theorem 5.8. If Eisag[[7]] < o0 then PENg(0 € C) > 0. Moreover, we can explicitly define a
constant K1 = 1 such that for all v =1 and n > 64, whenever

Eisas [’,y|<¢ 1/n)] <

then PRug (0 € Cy,) = e K1Y, for ¢ as in (§).

Proof. We apply Lemma [5.6/ on the measure PRug for X,, := z(v,,,) — (Y, ), Y := [7"], and

K(A) :== ¢(A) for ¢ as deﬁned in (§), noting that PEag (|7} < 1) = Pisas (|| < 1) = Pisas(|y| =
1) =pt and PR < 1, 2(,) > 0) = Psag(]y| < 1,2(y) > 0) = 0, and so we set b := 1
and p := p;'. In the case ¢ = 1/2, we get that for any n > 64, whenever Eyg[|y,[<¢(/)] =

Eisas[|7]<% 1/”] < v (also observing that ¢(A) = 1/ and thus max{M,¢(1/M)} = ¢(1/M))
then

Pine (Vi€ [1564) [y = 1,Vi € [64,n](Jz(v,)| < /2, ]7'| < i/64))
> 4712 el 265 exp (—6dvpe — pe) = e
for suitable K7 > 1 dependent on pu.. Let A be the event in the probability measure. We use
the abbreviations z;, y; := (v, ), y(7s,). For any i we have y; + x; > i — |z;| using the fact that
the height of any irreducible bridge is at least one and thus y; = i. Thus for k € [r;,r;44] it
follows that

() + () =i — o] — |y
accounting for the worst case in which the path 7}, 5 is east-west. By an analogous argument
we have y(v) — z(yk) = i — |x;| — |7**!|. Therefore on A, noting that 7* must be a north-south
edge for each i € [1,64], if k € [64,r,] then k € [r;_1,7;] for some i € [65,n], and so we have

min((y + =) (), (y — 2) () = (i — 1) = |zia| — |7 > 0,

where for the last inequality we use that |z; 1] + [7*| < (i — 1)/2 + ¢/64 < i — 1. On the other
hand, for & < 64 we have v, = (0,%,0,...,0). We have thus shown that A < {0 € C,}, and
the second assertion follows. The first part is then immediate, since Eisag[|y|] < oo implies
that there exists some v > 1 such that Eigag[|7|Y] < v for all natural numbers M, and so in
particular

P%is@ eC) = inf ]P’%IXB(O eC,) = e Kiv 5 . 0

5.2. A modified stickbreak argument. We now provide a modification of the proof of
Theorem 2.5 of [8] (cf. pages 22-25 of that paper) that combines with our computational
Theorem Once again our argument avoids the use of the law of large numbers that was
used to handle certain unlikely events, which we perform instead by quantitative arguments.
We follow a similar multi-valued map construction and the main quantitative gain comes from
a tighter control on the number of pre-images using a geometric construction.

Lemma 5.9. For any n = ng := 6'° we have

Eisas [|V|S¢(n_n/m)] <l = PEp(0e C,) < T2

for ¢ as in .
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F1GURE 3. The stickbreak operation at two selected diamond points highlighted
in red. The middle section is rotated clockwise, while the prefix and suffix are
left unchanged up to translation.

Proof. Fix n > ng, and let M := ¢ (n~'/1°). Then
P%ETB (Hi € [1;n] (W‘ > M)) < n - Pisas (|7| > M) <n- p~ /10 = p=1/10
and thus ‘
P, (Vi € [15n] (1] < M)) > 10

Let us set m := n/3 + n*® — 1. To simplify the notation we assume that n/3 and m are
integers, as otherwise one can take integer parts. Let &, denote the event that among the

renewal points r; with i € {n/3,n/3 + 1,...,m}, for at least n”/'° of them ~,, € D,. We first

estimate P, (E,), which we will later use to estimate PEy5(0 € C,).

