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Abstract. We further develop the theoretical framework of proof mining, a program in math-
ematical logic that seeks to quantify and extract computational information from prima facie
‘non-computational’ proofs from the mainstream mathematical literature. To that end, we
establish logical metatheorems that allow for the treatment of proofs involving nonlinear semi-
groups generated by an accretive operator, structures which in particular arise in the study
of the solutions and asymptotic behavior of differential equations. In that way, the here es-
tablished metatheorems facilitate a theoretical basis for the application of methods from the
proof mining program to the wide variety of mathematical results established in the context of
that theory since the 1970’s. We in particular illustrate the applicability of the new systems
and their metatheorems introduced here by providing two case studies on two central results
due to Reich and Plant, respectively, on the asymptotic behavior of said semigroups and the
resolvents of their generators where we derive rates of convergence for the limits involved which
are, moreover, polynomial in all data.
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1. Introduction

Proof mining is a program in mathematical logic that seeks to extract computational infor-
mation, like (uniform) witnesses or bounds, from prima facie “non-computational” proofs from
the mainstream mathematical literature. Historically, this endeavor goes back conceptually to
Georg Kreisel’s program of unwinding of proofs from the 1950’s [35, 36]. In its modern form,
which relies on the use of well-known proof interpretations like negative translations, Kreisel’s
modified realizability and Gödel’s functional (Dialectica) interpretation, it has been successfully
developed since the 1990s by the groundbreaking work of Ulrich Kohlenbach (see in particular
the early works [20, 21]) and his collaborators.

The main applications of these methods are today found in the areas of nonlinear analysis
and optimization and in that context, typical additional quantitative information extractable
from non-constructive proofs have proved to be intimately connected with other approaches to
finitary analysis. In particular, these logical methods in very general situations guarantee the
existence of so-called rates of metastability (in the sense of Terence Tao [60, 61]) for a finite
quantitative account of a convergence result.

The development of this modern period of proof mining is detailed comprehensively up to
the year 2008 in the monograph [25], with early progress surveyed in [32] and recent progress
in applications to the fields of nonlinear analysis and optimization surveyed in [26].
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The whole methodology of proof mining therein crucially relies on so-called general logical
metatheorems which guarantee the existence and quantify the complexity of such additional
quantitative information.1 Further, besides merely guaranteeing existence, these metatheorems
provide an algorithmic approach towards actually extracting these quantitative results.

In the context of nonlinear analysis, one of proof minings most successful fields of application,
it is the theory of differential equations and neighboring fields like evolution equations where
one so far still lacks a variety of proof mining applications with there so far only being three
real case studies [28, 48, 53]. Already since the pioneering studies of Browder [7], Kato [19]
and Komura [34], two major tools in the study of nonlinear evolution equations have been the
theory of nonlinear semigroups and their generators as well as the theory of accretive operators
together with their correspondence via analogs of the Hille-Yosida theorem.

One of the most important basic results in that context is the representation theorem due to
Crandall and Liggett [10] of the solution semigroup associated with the Cauchy problem

(:)

#

u1ptq P ´Auptq, 0 ă t ă 8

up0q “ x

over a Banach space X for a given set-valued accretive operator A : X Ñ 2X , i.e. A satisfies

‖x´ y ` λpu´ vq‖ ě ‖x´ y‖
for all px, uq, py, vq P A and λ ě 0. It is straightforward to show that any solution2 is unique
as A is accretive and if the system is solvable3, then one can consider the family of operators
Sptqx “ uxptq on domA induced by the solutions uxptq to p:q with initial values x P domA. As
these operators are continuous in x, one can consider the resulting extensions to domA which
in that way generate the semigroup S “ tSptq | t ě 0u on domA associated with p:q. As
shown by Brezis and Pazy [6], this solution semigroup, if existent, has a particular fundamental
representation in terms of a so-called exponential formula:

uxptq “ lim
nÑ8

ˆ

Id`
t

n
A

˙´n

x.

As shown subsequently by Crandall and Liggett [10], this formula actually always generates
a nonexpansive semigroup on domA and thus facilitates a general study of equations like p:q
even in the absence of solutions.

Since the 1970’s, an extensive range of results have been established in the theory of these
semigroups and the initial value problems in the sense of (:) associated with them, in particular
in regard to the asymptotic behavior of the solutions of these differential equations, their
connection and use in the study of partial differential equations and their use in the study of
zeros of accretive operators (see [1, 2, 3, 43, 45], among many more).

In this paper, we extend the state-of-the-art of the underlying logical approach to proof min-
ing to be applicable to proofs which make use of nonlinear semigroups generated by an accretive

1Examples of such metatheorems may be found in [14, 15, 17, 24, 30, 31, 38, 39, 49, 51, 56, 59], as well as [25]
for the metatheorems obtained via (modifications of) Gödel’s Dialectica interpretation, and [12] for subsequent
metatheorems obtained via the bounded functional interpretation [13] due to F. Ferreira and P. Oliva.

2A function u : r0,8q Ñ X is a solution of p:q if up0q “ x, uptq is absolutely continuous, differentiable almost
everywhere in p0,8q and satisfies p:q almost everywhere. Note that this is often called a strong solution, but
we omit this prefix here.

3As shown by Crandall and Liggett [10], this is (for strong solutions) in general not the case even for A
m-accretive and domA “ X.
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operator via the exponential formula. In particular, we establish logical metatheorems in the
vein of the previously discussed results that guarantee, quantify and allow for the extraction
of the computational content of theorems pertaining to these nonlinear semigroups. For that,
we introduce new underlying logical systems that extend those developed for the treatment of
accretive operators on normed spaces [49] by carefully selected additional constants and cor-
responding axioms such that proofs from the mainstream literature become formalizable. To
that end, we show that the initial key properties of these semigroups can be formally proved
in these systems. In particular, these systems and metatheorems then further elucidate the
extend of the phenomenon of so-called proof-theoretic tameness of modern (nonlinear) analysis,
i.e. the empirical fact that most proofs in e.g. analysis, although in principle being subject to
well-known Gödelian phenomena, nevertheless “seem to be tame in the sense of allowing for
the extraction of bounds of rather low complexity” [27] (see also [40, 41] for further discussions
of these types of phenomenas and their implications for logic and mathematics).

These logical results provide a formal basis for the previous proof mining application [28]
carried out in the context of systems like p:q (generated by a certain subclass of accretive
operators) and thus remove the ad-hoc nature surrounding it. Even further however, these
results are expected to lead to many new case studies for proof mining in the context of that
theory. In that vein, this paper provides two case studies on results due to Plant [54] and
Reich [58] for the asymptotic behavior of these semigroups and in that context, under suitable
quantitative translations of the assumptions used in the respective results, we are able to
extract rates of convergence for the limits involved which are moreover polynomial in all data.
In particular, we want to note that full rates of convergence are obtained here despite the fact
that the sequence in question is not monotone and that the original proof is classical. This is
due to a logical particularity that will be discussed after the extractions. The applicability of
the present results is further substantiated by the fact that they also provide the logical basis
for the previously mentioned applications [49, 53] in the context of results on the asymptotic
behavior of these systems of differential equations due to Pazy [47], Nevanlinna and Reich [44],
Xu [62] as well as Poffald and Reich [55]. At last, we want to mention that the whole logical
apparatus for the treatment of these semigroups as developed in this paper requires some new
technical tools. We expect that also these new logical approaches to these various notions in
nonlinear analysis developed here will be of use in other circumstances than the ones described
in this paper.

2. Preliminaries

2.1. Nonlinear semigroups and the Crandall-Liggett formula. The main objects of con-
cern in this paper are the aforementioned nonlinear (and in this paper in particular nonexpan-
sive) semigroups:

Definition 2.1. Let C be a closed subset of X. A function S : r0,8q ˆ C Ñ C is a (nonex-
pansive) semigroup on C if

(1) Spt` sqx “ SptqSpsqx for all x P C and all t, s ě 0,
(2) Sp0qx “ x for all x P C,
(3) Sptqx is continuous in t ě 0 for every x P C,
(4) ‖Sptqx´ Sptqy‖ ď ‖x´ y‖ for all t ě 0 and all x, y P C.

As discussed in the introduction already, these semigroups frequently arise in the study of
differential and evolution equations as is e.g. exemplified by the initial value problem (:). In
particular, by the results of Crandall and Liggett [10], the exponential formula discussed before
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always generates such a semigroup on domA which will be the main object of study of this
paper. Concretely, the following result was established in [10]:

Theorem 2.2 (Crandall and Liggett [10]). Let X be a Banach space and A an accretive operator
on X such that there exists a λ0 ą 0 with

domA Ď ranpId` λAq for all λ P p0, λ0s.

Then

Sptqx :“ lim
nÑ8

ˆ

Id`
t

n
A

˙´n

x

exists for all x P domA and t ě 0 and S “ tSptq | t ě 0u is a nonlinear semigroup on domA.

We call S as defined above the semigroup generated by A (via the exponential or Crandall-
Liggett formula).4 We introduce further results and notions on and around these semigroups and
accretive operators as needed throughout the paper and otherwise refer to [1] for background.

In terms of a logical treatment of these semigroups generated by an accretive operator, all of
the later logical considerations naturally depend on the underlying theory of accretive operators
over Banach spaces. In that vein, we logically crucially rely on the basic systems introduced
in [49] for the treatment of those accretive operators in the context of the extended systems of
finite type commonly used in proof mining and we thus detail those in the next subsection.

2.2. The basic system. The basic system for accretive operators on normed spaces relies on
the system AωrX, ‖¨‖s introduced in [15, 24] as an underlying system for classical analysis over
abstract normed spaces in all finite types TX defined by

N, X P TX , ρ, τ P TX ñ ρÑ τ P TX .

We refer to those works, and to [25] in general, for a precise exposition on the definition and
basic properties of this and related systems. Accordingly, we mostly follow the notation used
there as well as in [49] (besides of using the above notation for the types which is of a more
intuitive form and, in that vein, we also write NN for NÑ N).