Define the events

A, = { max [z() — ()| < %}, B, = {i V] < n6/5}.
i—1

Tr/3<k<Tm

By the assumed moment bound,

®N ) 9/10
E;SAB{MEM ilen, AX |2 (k) — ﬂf(%n/g)\] <n”",

Hence, by a union bound and Markov’s inequality,
Peis(A,) =1 — 5n7 10

Similarly, EQug[>0, [v/[<M] < n!¥/'° which together with another application of Markov’s
inequality and a union bound yields

P (B,) =1 — 2110,
Let & := &, n A, n B,. By the union bound,

Our aim now is to bound PZy5 (). To do this, we will use the multi-valued map principle.
We define a map F' as follows. Let v € & and choose two distinct diamond points with
renewal indices i < j, both lying between n/3 and m. Write the walk as a concatenation
v =W o042 0~4B) where vV is the walk up to the renewal point 7;, ¥ is the segment from
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r;i to r;, and v is the walk from 7; to 7,,. Define a new walk F(v,4,5) by rotating v by /2
and gluing it back at 7,,, and gluing v at the r; index of this new walk, namely

F(v,i,4) == 7" o R(y®) 04,
where R(7®) denotes the rotation of ¥ by 7/2 around its starting point. See Figure .

By our assumption that v,, and 7, are diamond points, (7,1, j) is a self-avoiding walk. Note
that y(7,, /3) > n/3, because each irreducible component has height at least 1, and «y € A,,, hence
we have that y(F(v,14,7))r > 0 for all k£ > 1. Similarly,

YyEO G ) > max y(F(7,6,5))e = max  [2(%) = 2( )| + 0 =m
Tn/3

Tr/3<k<Tm

> kIEaX y(F(/}/:Za]))k + max |x(7k) - x(VTn/3)| = maXy(F(’%ivj))ka
<Tyn/3 Tr/3<k<Tm k<rm

where here we emphasise that we denote by r; the ith renewal point of ~, not of F(v,1,7).

Since this is also clearly true for r,, < k < r,, it follows that F'(v,1,7) is a bridge.

Let us write S to denote the set of all F'(v,1,7), where v € £ and i,j are as above. We will
bound Py (E)) in terms of Py(S). To this end, first note that for each v € £, both v and
F(7,1,j) have the same length hence P& (7) = PAs(F (7,1, 7)). Moreover, on the one hand,
each v € £ has at least ( ) ) possible images. On the other hand, we claim that each 4’ € S
has at most n%® preimages.

Indeed, by the definition of the event B, there are at most n%° possible choices for the step
¢ where the second stickbreak was applied. Fix such a choice of ¢, and rotate by 7/2 the part
of 7" from 7; to v, , thereby reconstructing an intermediate self-avoiding walk 7. In ¥, due to
the first stickbreak operation, there must be a step k£ such that

(1) (y+2)(7)r < (y+ )Pk and (y — 2)(9)r < (y — x) () for every r <k,

(2) (y+2)F)s > (y+ 2) (P and (y —2) (), < (y — 2)(7)x for every r > k.
It is not hard to see that k is the only point of 4 with these properties due to the strict
inequalities in the definitions. Indeed, for r < k, we have (y + z)(%), < (y + z)(¥)x, which
means that  does not satisfy property (2). For r > k, we have (y+ z)(%), > (y + )(¥)x, which
means that 7 does not satisfy property (1). This uniquely determines the first step where the
stickbreak operation happened as the unique point that satisfies properties (1) and (2), and
we can, in turn, uniquely reconstruct the original v from 4 by applying a —m/2 rotation to the
subwalk of 4 from k to r,. This proves the claim. See Figure [4]

Combining the above, we obtain that

o () o o 16/5
Pas(&n) 7/10 Z 2 oas(F(7,1,)) < — o Pisas(S) < — e
) +ee, 7 ("y) (")

where we used that we have at least ("7;10) choices for 7, 7 in the first inequality, and that each

F(v,i,j) € S appears at most n%° times in the sum to get the second inequality. Using

we conclude that
PEhs(£n) < 11710,
Now note that by reflection symmetry and linearity of expectation,
E%§5(|”/3 <m vy, € Dyl) = MSP%IXB(O € Cn)27
so that
Egns(n'® —|n/3 <i<m:v, € Dyl) < n* (1 —PEg(0 € Cn)?).
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FIGURE 4. An example illustrating the uniqueness of k. The future of the walk
lies in the cone to the right of k, while its past lies in the cone below k. If r also
had this property, then the future of the walk from r would have to lie in the
cone to its right. This is impossible because k, which belongs to the future of r,
lies outside that cone.

By applying Markov’s inequality to the non-negative random variable n*®> — |n/3 < i < m :
Yr; € Dpl, we obtain
n'5(1 - PExp(0 € Co)?)

QN c
IP>|SAB((‘;’,n) n4/5 — n7/10 ’
hence
Ps(0eC,)? <1 — MJP@N (E) <1—(1—n"Y9(1 =110~ Y10) < 127 1/10
iSAB n TL4/5 iSAB\*n/ == :

The desired bound follows. O

The following result is an immediate consequence of the modified stickbreak argument, which
in combination with Theorem [5.§] gives us our main result.

Theorem 5.10. If Eisag[|y|]] < © then PEag(0 € C) = 0. Moreover, for any v > 0 and
d € (0,1], whenever

—11/10
Eisas [|7|\¢ )] <,
then PEag (0 € C, ;) <6, where N, 5 := max{(7/6)*°,v'%} and ¢ is as in Lemma .

Proof. The second part follows directly from Lemma | setting n := N, 5 (note that n > 72
6'% since § < 1). For the first part, simply note that ﬁxmg d >0 we obtam PRg(0 € O)
PEag (0 € Cy,,) <6, and the claim follows since 6 was arbitrary.

AWV

We are now ready to prove Theorem [1.5

Proof of Theorem[1.5. Fix v > 1 and define N := N, 5 as in Theorem |5.10|for ¢ := e~ *1” where
Ky = 1is as in Theorem [5.8 It is easy to see that N = (7e%1?)% and thus

¢(N71) < ¢(N711/10) < 6C’Nu/lo _ eC(?eK1”)22 < eeKQU

~

where C' is as in Lemma [2.4) and K, > 1 is some suitable constant independent of v. Now
assume that

<eeK2'u
Eisas [|7|\ ] <.
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By Theorem applied to n := N > 64 we have Pisag(0 € Cy) = e %1 = 5 and by Theorem
5.10| we have Pisag(0 € Cxn) < d. Therefore the assumption is false, and since v > 1 was

arbitrary the result follows.

We end this section by proving Theorem [I.4] which is a reformulation of Theorem [L.5]

Proof of Theorem[1.4 We will prove that

71
(24) Eisas[|7[%"] Z brp, ® < 2T.
k=0

Then the desired result follows from Theorem [L.5
By Lemma for any k € N, byu* = PEhg[y € R,]. Summing over k we obtain

T-1 T—1
(25) Dbt = Pl € Ry] = EQNs[IR,[0,7 — 1]]].
k=0 k=0

Notice that

¢
IR,[0,T —1]| < R := inf {Ee N: Z VST > T}.

i=1

Therefore, we can use Wald’s identity to get that

R
(26)  Egke [Z IvzlgT] = Eisas[ 17/~ JERas[ 2] = Eisas[ 7= JEZas[IR, [0, 7 — 1]].
i=1
By definition,
R-1
DT,
i=1

hence

R
(27) Ere [2 WFT] < 27T,

i=1

where we used that the last step is at most of size T. Then, follows from combining ,

and . This completes the proof.
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