In the context of these finite type systems, real numbers are as usual represented as fast-
converging Cauchy sequences of rationals with a fixed rate. These are encoded via number
theoretic functions, i.e. objects of type NN, and on the level of that representation, one the
can introduce the usual arithmetic operations and relations. Concretely, the relations “R, ďR
operating on these type NN codes can then be chosen to be Π0

1-formulas while ăR can be chosen
to be a Σ0

1-formula.

In general, we will omit the type of real numbers for arithmetical operations to make every-
thing more readable. In proofs, we will almost always omit most types as to not distract from
the general ideas and patterns.

The starting point for our new systems will then by the theory Vωp for the treatment of
accretive operators on normed spaces as introduced in [49]. This theory is defined as the
extension of the theory AωrX, ‖¨‖s with the additional constants

‚ χA of type X Ñ pX Ñ Nq for the graph of the operator A,
‚ JχA of type NN Ñ pX Ñ Xq for the resolvent JAγ :“ pId` γAq´1 of A,

4In fact, a large part of the literature calls ´A the generator of S (see e.g. [1] and the references therein) to
emphasize that the generator is dissipative. As we want to emphasize the accretiveness of the operator, we here
deviated slightly from this convention.
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‚ cX , rγ, m
rγ of types X, NN, N, respectively, for a technical purpose in the majorization

of the constants later on,

together with the corresponding axioms

(I) @xX , yXpχAxy ďN 1q,

(II) @γN
N
, xX

`

γ ąR 0^ DyX pγ´1px´X yq P Ayq Ñ γ´1px´X J
A
γ xq P ApJ

A
γ xq

˘

,

(III)

#

@xX , yX , uX , vX , λN
N`
u P Ax^ v P Ay

Ñ ‖x´X y `X |λ|pu´X vq‖X ěR ‖x´X y‖X
˘

,

(IV) rγ ěR 2´mrγ ,

(V) @γN
N `
γ ąR 0 Ñ γ´1pcX ´X J

A
γ cXq P ApJ

A
γ cXq

˘

,

where here, and in the following, we write JAγ for JχAγ as well as y P Ax or px, yq P A for
χAxy “N 0. Further, as in [49], we use the abbreviation

x P domJAγ :” DyX
`

γ´1px´X yq P Ay
˘

and in that way can recognize the second axiom as stating

@γN
N
, xX

`

γ ąR 0^ x P domJAγ Ñ γ´1px´X J
A
γ xq P ApJ

A
γ xq

˘

which thereby specifies the behavior of the resolvent on its domain as dictated by its defining
equality JAγ :“ pId ` γAq´1. We refer to [49] for an (extensive) discussion of the motivation
for and the particularities of this axiomatization (in particular regarding the use of reciprocals
of reals) and here just note the restriction put in place by axiom (V) that the constant cX
designates a common element of the domains of all resolvents JAγ for γ ą 0. As discussed in
[49], this assumption is easily satisfied for most applications which in particular include those
situations where one assumes a range condition like

domA Ď
č

γą0

ranpId` γAq

which will be the case in this work in particular as will be discussed in the coming sections.

As shown in [49], the main parts of the basic theory of accretive operators and in particular
their resolvents can then be immediately formally derived in the system Vωp and we give an
indication of that in the following lemma. For that, we also formally introduce the Yosida
approximate Aγ defined via

Aγ :“
1

γ
pId´ JAγ q

in the context of the formal system by treating Aγx as an abbreviation for the term γ´1px´X
JAγ xq.

5

Lemma 2.3 ([49]). The system Vωp proves:

(1) JAγ is unique for any γ ą 0, i.e.

@γN
N
, pX , xX

`

γ ąR 0^ γ´1px´X pq P ApÑ p “X JAγ x
˘

.

(2) JAγ is firmly nonexpansive for any γ ą 0 (on its domain), i.e.

@γN
N
, rN

N
, xX , yX

´

γ ąR 0^ x P domJAγ ^ y P domJAγ ^ r ąR 0

Ñ
∥∥JAγ x´X JAγ y∥∥X ďR

∥∥rpx´X yq `X p1´ rqpJAγ x´X JAγ yq∥∥X ¯

.

5Note the discussion given in [49] on the subtleties of the reciprocal of real arithmetic in the context of these
systems of finite types and the resulting subtleties of the above definition.
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(3) JAγ is nonexpansive for any γ ą 0 (on its domain), i.e.

@γN
N
, xX , yX

´

γ ąR 0^ x P domJAγ ^ y P domJAγ

Ñ ‖x´X y‖X ěR
∥∥JAγ x´X JAγ y∥∥X ¯

.

(4) JA is extensional in both arguments (on its domain), i.e.

@γN
N
ąR 0, xX , x1

X`
x P domJAγ ^ x

1
P domJAγ ^ x “X x1

Ñ JAγ x “X JAγ1x
1
˘

,

@γN
N
ąR 0, γ1

NN
ąR 0, xX

`

x P domJAγ ^ x P domJAγ1 ^ γ “R γ
1

Ñ JAγ x “X JAγ1x
˘

.

(5) JA satisfies the resolvent identity, i.e.

@γN
N
, λN

N
, xX

´

γ ąR 0^ λ ąR 0^ x P domJAλ

Ñ JAλ x “X JAγ

´γ

λ
x`X

´

1´
γ

λ

¯

JAγ x
¯¯

.

(6) JA has controlled displacement, i.e.

@γN
N
, λN

N
, xX

´

γ ąR 0^ λ ąR 0^ x P domJAγ ^ x P domJAλ

Ñ
∥∥x´X JAγ x∥∥X ďR

´

2`
γ

λ

¯∥∥x´X JAλ x∥∥X ¯

.

(7) Aγ is 2γ´1-Lipschitz continuous for any γ ą 0, i.e.

@γN
N
, xX , yX

´

γ ąR 0^ x P domJAγ ^ y P domJAγ

Ñ ‖Aγx´X Aγy‖X ďR 2γ´1 ‖x´X y‖X
¯

.

(8) Aγx is bounded by any y P Ax for any γ ą 0, i.e.

@γN
N
, xX , yX

`

γ ąR 0^ y P Ax^ x P domJAγ Ñ ‖Aγx‖X ďR ‖y‖X
˘

.

In particular ‖x´X Jγx‖X ďR γ ‖y‖X .

2.3. The basic bound extraction theorems. The main result established in [49] is the logi-
cal metatheorem on bound extractions for Vωp (and related systems) akin to the usual metathe-
orems of proof mining. Throughout the paper, we do not go into explicit detail regarding the
proof of any bound extraction theorem and only provide sketches for the relevant additions
and changes as the proofs otherwise follow the usual standard outline of most bound extraction
results in proof mining established in [15, 24].

The prevalent central ingredient that we will focus on later in the context of the new bound
extraction results will be the majorizability of the new constants used to treat nonlinear semi-
groups. Under majorizability, if not explicitly stated otherwise, we will here understand the
extension due to [15, 24] of the strong majorizability of Bezem [4] (which in turn builds on
Howard’s majorizability [18]) to the new types in TX . A fundamental paradigm of the bound
extraction results is then that one achieves uniform bounds even in the absence of compactness
by majorizing the bounds extracted by the underlying functional interpretation.

In that way, following [15, 24], majorants of objects with types from TX will be objects with
types from T related by the following projection:
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Definition 2.4 ([15]). Define pτ P T , given τ P TX , by recursion on the structure via

pN :“ N, pX :“ N, {ξ Ñ τ :“ pξ Ñ pτ .

The majorizability relation is then defined in tandem with the structure of all majorizable
functionals in the sense of the following definition.

Definition 2.5 ([15, 24]). Let pX, ‖¨‖q be a non-empty normed space. The structure Mω,X

and the majorizability relation Áτ are defined by
$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

MN :“ N, n ÁN m :“ n ě m^ n,m P N,
MX :“ X,n ÁX x :“ n ě ‖x‖^ n PMN, x PMX ,

x˚ ÁξÑτ x :“ x˚ PM
M

pξ

pτ ^ x PMMξ
τ

^ @y˚ PM
pξ, y PMξpy

˚ Áξ y Ñ x˚y˚ Áτ xyq

^ @y˚, y PM
pξpy

˚ Á
pξ y Ñ x˚y˚ Á

pτ x
˚yq,

MξÑτ :“
!

x PMMξ
τ | Dx˚ PM

M
pξ

pτ px˚ ÁξÑτ xq
)

.

At a high level, the proofs of most bound extraction theorems then proceed as follows:
using a variant of Gödel’s functional interpretation [16] and a negative translation (e.g. [37]),
realizers are extracted from classical proofs of (essentially) @D-theorems. These realizers are
then majorized to provide respective bounds which are validated in a model based on the
structure of all majorizable functionals Mω,X . If the types of all objects are low enough, one
can then recover to the truth of the respective bound in a model based on the usual set-theoretic
standard structure Sω,X of the underlying language defined by SN :“ N, SX :“ X and

SξÑτ :“ SSξ
τ .

The resulting metatheorem for the case of the theory Vωp then takes the form of the following
theorem. Here, we followed the names and notational conventions established in [15, 24] (see
also [25]) regarding so-called “admissible” types. which provide a formal perspective of the
previously mentioned vague notion of “low enough”.

Theorem 2.6 ([49]). Let τ be admissible, δ be of degree 1 and s be a closed term of Vωp of
type δ Ñ σ for admissible σ. Let B@px, y, z, uq/CDpx, y, z, vq be @-/D-formulas of Vωp with only

x, y, z, u/x, y, z, v free. Let ∆ be a set of formulas of the form @aαDb ĺβ ra@c
ζFqf pa, b, cq where

Fqf is quantifier-free, the types in α, β and ζ are admissible and r is a tuple of closed terms of
appropriate type. If

Vωp `∆ $ @xδ@y ĺσ spxq@z
τ
`

@uNB@px, y, z, uq Ñ DvNCDpx, y, z, vq
˘

,

then one can extract a partial functional Φ : SδˆS
pτˆNá N which is total and (bar-recursively)

computable on Mδ ˆM
pτ ˆ N and such that for all x P Sδ, z P Sτ , z˚ P S

pτ and all n P N, if
z˚ Á z and n ěR

∥∥cX ´X JA
rγ cX

∥∥
X
,m

rγ, |rγ|, ‖cX‖X , then

Sω,X |ù @y ĺσ spxq
`

@u ďN Φpx, z˚, nqB@px, y, z, uq

Ñ Dv ďN Φpx, z˚, nqCDpx, y, z, vq
˘

holds whenever Sω,X |ù ∆ for Sω,X defined via any (nontrivial) normed space pX, ‖¨‖q with χA
interpreted by the characteristic function of an accretive A such that

Ş

γą0 domJAγ ‰ H, JχA

by the corresponding resolvents JAγ for γ ą 0 and the other constants accordingly such that the
corresponding axioms hold.

Further: If pτ is of degree 1, then Φ is a total computable functional. If the claim is proved
without DC, then τ may be arbitrary and Φ will be a total functional on Sδ ˆ S

pτ ˆ N which is
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primitive recursive in the sense of Gödel’s T. In that latter case, also plain majorization can
be used instead of strong majorization.

The recent work [33] introduced a semi-constructive variant, in the spirit of [14], of another
system from [49] dealing with the treatment of maximally monotone operators over Hilbert
spaces, and we similarly also want to consider a semi-constructive variant of the above system
Vωp in this work. Conceptually similar to the circumstances in [14, 33], this variant Vωi,p is
defined as an extension of Aω

i rX, ‖¨‖s ` IP ` CA with the basic system Aω
i “ E-HAω

` AC
(defined as in [14]) in the same manner as indicated above. We refer to the discussion given in
[14] on the resulting differences of the properties of Vωi,p compared to Vωp and in particular on
the additional strength of the non-constructive principles allowed in the context of Vωi,p while
aiming for bound extractions.

Similar to [33], we can show the following result by adapting [14, Theorem 4.11] (where now
Á denotes (not necessarily strong) majorization interpreted in the model Sω,X):

Theorem 2.7. Let δ be of degree 1 and σ, τ be arbitrary, s be a closed term of suitable type. Let
Γ be a set of sentences of the form @aαpEpaq Ñ Db ĺβ ta F pa, bqq with α, β and E,F arbitrary

types and formulas respectively and where t is a tuple of closed terms. Let Bpx, y, zq/Cpx, y, z, uq
be arbitrary formulas of Vωi,p with only x, y, z/x, y, z, u free. If

Vωi,p ` Γ $ @x
δ
@y ĺσ spxq @z

τ
p Bpx, y, zq Ñ DuNCpx, y, z, uqq,

one can extract a Φ : Sδ ˆ S
pτ ˆ N Ñ N which is primitive recursive in the sense of Gödel’s T

such that for any x P Sδ, any y P Sσ with y ĺσ spxq, any z P Sτ and z˚ P S
pτ with z˚ Á z and

any n P N with n ěR
∥∥cX ´X JA

rγ cX
∥∥
X
,m

rγ, |rγ|, ‖cX‖X , we have that

Sω,X |ù Du ďN Φpx, z˚, nq p Bpx, y, zq Ñ Cpx, y, z, uqq

holds whenever Sω,X |ù Γ for Sω,X defined via any (nontrivial) normed spaces pX, ‖¨‖q with χA
interpreted by the characteristic function of an accretive operator A such that

Ş

γą0 domJAγ ‰

H, JχA by the corresponding resolvents JAγ for γ ą 0 and the other constants accordingly such
that the corresponding axioms hold.

We emphasize that while the classical logical metatheorems are derived using a monotone
variant of Gödel’s Dialectica interpretation due to Kohlenbach (see [22]), the above semi-
constructive version rests on the use of a monotone variant due to Kohlenbach [23] of Kreisel’s
modified realizability.

3. Treating the normalized duality map and the alternative notion of
accretivity

Before we concern ourselves with the treatment of the semigroups, we need to extend the
systems for accretive operators discussed previously in order to adequately deal with the as-
sociated notions around Theorem 2.2. In particular, we need to provide logical treatments of
an alternative notion of accretivity, an extended range condition and the quantification over
elements from the closure of the domain of A. We begin with the first of these in this section.

3.1. The duality map and selection functionals. Recall that for a Banach space X with
its dual space X˚, its normalized duality mapping

J : X Ñ 2X
˚

, x ÞÑ
 

x˚ P X˚
| xx, x˚y “ ‖x‖2 “ ‖x˚‖2

(

is non-empty for any x P X (which follows from the Hahn-Banach theorem). Many works in
the context of the theory of accretive operators in general, and the treatment of semigroups
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generated by those operators in particular, rely on the use of this mapping and in that way,
this section is concerned with a proof-theoretic treatment thereof in the context of the formal
systems as discussed previously.

As we want to refrain from providing a treatment for both the operator norm on the dual
space as well as for the full duality map as a set-valued mapping, we follow the approach
initiated by Kohlenbach and Leuştean in [30] where the authors handle uses of J by only
treating certain selection functionals for J (depending on the situation at hand).

Concretely, a selection functional for the duality map J is just a map j : X Ñ X˚ such
that jpxq P Jpxq for any x P X. This general property of being a selection map can then be
expressed by corresponding axioms formalizing that

(1) jx : X Ñ R is a linear operator for any x P X;
(2) ‖jx‖ ď ‖x‖ where ‖jx‖ means the operator norm;
(3) jxx “ ‖x‖2 (which, as discussed in [30] already, yields ‖jx‖ “ ‖x‖).

Given a constant j of type X Ñ pX Ñ NNq, this can then be encapsulated by the following
universal axiom introduced in [30]:

@xX , yX
´

jxx “R ‖x‖2X ^ |jxy| ďR ‖x‖X ‖y‖X

^@αNN
, βNN

, uX , vX pjxpαu`X βvq “R αjxu`R βjxvq
¯

.

Notice that the operator norm is here avoided by expressing ‖jx‖ ď ‖x‖ via stipulating |jxy| ďR
‖x‖X ‖y‖X .

Remark 3.1. As discussed in [30], the functional j is not provably extensional from the above
axiom alone. As indicated by the use of the Dialectica interpretation, if extensionality is to be
treated then one has to stipulate an associated modulus of uniform continuity which has been
considered in [30]. The applications discussed later actually do not require an extensional or
continuous selection map and we therefore do not explicitly discuss this issue any further.

3.2. The alternative notion of accretivity. Besides the purely metric notion of accretivity
discussed in the preceding sections, which also forms the basis of the systems Vωp and its
intuitionistic variant Vωi,p, the more common notion of accretivity, especially in the context of
nonlinear semigroups generated by such operators, is the notion introduced by Kato in [19]
where one stipulates that A is accretive if

@px, uq, py, vq P ADj P Jpx´ yq pxu´ v, jy ě 0q .

In the language of the preceding subsection, this can be recognized as stipulating the existence
of a family of selection functionals ju,v such that, as before, ju,vx P Jpxq and where now further
xu´ v, ju,vpx´ yqy ě 0 for any u P Ax and v P Ay.

Formally, this leads us to the following modification of the previous system: we define pVωp as
the extension of AωrX, ‖¨‖s with the axiom schemes (I), (II), (IV) and (V) as before, now over
the language extended with a constant j of type X Ñ pX Ñ pX Ñ pX Ñ NNqqq (or, in a more
suggestive notation, pX ˆX ˆX ˆXq Ñ NN) together with the axioms

@xX , yX , uX , vX
´

xx, ju,vxy “R ‖x‖2X ^ |xy, ju,vxy| ďR ‖x‖X ‖y‖X(J)

^@αNN
, βNN

, zX , wX pxαz `X βw, ju,vxy “R αxz, ju,vxy ` βxw, ju,vxyq
¯
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as well as

(A) @xX , yX , uX , vX pu P Ax^ v P Ay Ñ xu´X v, ju,vpx´X yqy ěR 0q

where we write ju,v for juv as well as xy, ju,vxy for juvxy.

It is rather immediately clear through the considerations made in [30] that the bound extrac-

tion theorems contained in Theorem 2.6 and 2.7 extend to the system pVωp , as we will discuss
now. For this, we first have to give a suitable interpretation to the constant j in the model
Mω,X associated with an accretive operator A (see [49]). For that, note that the function j is
defined by contracting the two parameters besides u, v, namely x and y, into the one argument
of j (which is feasible as the witnessing functionals required by the notion of accretivity only
have to satisfy j P Jpx ´ yq). The interpretation of this constant in the model now has to
“unwind” this contraction (which essentially relies on a choice principle). Concretely, we are
lead to the following interpretation of j (writing M concisely for Mω,X): given an accretive
operator A Ď X ˆX, define rjsM by

rjsMpu, v, z, wq “

#

pxw, jAu,vpzqyq˝ if Dx, y P X ppx, uq, py, vq P A^ z “X x´X yq ,

pxw,rjpzqyq˝ otherwise,

where x¨, ¨y is application in the space X˚, the functionals jAu,vpzq P Jpzq are those guaranteed

to exist by the definition of accretivity (if such corresponding x, y exist), rjpzq is a generic
element of Jpzq (which always exists as Jpzq ‰ H by the Hahn-Banach theorem) and p¨q˝ is the
obvious extension to R of the operator p¨q˝ defined in [24] on r0,8q which selects, for a given
real number, a canonical representation as a functional of type NN. With this interpretation,
the previous axioms are naturally satisfied in the model Mω,X associated with an accretive
operator A.

Theorems 2.6 and 2.7 now extend to this setting as all the additional axioms (J) and (A)
are purely universal and since the additional constant j with its interpretation in the model
Mω,X can be majorized by following the ideas presented in the proof of Theorem 2.2 in [30]:
from |xy, ju,vxy| ď ‖x‖ ‖y‖, one obtains that nm ě |xy, ju,vxy| for n ě ‖x‖ and m ě ‖y‖ which
immediately yields that the function

pn,m, l, kq ÞÑ pmnq˝

defined for n,m, k, l P N with ‖u‖ ď k, ‖v‖ ď l, ‖z‖ ď m, ‖w‖ ď n is a majorant for j. Here ˝
is the previous operation, now restricted to N (which, as discussed in e.g. [25], can be explicitly
calculated). This majorant is in particular actually independent on the arguments induced by
the upper bounds on ‖u‖ and ‖v‖, i.e. k and l.

The question of how this notion of accretivity relates to the previously used notion imme-
diately arises. By formalizing one direction of the proof on the equivalence of the two notions
of accretivity (essentially due to Kato [19], see also Lemma 3.1 in Chapter II of [1]), we obtain
the following:

Proposition 3.2. The system pVωp proves:

(1) @xX , yX , uX , vX
´

xy, ju,vxy ěR 0 Ñ @λN
N
p‖x‖X ďR ‖x`X |λ|y‖Xq

¯

.

(2)

#

@xX , yX , uX , vX , λN
N`
px, uq, py, vq P A

Ñ ‖x´X y `X |λ|pu´X vq‖X ěR ‖x´X y‖X
˘

.
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Proof. (1) The conclusion is vacuously true for x “ 0. Thus assume x ‰ 0 and let
xy, ju,vxy ě 0. Then we get

‖x‖2 “ xx, ju,vxy
“ xx` |λ|y ´ |λ|y, ju,vxy

“ xx` |λ|y, ju,vxy ´ |λ|xy, ju,vxy

ď xx` |λ|y, ju,vxy ď ‖x` |λ|y‖ ‖x‖
by pJq and the quantifier-free extensionality rule. We have ‖x‖ ď ‖x` |λ|y‖ after
dividing by ‖x‖.

(2) By using pAq, we have xu ´ v, ju,vpx ´ yqy ě 0 for u P Ax and v P Ay. Then, we get
‖x´ y‖ ď ‖x´ y ` |λ|pu´ vq‖ by (1).

�

Therefore, the system pVωp is an extension of Vωp as all the axioms of Vωp are provable in pVωp .

In particular, all properties of A and its resolvent exhibited in Lemma 2.3 are provable in pVωp .
Further, the system proves most of the basic facts about such duality selection mappings. One
such fact that will be particularly useful later on is the following (proved, in passing, e.g. in the
proof of Proposition 1.1 in Chapter I of [1]):

Proposition 3.3. The system pVωp proves:

@xX , yX , uX , vX , tN
N
ˆ

t ąR 0 Ñ xy, ju,vxy ďR ‖x‖X
‖x`X ty‖X ´ ‖x‖X

t

˙

.

Proof. We have
‖x‖2 ` txy, ju,vxy “ xx` ty, ju,vxy ď ‖x‖ ‖x` ty‖

by axiom (J). This implies

xy, ju,vxy ď ‖x‖ ‖x` ty‖´ ‖x‖
t

. �

3.3. The mapping x¨, ¨ys. Of crucial importance in the context of many proofs from the the-
ory of nonlinear semigroups, and in particular in the context of the exemplary applications
considered later in this paper, is the use of a function x¨, ¨ys : X ˆX Ñ R defined by

xy, xys :“ sup txy, jy | j P Jpxqu .

As already observed in the early papers [5, 10], it is easy to see that xy, xys ă `8 for all
x, y P X and in fact, since Jpxq is weak-star compact in X˚, the supremum is actually attained.

While x¨, ¨ys is by virtue of its definition via the supremum and the duality map J a complex
object in the formal contexts considered in this paper, many proofs only rely on the existence of
a mapping which shares some essential properties with x¨, ¨ys and in that case, such a mapping
can indeed be treated in the context of the systems discussed above and this is what we want
to briefly discuss in the following.

Concretely, under the “essential properties” mentioned above we will understand the follow-
ing:

(1) xαy, βxys “ αβxy, xys for x, y P X and α, β ě 0;
(2) xαx` y, xys “ α ‖x‖2 ` xy, xys for x, y P X and α P R;
(3) |xy, xys| ď ‖y‖ ‖x‖ for x, y P X;
(4) xy, ju,vxy ď xy, xys for x, y P X and u, v P X where the ju,v are the selection functionals

for J guaranteed by accretivity;
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(5) x¨, ¨ys is upper semicontinuous (in its right argument).

For a proof for the items (1), (2) and (5), see Proposition 1.2 in Chapter I of [1]. The other
items are immediate.

If all that is required of x¨, ¨ys in a proof is that it fulfills these properties, then this proof
can, under suitable uniformization of these assumptions, be treated in the context of the above
systems by adding a further constant x¨, ¨ys of type X Ñ pX Ñ NNq together with the following
axioms: the items (1) – (4) are readily formulated as

@xX , yX , αNN
, βNN

px|α|y, |β|xys “R |α||β|xy, xysq ,p`q1

@xX , yX , αNN `
xαx`X y, xys “R α ‖x‖2X ` xy, xys

˘

,p`q2

@xX , yX p|xy, xys| ďR ‖y‖X ‖x‖Xq ,p`q3

@xX , yX , uX , vX pxy, ju,vxy ďR xy, xysq ,p`q4

in the underlying language. For a suitable formulation of item (5), note that the logical method-
ology based on the monotone Dialectica interpretation suggest that the assumption is upgraded
to the existence of a “modulus of uniform upper semicontinuity” ω`. Concretely, we will con-
sider an additional constant ω` of type NÑ pNÑ Nq together with the axiom

@xX , yX , zX , bN, kN
´

‖x‖X , ‖z‖X ăR b^ ‖x´X y‖X ăR 2´ω
`pb,kq

p`q5

Ñ xz, yys ďR xz, xys ` 2´k
¯

.

Note that by the uniformity on x where the rate only depends on the upper bound b, this is
actually a full modulus of uniform continuity.

The assumption that x¨, ¨ys is uniformly continuous is in particular true if the space is uni-
formly smooth and will be in particular also be necessary if the proof to be treated in some
form uses the extensionality of the functional x¨, ¨ys (in its right argument) as suggested by the
logical methodology. However, if that is not the case and the proof can be formalized just using
the axioms p`q1, . . . , p`q4, then the bound extraction theorem established later in particular
guarantees a bound which is valid in all Banach spaces.

Note also that accretivity is sometimes defined by explicitly using the functional x¨, ¨ys through
stating that

@px, uq, py, vq P A pxu´X v, x´X yys ěR 0q .

This version of accretivity is immediately provable in the system pVωp ` p`q4 as, using axioms
pAq and p`q4, we have

xu´ v, x´ yys ě xu´ v, ju,vpx´ yqy ě 0.

We later denote the collection of these five axioms p`q1 – p`q5 by p`q. Now, the bound
extraction results contained in Theorems 2.6 and 2.7 also extend to the associated extended
system(s) pVωp ` p`q1 ` ¨ ¨ ¨ ` p`q4 ` pp`q5q with the conclusion drawn over any space (or where
x¨, ¨ys is additionally uniformly continuous on bounded subsets as above if p`q5 is included).
Concretely, this follows as before since, for one, all the axiom schemes are purely universal
and, for another, the constant x¨, ¨ys can be immediately majorized: from |xy, xys| ď ‖y‖ ‖x‖,
we as before infer mn ě |xy, xys| for m ě ‖y‖ and n ě ‖x‖. From this, a majorant for the
accompanying interpretation (using the extension of p¨q˝ as before) in the model Mω,X follows.
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Further, the additional constant ω` is immediately majorized (essentially by itself) as it is of
type NÑ pNÑ Nq and so, similar to Lemma 17.82 of [25], we have that ω`,M defined by

ω`,Mpb, kq :“ maxtω`pa, jq | a ď b, j ď ku

is a majorant for ω`.

4. Treating nonlinear semigroups generated by the Crandall-Liggett
formula

In this section, we now are concerned with a formal treatment of the semigroup S generated
by the exponential formula as guaranteed by the result of Crandall and Liggett [10] previously
discussed in Theorem 2.2. Before diving into the formal treatment of these semigroups, we
however need to consider some preliminary formal results for the treatment of domA (which
features in the premise of the range condition in Theorem 2.2) as well as how JA0 is to be
understood.

4.1. The treatment of domA. Crucial both for the definition of the semigroup and for the
central assumption of Theorem 2.2, i.e. the range condition, is the use of the closure of the
domain of A and in the following formal investigations, quantification over elements from domA
will therefore be necessary. All the previous systems essentially only considered normed spaces
and in that context, we now first have to lift the previous treatment to take the completeness of
the underlying Banach space into account. For that, we are following the approach laid out in
[25] by which complete spaces are treated by adding another operator C of type pNÑ Xq Ñ X
which is meant to assign to a Cauchy sequence xNÑX a limit Cpxq. To discard of the complex
premise of Cauchyness in an axiom stating that property, one then restricts oneself to Cauchy
sequences with a fixed Cauchy rate (similar to the representation of real numbers in finite type
arithmetic, see [25]). To implicitly quantify only over all such sequences, a term construction
px is used on the objects xNÑX . Precisely, px is defined on the level of the representation of the
real value of the norm via sequences of rational numbers with fixed Cauchy rate via6

pxn “X

#

xn if @k ăN n
`

r‖xk ´X xk`1‖Xspk ` 1q ăQ 6 ¨ 2´k´1
˘

,

xk for min k ăN n : r‖xk ´X xk`1‖Xspk ` 1q ěQ 6 ¨ 2´k´1, otherwise.

Then, completeness of the space can be formulated via the universal axiom7

(C) @xNÑX , kN
`

‖Cpxq ´X pxk‖X ďR 2´k`3
˘

which indeed implies completeness of the space in the form that from

@kNDnN
@m, rm ěN n

`

‖xm ´X x rm‖X ăR 2´k
˘

it follows provably in AωrX, ‖¨‖s ` pCq that

@kNDmN
@l ěN m

`

‖Cpxq ´X xl‖X ăR 2´k`1
˘

.

As further shown in [25], the constant C is majorizable and therefore we find that the bound

extraction theorems discussed above immediately extend to pVωp ` pCq or any suitable extension
(e.g. by p`q).

6We here follow the notion of [25] and denote by raspkq the k-th element of the Cauchy sequence representation
of the real number a.

7See the discussion in [25] for the necessity of the additional `3 in the formulation.
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Now a statement where one is quantifying over the closure of the domain, i.e. a statement of
the form

(˚) @x P domA pBpxqq

can, through the use of C, be (naively) expressed as

@xNÑX
`

@nN
DyXpy P Apxnq Ñ BpCpxqq

˘

.

The premise that xNÑX is a Cauchy sequence was removed through the use of px and C but the
inclusion of the sequence in the domain, in the form of @nNDyXpy P Apxnq, remains, which is
needed to specify that the limit of px, i.e. Cpxq, is indeed an element of domA.

The approach is now to also remove this assumption in a similar style as the p̈-operation
by universally quantifying over the potential witnessing sequence yn and defining a subsequent
operation similar to p̈ which potentially alters the sequence such that xn P domA will always
be guaranteed for any n. Concretely, for two objects x, y of type NÑ X, we define

px æ yqn “X

#

xn if @k ďN n pyk P Axkq ,

xk´1 for min k ďN n : yk R Axk, otherwise.

Note that since inclusions in the graph of A are quantifier-free, the above indeed can be defined
by a closed term in the underlying language.

Now, using the operation æ in tandem with p̈, we can implicitly quantify over elements from
domA by quantifying over elements of type NÑ X and thus we can express the statement (˚)
equivalently by

@xNÑX , yNÑX py0 P Ax0 Ñ BpCpx æ yqqq .

As a feasibility check for using x æ y to specify elements in domA, note first that

zx æ y “NÑX px æ y.

To see this, one can consider a case distinction on whether px “ x holds or not and simultaneously
on whether x æ y “ x holds or not. We only consider the one case out of the four where px ‰ x
and x æ y ‰ x. By definition, we then have a least k such that r‖xk ´ xk`1‖spk`1q ěQ 6 ¨2´k´1

as well as a least j such that yj R Axj. Then, it immediately follows by definition of the
operations as well as the minimality of k and j that

px æ y “ px0, . . . , xk, xk, . . . q æ y

“ px0, . . . , xmintk,j´1u, xmintk,j´1u, . . . q

“ px0, . . . , xj´1, xj´1, . . . qp

“ zx æ y

where, in the third line, we wrote px0, . . . , xj´1, xj´1, . . . qp for the operation p̈ applied to the
respective sequence.

Further, note that the premise y0 P Ax0 actually guarantees that ppx æ yqn P domA for all n.
For this, define

px ä yqn “X

#

yn if @k ďN n pyk P Axkq ,

yk´1 for min k ďN n : yk R Axk, otherwise.

Then clearly y0 P Ax0 implies ppx ä yqn P Apppx æ yqnq for any n.
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4.2. Range conditions. A treatment for some variants of the range conditions was already
briefly discussed in [49] where the particular case of

domA Ď
č

λą0

ranpId` λAq

was studied. As discussed there, one can provide a formalized version of this range condition
by making use of the resolvent in the form of the following sentence:

@xX , λN
N `
x P domA^ λ ąR 0 Ñ λ´1px´X J

A
λ xq P ApJ

A
λ xq

˘

.

This correctly expresses the range condition since stating that x P ranpId ` λAq is equivalent
to stating that x P domJAλ just via the definition of the resolvent. This latter statement is now
equivalently formally encapsulated in our systems by stating the inclusion λ´1px ´X JAλ xq P
ApJAλ xq. Note also that this axiom is in particular purely universal and thus can be used in
the bound extraction theorems.

In the following, we want to consider two modifications: (1) we want to specify that the
inclusion is valid even for the closure of the domain; (2) we want to restrict the intersection
to λ ă λ0 for some real parameter λ0 ą 0. The use of such a λ0 can be facilitated by
adding two further constants and an axiom: λ0 of type NN and mλ0 of type N together with
the accompanying axiom λ0 ěR 2´mλ0 providing a verifier to λ0 ą 0. Note that the bound
extraction results stay valid in the context of such an extension if one additionally requires the
parameter n from Theorem 2.6 to satisfy n ě |λ0|,mλ0 .

In the context of such additional constants, the above range condition can be immediately
modified to represent the restricted range condition

domA Ď
č

λ0ąλą0

ranpId` λAq

by considering

@xX , λN
N `
x P domA^ λ0 ąR λ ąR 0 Ñ λ´1px´X J

A
λ xq P ApJ

A
λ xq

˘

.

Further, in both cases we can now consider the other main modification of stipulating the
range condition also for the closure of the domain, i.e.

domA Ď
č

λ0ąλą0

ranpId` λAq,

by using the above treatment of quantification over elements in the closure of the domain by
quantification over sequences in X together with the operators C and p¨ æ ¨q. Concretely, one
rather immediately obtains the following natural extension to the closure of the domain:

@xNÑX , vNÑX , λN
N
´

v0 P Ax0 ^ λ0 ąR λ ąR 0pRCqλ0

Ñ λ´1pCpx æ vq ´X J
A
λ pCpx æ vqqq P ApJ

A
λ pCpx æ vqqq

¯

.

Similarly, we could here lift the restriction via λ0 again and get a full range condition for the
closure of the domain. We denoted this full range condition for the closure of the domain
by pRCq, but at the same time refrain from spelling this out in any more detail here. Note
however that all the other range conditions introduced here are still purely universal and thus
are admissible in the context of the bound extraction theorems.
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Further, note that e.g. from pRCqλ0 , the statement

@xX , λN
N `
x P domA^ λ0 ąR λ ąR 0 Ñ λ´1px´X J

A
λ xq P ApJ

A
λ xq

˘

is provable: if x P domA with v P Ax, consider the constant-x and constant-v sequences x and
v, respectively. Then clearly px æ vqn “X x for any n and thus provably Cpx æ vq “X x by pCq.
The statement pRCqλ0 yields

λ´1pCpx æ vq ´X J
A
λ pCpx æ vqqq P ApJ

A
λ pCpx æ vqqq

for λ0 ą λ ą 0 and the quantifier-free extensionality rule (as v P Ax is quantifier-free) yields
λ´1px´X J

A
λ xq P ApJ

A
λ xq.

In the following remark, we lastly collect some subtleties regarding the extension of the
metatheorems to systems with these types of axioms.

Remark 4.1. The metatheorems exhibited in Theorems 2.6 and 2.7 require as an assumption
that

Ş

λą0 domJAλ ‰ H, a requirement which would be substantiated via a full range condition
together with a witness for domA ‰ H (which was previously, in some sense but not precisely,
represented by cX). In the context of the above restricted range conditions, it is however feasible
that

Ş

λą0 domJAλ is actually empty while only
Ş

λ0ąλą0
domJAλ ‰ H holds. It should be noted

that in this case, Theorems 2.6 and 2.7 can be modified to stay valid if cX is interpreted by a

point in this restricted intersection. Therefore, if we in the following write pVωp ` pCq ` pRCqλ0
or consider any extension, we consider the axioms (IV) and (V) to be replaced by

(IV)1 λ0 ´ 2m
1
rγ ěR rγ ěR 2´mrγ ,

(V)1 dX P AcX ,

where dX is a new constant of type X and m1
rγ is a new constant of type N, the latter witnessing

that λ0 ą rγ. The majorization of all resolvents JAγ for γ P p0, λ0q is then achieved similar to
[49] via ∥∥JAγ x∥∥ ď ‖x‖` 2 ‖cX‖`

ˆ

2`
γ

rγ

˙ ∥∥cX ´ JA
rγ cX

∥∥
ď ‖x‖` 2 ‖cX‖` p2rγ ` γq ‖dX‖ .

In that case however, the interpretation of the resolvent constant JχA in the models Mω,X and
Sω,X has to be modified to set rJχAsMpγ, xq “ 0 for all x if γ ěR λ0 (and similar for Sω,X).
Therefore, the extracted bounds only remain meaningful if the theorem does not utilize these
resolvents. If it does, further modifications are necessary but we refrain from discussing this
here any further as this situation does not arise in this paper.

4.3. The resolvent at zero. Something left open by the axioms characterizing the resolvent,
as discussed in the preliminaries, is the behavior of JA0 . This, however, takes a special role in
the context of the treatment of nonlinear semigroups S generated by the associated operator
A due to the prominent use often made of Sp0q.

The reason for this previous ambiguity in the treatment of the resolvent at 0 was the fact
that the resolvent does not always behave continuously at 0 if it is naively defined: while the
definition of the resolvent via

JAγ “ pId` γAq
´1

suggests JA0 x “ x, it is well known (see [3]) that already in Hilbert spaces with a maximally
monotone operator A, one has JAt x Ñ PdomAx for t Ñ 0 and all x P domJAt . Therefore,
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extensionality for the constant JχA in its first argument t at 0 can in general not be expected
if JA0 is defined in this way and the previous axiomatization left the definition of JA0 open.

In the following, we nevertheless consider the set of axioms discussed previously forming pVωp
to actually be extended with the sixth axiom

(VI) @xX
`

JA0 x “X x
˘

,

stating the defining equality JA0 “ pId` 0Aq´1 “ Id.

Now, the above result that JAt x Ñ PdomAx for t Ñ 0 extends to Banach spaces at least
partially in the sense that one can show (see Proposition 3.2 of Chapter II in [1]) that JAt xÑ x
for λ0 ą tÑ 0 and

x P domAX
č

λ0ąλą0

domJAλ .

Therefore, in the presence of a range condition, we should at least have a continuous and thus
extensional behavior of the resolvent defined in this manner at t “ 0 for all x P domA and this
can indeed be formally verified in the accompanying system.

Lemma 4.2. pVωp ` pCq ` pRCqλ0 proves:

@xNÑX , vNÑX , λN
N
, kN

˜

v0 P Ax0 ^ 0 ăR λ ăR min

"

2´pk`1q

maxt1, ‖ppx ä vqk`5‖Xu
, λ0

*

Ñ
∥∥Cpx æ vq ´X JAλ Cpx æ vq∥∥X ďR 2´k

¸

.

Proof. First, by Lemma 2.3, we have

@xX , vX , λN
N `

0 ăR λ ăR λ0 ^ v P AxÑ
∥∥x´ JAλ x∥∥ ď λ ‖v‖

˘

as using pRCqλ0 and the quantifier-free extensionality rule, we obtain x P domJAλ for all λ P
p0, λ0q. So, for xNÑX and vNÑX such that v0 P Ax0, we get Cpx æ vq P domJAλ for all λ P p0, λ0q
again by pRCqλ0 . Therefore, using pCq and the nonexpansivity of the resolvent on its domain:∥∥Cpx æ vq ´ JAλ Cpx æ vq∥∥ ď ‖Cpx æ vq ´ ppx æ vqn‖`

∥∥ppx æ vqn ´ JAλ ppx æ vqn∥∥
`
∥∥JAλ ppx æ vqn ´ JAλ Cpx æ vq∥∥

ď 2 ‖Cpx æ vq ´ ppx æ vqn‖`
∥∥ppx æ vqn ´ JAλ ppx æ vqn∥∥

ď 2 ¨ 2´n`3 ` λ ‖ppx ä vqn‖ .

Choosing n “ k ` 5, we get that for λ ď 2´pk`1q{maxt1, ‖ppx ä vqk`5‖u:∥∥Cpx æ vq ´ JAλ Cpx æ vq∥∥ ď 2´k. �

This property will be sufficient in the following as the semigroup operates only on domA.

4.4. The semigroup. For treating the semigroup on domA from Theorem 2.2, it is very
instructive to first consider the operator S solely on domA. In that case, we can facilitate a
treatment by directly adding a further constant S of type NN Ñ pX Ñ Xq to the underlying
language together with an axiom stating that S on domA arises from the Crandall-Liggett
formula, i.e. that

Sptqx “ lim
nÑ8

ˆ

Id`
t

n
A

˙´n

x
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for any x P domA. This can be achieved by further adding a constant ωS of type N Ñ pN Ñ
pNÑ Nqq together with the axiom

@kN, bN, TN, xX , vX , tN
N
ˆ

v P Ax^ ‖x‖X , ‖v‖X ăR b^ |t| ăR T(S1)

Ñ @n ěN ω
S
pk, b, T q

´

|t|{n ăR λ0 Ñ
∥∥Sp|t|qx´X pJA|t|{nqnx∥∥X ďR 2´k

¯

˙

,

expressing that ωS represents a rate of convergence uniform for elements x from bounded
subsets Bbp0qXdomA and uniform in t for bounded intervals r0, T s (where we use the absolute
value to disperse of the universal premise t ě 0). The term pJA

|t|{nq
n used here is a shorthand

for a term Iptqpnqpnq where Iptqpmq is a closed term of type N Ñ pX Ñ Xq defined using
the recursors of the underlying language of AωrX, ‖¨‖s (see [25]) via Iptqpmqp0q “ λx.x and
Iptqpmqpn ` 1q “ λx.pJAt{mpIptqpmqpnqpxqqq.

8 Note also that we in particular treat Sp0qx via

JA0 x by using the absolute value |t| in the above formula to implicitly quantify over non-negative
real numbers.

Such a use of a rate of convergence is in particular justified by the fact that the proof given
in [10] of the Cauchy-property of the sequence pJAt{nq

nx for given t ą 0 and x P domA can be

immediately recognized to be provable in the system pVωi,p ` pCq ` pRCqλ0 (naturally defined

similar to pVωp ` pCq ` pRCqλ0 , just over Aω
i rX, ‖¨‖s instead of AωrX, ‖¨‖s). Therefore, the

extension of the semi-constructive metatheorem (Theorem 2.7) to this system guarantees the
existence of a rate of Cauchyness for pJAt{nq

nx and consequently the existence of a modulus ωS

as characterized by the above axiom which can moreover be extracted from the proof given in
[10] (which is in fact rather immediate and was essentially already observed in [10]): one can
(formally) show that given x P domA with witness v P Ax and t ě 0, we have∥∥pJAt{nqnx´ pJAt{mqmx∥∥ ď 2t

ˇ

ˇ

ˇ

ˇ

1

m
´

1

n

ˇ

ˇ

ˇ

ˇ

1{2

‖v‖ .

Thus for T ą t and b ą ‖v‖, we have for a given ε ą 0 that for any m ě n ě
Q

4T 2b2

ε2

U

:

∥∥pJAt{nqnx´ pJAt{mqmx∥∥ ď 2Tb

ˇ

ˇ

ˇ

ˇ

1

m
´

1

n

ˇ

ˇ

ˇ

ˇ

1{2

ď 2Tb
1
?
n

ď 2Tb
1

b

P

4T 2b2

ε2

T

ď ε.

Thus the mapping

ωSpk, b, T q “ 22k`2T 2b2

is a possible choice for the rate of convergence9 in the exponential formula as derived from the
proof and the upper bound b is here actually even independent of ‖x‖.

8We consider Iptqpmq to be trivially defined at m “ 0
9Note that although the function is exponential in k, this is just due to requiring an error of the form 2´k.

Abstracting ε “ 2´k, the rate is actually quadratic in 1{ε.
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Now, the treatment of the extension of S to domA is best motivated by considering how it
is usually defined in the literature: Sptq as a mapping domA Ñ X is nonexpansive and thus
(uniformly) continuous. The object Sptqx for x P domA is then defined by considering that as
x P domA, there exists a sequence xn Ñ x with xn P domA. By convergence, the sequence xn is
Cauchy and by continuity of Sptq, the sequence Sptqxn is Cauchy as well and thus converges in
a Banach space by completeness. Then Sptqx is identified with the limit of that sequence. This
crucial use of the completeness of the space prompts us to work in the context of the formal
treatment of complete spaces and domA as discussed before.

In that vein, we now want to provide an axiom classifying the behavior of Sptq for elements of
domA by essentially stating that for any x and any Cauchy sequence xn Ñ x with xn P domA,
Sptqxn converges to Sptqx. The quantification over all elements of domA together with their
generating sequences can now be achieved as discussed in Section 4.1 and in that way, the
axiom stating the resulting behavior for Sptqx then takes the form of the following universal
axiom10

@xNÑX , yNÑX , tN
N`
y0 P Ax0(S2)

Ñ @nN `‖Sp|t|qpCpx æ yqq ´X Sp|t|qpppx æ yqnq‖X ďR 2´n`3
˘ ˘

.

Note again that the behavior of Sp0q is implicitly characterized by the above axioms through

the use of |t|. We write pSq for pS1q ` pS2q as well as Hω
p for pVωp ` pCq ` pRCqλ0 ` pSq (noting

again the additional axioms from Remark 4.1 and Section 4.3).

Now, the above axioms forming the theory Hω
p are suitable for formalizing large portions on

the theory of nonlinear semigroups as generated by the Crandal-Liggett formula and as a sort
of litmus test, we at least provide here sketches of formal proofs in the resulting system of the
other main semigroup properties which arise pretty much directly by formalizing the proofs
given in [10]. For that, however, some careful consideration for iterations of the semigroup
map are required here. Concretely, to make expressions like SptqSpsqx meaningful, we have to
consider how Spsqx P domA is reflected in the system. Based on the representation of domA
chosen above (which also features in how the extension of S is formally defined by means of the
axiom (S2)) we thus first have to see how Sp|t|qCpxq with xn P domA for all n can be expressed
as an element of the form Cpuq for uNÑX such that un P domA for all n. To find such a u, note
first that the convergence result encoded by (S1) for elements from domA extends by means of
(S2) to domA in the following way: provably in Hω

p , we have

@xNÑX , yNÑX , tN
N
, kNDNN

@n ěN N

ˆ

y0 P Ax0 ^ |t|{n ăR λ0

Ñ
∥∥Sp|t|qpCpx æ yqq ´X `

JA|t|{n
˘n
pCpx æ yqq

∥∥
X
ďR 2´k

˙

where moreover (although we avoid spelling this out here) the choice functional for N can be
explicitly given by closed terms build up from ωS (and the other constants). To see the provabil-
ity of the above statement, let k, x, y, t be arbitrary with y0 P Ax0. Then using nonexpansivity

10Note again that the additional `3 is included here as the axiom pCq requires this modification in order to
have a model as discussed before and the same rate applies to the semigroup-images here as the semigroup is
nonexpansive.
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of the semigroup and the resolvent (see item (4) of the following Lemma 4.311), we have∥∥Sp|t|qpCpx æ yqq ´ `

JA|t|{n
˘n
pCpx æ yqq

∥∥
ď

∥∥Sp|t|qpCpx æ yqq ´ Sp|t|qpppx æ yqpk`5qq∥∥
`
∥∥Sp|t|qpppx æ yqpk`5qq ´ `

JA|t|{n
˘n
pppx æ yqpk`5qq

∥∥
`
∥∥`JA|t|{n˘n pppx æ yqpk`5qq ´ `

JA|t|{n
˘n
pCpx æ yqq

∥∥
ď

∥∥Cpx æ yq ´ ppx æ yqpk`5q∥∥
`
∥∥Sp|t|qpppx æ yqpk`5qq ´ `

JA|t|{n
˘n
pppx æ yqpk`5qq

∥∥
`
∥∥ppx æ yqpk`5q ´ Cpx æ yq∥∥

ď 2´k´1 `
∥∥Sp|t|qpppx æ yqpk`5qq ´ `

JA|t|{n
˘n
pppx æ yqpk`5qq

∥∥
ď 2´k

for any n large enough such that |t|{n ă λ0 as well as∥∥Sp|t|qpppx æ yqpk`5qq ´ `

JA|t|{n
˘n
pppx æ yqpk`5qq

∥∥ ď 2´pk`1q

which can be achieved via (S1). In that way, writing Nt,x,y also for the choice functionals for
the quantifier over N in the above statement, we find that Sp|t|qCpx æ yq is provably “X-equal
to

C

ˆˆ

´

JA|t|{Nt,x,ypkq

¯Nt,x,ypkq

Cpx æ yq

˙

k

˙

.

We write Sp|t|qCpx æ yq in the following for this expression (where one should note again that
the N -functionals can be explicitly computed, albeit being somewhat messy). In particular
note that

´

JA|t|{Nt,x,ypkq

¯Nt,x,ypkq

Cpx æ yq P domA

with the witnessing terms defined in terms of the Yosida approximates (which follows provably
from (RC)λ0 if we w.l.o.g. assume that the functionals N , for a given t as a parameter, are
large enough such that |t|{Nt,x,ypkq ă λ0). In that way, Sp|t|qSp|s|qCpxq can be meaningfully
represented by

Sp|t|qSp|s|qCpx æ yq “X Sp|t|qSp|s|qCpx æ yq.

Note that the system can nevertheless not prove that

Sp|t|qSp|s|qCpx æ yq “X Sp|t|qSp|s|qCpx æ yq

and so the latter is, in some sense, the only way to talk about iterations meaningfully.

We now get to the main properties of nonexpansive semigroups:

Lemma 4.3. The following are provable in Hω
p :

(1) @xX , yX , tN
N
, sN

N
py P AxÑ ‖Sp|t|qx´X Sp|s|qx‖X ďR 2||t| ´ |s|| ‖y‖Xq.

(2)

#

@xX , yX , tN
N`
x P domA^ y P domA

Ñ ‖Sp|t|qx´X Sp|t|qy‖X ďR ‖x´X y‖X
˘

.

11The first four items of this lemma in particular do not rely on this construction as it will only become
necessary in the fifth item. Thus, there is no circularity induced by this construction.
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(3)

$

’

’

&

’

’

%

@xNÑX , vNÑX , tN
N
, sN

N
´

v0 P Ax0

^||t| ´ |s|| ďR 2´pk`2q{maxt1, ‖ppx ä vqk`5‖u
Ñ ‖Sp|t|qCpx æ vq ´X Sp|s|qCpx æ vq‖X ďR 2´k

¯

.

(4)

$

’

’

&

’

’

%

@xNÑX , vNÑX , yNÑX , wNÑX , tN
N
´

v0 P Ax0 ^ w0 P Ay0

Ñ ‖Sp|t|qpCpx æ vqq ´X Sp|t|qpCpy æ wqq‖X
ďR ‖Cpx æ vq ´X Cpy æ wq‖X

¯

.

(5)

$

&

%

@xNÑX , vNÑX , tN
N
, sN

N
´

v0 P Ax0

Ñ Sp|t| ` |s|qpCpx æ vqq “X Sp|t|qSp|s|qpCpx æ vqq
¯

.

Proof. (1) At first, note that provably in Hω
p , we have

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

@xX , yX , µNN
, λN

N
, nN,mN

ˆ

λ0 ą |λ| ě |µ| ^ n ě m ě 1^ y P Ax

Ñ

∥∥∥pJA|µ|qnx´ pJA|λ|qmx∥∥∥ ď ˆ

ppn|µ| ´m|λ|q2 ` n|µ|p|λ| ´ |µ|qq
1{2

`pm|λ|p|λ| ´ |µ|q ` pm|λ| ´ n|µ|q2q
1{2

˙

‖y‖
˙

which can be shown by formalizing the proof given in [10] (note for this Lemma 2.312).
Instantiating this with m “ n, µ “ |t|{n and λ “ |s|{n for t, s of type NN, where w.l.o.g.
|s| ě |t|, and where n is large enough that |t|{n, |s|{n ă λ0, we obtain∥∥pJA|t|{nqnx´ pJA|s|{nqnx∥∥ ďˆ`

p|t| ´ |s|q2 ` |t|p|s|{n´ |t|{nq
˘1{2

`
`

|s|p|s|{n´ |t|{nq ` p|s| ´ |t|q2
˘1{2

˙

‖y‖

for any x, y with y P Ax. Let k be arbitrary. Using the axioms pSq, we get

‖Sp|t|qx´ Sp|s|qx‖ ď
∥∥Sp|t|qx´ pJA|t|{nqnx∥∥` ∥∥pJA|t|{nqnx´ pJA|s|{nqnx∥∥
`
∥∥Sp|s|qx´ pJA|s|{nqnx∥∥

ď 2 ¨ 2´k `
∥∥pJA|t|{nqnx´ pJA|s|{nqnx∥∥

ď 2 ¨ 2´k `
´

`

p|t| ´ |s|q2 ` |t|p|s|{n´ |t|{nq
˘1{2

`
`

|s|p|s|{n´ |t|{nq ` p|s| ´ |t|q2
˘1{2

¯

‖y‖

for any n additionally satisfying n ě ωSpk, b, T q with b ą ‖x‖ , ‖v‖ and T ą |t|, |s|. This
implies

‖Sp|t|qx´ Sp|s|qx‖ ď 2 ¨ 2´k ` 2||t| ´ |s|| ‖y‖
and the claim follows as k was arbitrary.

(2) By (essentially) Lemma 2.3, we have provably that∥∥JA|λ|x´ JA|λ|y∥∥ ď ‖x´ y‖

12Note that the theorems in Lemma 2.3 remain valid for the system Hω
p if the indices of the resolvent are

restricted to be ă λ0.
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for any λ0 ą λ of type NN and any x, y of type X. By induction, we get∥∥pJA|t|{nqnx´ pJA|t|{nqny∥∥ ď ‖x´ y‖

for any t of type NN, any x, y of type X and any n large enough such that |t|{n ă λ0.
Now, let k be arbitrary. Then we get

‖Sp|t|qx´ Sp|t|qy‖ ď
∥∥Sp|t|qx´ pJA|t|{nqnx∥∥` ∥∥pJA|t|{nqnx´ pJA|t|{nqny∥∥
`
∥∥Sp|t|qy ´ pJA|t|{nqny∥∥

ď 2 ¨ 2´k `
∥∥pJA|t|{nqnx´ pJA|t|{nqny∥∥

ď 2 ¨ 2´k ` ‖x´ y‖

for any n additionally satisfying n ě ωSpk, b, T q with b ą ‖x‖ , ‖y‖ , ‖v‖ , ‖w‖ with
v P Ax and w P Ay as well as T ą |t| using pSq. As k was arbitrary, we get the claim.

(3) Using item (1) and axiom (S2), if v0 P Ax0, we have

‖Sp|t|qCpx æ vq ´ Sp|s|qCpx æ vq‖
ď ‖Sp|t|qCpx æ vq ´ Sp|t|qppx æ vqn‖

` ‖Sp|t|qppx æ vqn ´ Sp|s|qppx æ vqn‖
` ‖Sp|s|qppx æ vqn ´ Sp|s|qCpx æ vq‖

ď 2 ¨ 2´n`3 ` ‖Sp|t|qppx æ vqn ´ Sp|s|qppx æ vqn‖
ď 2 ¨ 2´n`3 ` 2||t| ´ |s|| ‖ppx ä vqn‖ .

Choosing n “ k ` 5, we get the claim for ||t| ´ |s|| ď 2´pk`2q{maxt1, ‖ppx ä vqk`5‖u.
(4) Using item (2), axiom (S2) as well as (C), if v0 P Ax0 and w0 P Ay0, we have

‖Sp|t|qpCpx æ vqq ´ Sp|t|qpCpy æ wqq‖
ď ‖Sp|t|qpCpx æ vqq ´ Sp|t|qpppx æ vqkq‖

` ‖Sp|t|qpppx æ vqkq ´ Sp|t|qpppy æ wqkq‖
` ‖Sp|t|qpCpy æ wqq ´ Sp|t|qpppy æ wqkq‖

ď 2 ¨ 2´k`3 ` ‖Sp|t|qpppx æ vqkq ´ Sp|t|qpppy æ wqk‖
ď 2 ¨ 2´k`3 ` ‖ppx æ vqk ´ ppy æ wqk‖
ď 2 ¨ 2´k`3 ` ‖ppx æ vqk ´ Cpx æ vq‖

` ‖Cpx æ vq ´ Cpy æ wq‖
` ‖Cpy æ wq ´ ppy æ wqk‖

ď 2 ¨ 2´k`3 ` 2 ¨ 2´k`3 ` ‖Cpx æ vq ´ Cpy æ wq‖ .

As this holds for arbitrary k, we get the claim.
(5) Let x P domA. Using the previously introduced notation of ¨ , we write

#

rSp|t|qs1x “ Sp|t|qx,

rSp|t|qsm`1x “ Sp|t|q prSp|t|qsmxq.

Note that provably

rSp|t|qsm`1x “ Sp|t|q prSp|t|qsmxq
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which follows as in the discussion previous to this lemma. We now show by induction
on m that provably

@kDNm@n ě Nm

`

|t|{n ă λ0 Ñ
∥∥rSp|t|qsmx´ ``

JA|t|{n
˘m˘n

x
∥∥ ď 2´k

˘

.

The induction base follows from (S1) as was already discussed above. For the induction
step, let Nmpkq be the choice function of the above statement. Then for arbitrary k, we
get (using extensionality, see Remark 4.4, and nonexpansivity of Sp|t|q on the closure
of the domain) that

∥∥∥rSp|t|qsm`1x´ ´

`

JA|t|{n
˘m`1

¯n

x
∥∥∥

“
∥∥Sp|t|qrSp|t|qsmx´ `

JA|t|{n
˘n ``

JA|t|{n
˘m˘n

x
∥∥

ď
∥∥Sp|t|qrSp|t|qsmx´ `

JA|t|{n
˘n
rSp|t|qsmx

∥∥
`
∥∥`JA|t|{n˘n rSp|t|qsmx´ `

JA|t|{n
˘n ``

JA|t|{n
˘m˘n

x
∥∥

ď
∥∥Sp|t|qrSp|t|qsmx´ `

JA|t|{n
˘n
rSp|t|qsmx

∥∥
`
∥∥rSp|t|qsmx´ ``

JA|t|{n
˘m˘n

x
∥∥

ď 2´k

for all n such that |t|{n ă λ0, n ě Nmpk ` 1q and such that n is large enough for

∥∥Sp|t|qrSp|t|qsmx´ `

JA|t|{n
˘n
rSp|t|qsmx

∥∥ ď 2´pk`1q

which can be constructed as in the discussion previous to this lemma. Therefore, given
k, we in particular get

‖rSp|t|qsmx´ Spm|t|qx‖
ď

∥∥rSp|t|qsmx´ ``

JA|t|{n
˘m˘n

x
∥∥` ∥∥``JA|t|{n˘m˘n x´ Spm|t|qx∥∥

“
∥∥rSp|t|qsmx´ ``

JA|t|{n
˘m˘n

x
∥∥` ∥∥`JAm|t|{mn˘mn x´ Spm|t|qx∥∥

ď 2´pk`1q ` 2´pk`1q

ď 2´k

for any n such that m|t|{n ă λ0 and

n ě maxtNmpk ` 1q, ωSpk ` 1, b,mT qu
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for b ą ‖x‖ , ‖v‖ and T ą |t| using (S1) and the previous result. As k was arbitrary, we
get rSp|t|qsmx “ Spm|t|qx. Using this, we provably get

S

ˆ

l

k
`
r

s

˙

x “ S

ˆ

ls` rk

ks

˙

x

“

„

S

ˆ

1

ks

˙ls`rk

x

“

„

S

ˆ

1

ks

˙ls „

S

ˆ

1

ks

˙rk

x

“

„

S

ˆ

1

ks

˙ls

S

ˆ

rk

ks

˙

x

“ S

ˆ

ls

ks

˙

S

ˆ

rk

ks

˙

x

“ S

ˆ

l

k

˙

S
´r

s

¯

x

where we have used the above items for extensionality of S (see again Remark 4.4). A
continuity argument using item (3) now yields the claim for arbitrary reals |t| and |s|.
Further, the claim extends to the closure of the domain via another usual continuity
argument. Both we do not spell out here.

�

Remark 4.4. The constant Sptqx is provably extensional in x P domA for any t ě 0 by (4) as
well as in t ě 0 for any x P domA by (3).

Remark 4.5. Note that by the proof of the above item (3), we have that if the operator A is
majorizable in the sense of [49], i.e. if there exists a function A˚ : NÑ N such that

@b P N@x P domAXBbp0qDy P X p‖y‖ ď A˚b^ y P Axq ,

then the semigroup S generated by A through the Crandall-Liggett formula is uniformly
equicontinuous in the sense of [29], i.e. there exists a function ω : N ˆ N ˆ N Ñ N such
that

@b P N@q P domAXBbp0q@m P N@K P N@t, t1 P r0, Ks
`

|t´ t1| ă 2´ωK,bpmq Ñ ‖Sptqq ´ Spt1qq‖ ă 2´m
˘

.

Concretely, assuming w.l.o.g. that A˚ is nondecreasing, this so-called modulus of uniform
equicontinuity for S can be given by

ωK,bpmq “ pm` 2qmaxt1, A˚pb` 1qu.

Note in particular that this modulus is independent of the parameter K.

We now come to the main theoretical result of this paper which comprises a proof-theoretic
bound extraction theorem for the system Hω

p akin to the usual metatheorems of proof mining.
As discussed before, the proof of this metatheorem follows the general outline of most other
proofs in the literature and, since the proof is very much standard in this way, we hence omit
most of the details and in the following mainly just sketch the majorizability of the new constant
S.
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Theorem 4.6. Let τ be admissible, δ be of degree 1 and s be a closed term of Hω
p of type

δ Ñ σ for admissible σ. Let B@px, y, z, uq/CDpx, y, z, vq be @-/D-formulas of Hω
p with only

x, y, z, u/x, y, z, v free. Let ∆ be a set of formulas of the form @aαDb ĺβ ra@c
ζFqf pa, b, cq where

Fqf is quantifier-free, the types in α, β and ζ are admissible and r is a tuple of closed terms of
appropriate type. If

Hω
p `∆ $ @xδ@y ĺσ spxq@z

τ
`

@uNB@px, y, z, uq Ñ DvNCDpx, y, z, vq
˘

,

then one can extract a partial functional Φ : Sδ ˆ S
pτ ˆ N ˆ NN á N which is total and (bar-

recursively) computable on Mδ ˆM
pτ ˆ N ˆ NN and such that for all x P Sδ, z P Sτ , z˚ P S

pτ

and all n P N and ω P NN, if z˚ Á z and ω Á ωS as well as n ěR mrγ, |rγ|, ‖cX‖X , ‖dX‖X , |λ0|,
mλ0, m1

rγ, then

Sω,X |ù @y ĺσ spxq
`

@u ďN Φpx, z˚, n, ωqB@px, y, z, uq

Ñ Dv ďN Φpx, z˚, n, ωqCDpx, y, z, vq
˘

holds for Sω,X whenever Sω,X |ù ∆ where Sω,X is defined via any (nontrivial) Banach space
pX, ‖¨‖q with

(1) χA interpreted by the characteristic function of an accretive operator A satisfying the
range condition domA Ď

Ş

λ0ąγą0
domJAγ ,

(2) JχA interpreted by the corresponding resolvents JAγ x for λ0 ą γ ě 0 and x P domJAγ ,
and by 0 otherwise,

(3) j interpreted as discussed in Section 3.2,
(4) S interpreted by the semigroup generated by A via the Crandall-Liggett formula on

r0,8q ˆ domA, and 0 otherwise,
(5) dX , cX interpreted by a pair pc, dq P A witnessing A ‰ H,
(6) ωS interpreted by a rate of convergence for the limit generating the semigroup on domA,

and with the other constants naturally interpreted so that the respective axioms are satisfied.
Further: If pτ is of degree 1, then Φ is a total computable functional. If the claim is proved

without DC, then τ may be arbitrary and Φ will be a total functional on SδˆS
pτ ˆNˆNN which

is primitive recursive in the sense of Gödel’s T. In that latter case, also plain majorization can
be used instead of strong majorization.

Proof. The proof given in [49] immediately extends to this system, noticing the additional
considerations on the model of majorizable functionals discussed in the context of j as well
as Remark 4.1. In particular, note also that all axioms added to Hω

p are purely universal and
that the new constants other than S can be majorized as discussed throughout the previous
sections. For the last constant S, we can argue for the majorizability as follows: In the context
of the axiom (V)1, stating that domA is not empty using the constants cX and dX , majorization
of the constant S on t ě 0 and x P domA follows rather immediately. It is straightforward to
obtain that

pVωp $ @xX , λN
N
, nN

´

x P domJA|λ| Ñ
∥∥pJA|λ|qnx´X x∥∥X ďR n

∥∥JA|λ|x´X x∥∥X¯ .
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Therefore, we have for x P domA with v P Ax and b ą ‖x‖ , ‖v‖ and for t ě 0 with T ą t that
for n ě pωSp0, b, T q ` rT {λ0sq:

13

‖Sptqx‖ ď
∥∥Sptqx´ pJAt{nqnx∥∥` ∥∥pJAt{nqnx∥∥

ď 1`
∥∥pJAt{nqnx´ pJAt{nqncX∥∥` ∥∥pJAt{nqncX∥∥

ď 1` ‖x´ cX‖` ‖cX‖` n
∥∥JAt{ncX ´ cX∥∥

ď 1` ‖x‖` 2 ‖cX‖` T ‖dX‖

which follows from the axioms pSq and pRCqλ0 . This extends to domA as follows: For x P domA
and xn Ñ x with rate of convergence 2´n and where xn P domA, we have ‖x0 ´ x‖ ď 1 and
‖Sptqx´ Sptqx0‖ ď 1 and thus

‖Sptqx‖ ď 1` ‖Sptqx0‖
ď 2` ‖x0‖` 2 ‖cX‖` T ‖dX‖
ď 3` ‖x‖` 2 ‖cX‖` T ‖dX‖ .

�

Also Theorem 2.7 extends to an intuitionistic version Hω
i,p of the system Hω

p in that fashion.
Concretely, let Hω

i,p be defined as the extension/modification of Vωi,p with the same constants
and axioms as were added to/modified in Vωp to form Hω

p . Then the following semi-constructive
bound extraction theorem holds:

Theorem 4.7. Let δ be of degree 1 and σ, τ be arbitrary, s be a closed term of suitable type. Let
Γ be a set of sentences of the form @aαpEpaq Ñ Db ĺβ ta F pa, bqq with α, β and E,F arbitrary

types and formulas respectively and where t is a tuple of closed terms. Let Bpx, y, zq/Cpx, y, z, uq
be arbitrary formulas of Hω

i,p with only x, y, z/x, y, z, u free. If

Hω
i,p ` Γ $ @x

δ
@y ĺσ spxq @z

τ
p Bpx, y, zq Ñ DuNCpx, y, z, uqq,

one can extract a Φ : SδˆS
pτ ˆNˆNN Ñ N which is primitive recursive in the sense of Gödel’s

T such that for any x P Sδ, any y P Sσ with y ĺσ spxq, any z P Sτ and z˚ P S
pτ with z˚ Á z and

any n P N and ω P NN with ω Á ωS as well as n ěR mrγ, |rγ|, ‖cX‖X , ‖dX‖X , |λ0|,mλ0 ,m
1
rγ, we

have that
Sω,X |ù Du ďN Φpx, z˚, n, ωq p Bpx, y, zq Ñ Cpx, y, z, uqq

holds for Sω,X whenever Sω,X |ù Γ where Sω,X is defined via any (nontrivial) Banach space
pX, ‖¨‖q with the constants interpreted as in Theorem 4.6.

Using the previous arguments regarding the majorizability of the (new) constants, the proof
is a straightforward adaptation of the proof for the central semi-constructive metatheorem for
the system Aω

i rX, ‖¨‖s ` IP ` CA given in [14] and we thus omit any further details.

5. Two applications

The current section now employs the formal systems and the bound extraction theorems
introduced above to provide quantitative information on the asymptotic behavior of these
semigroups in the form of two case studies. Concretely, motivated by the results of Pazy [46]
for iterations of nonexpansive mappings, the following two asymptotic results on the resolvents
and the semigroups generated by the underlying operator were established:14

13We can choose e.g. n “ ωSp0, b, T q ` rT {λ0sp0q ` 1 which can be represented through a closed term.
14To simplify the notation in the following, we drop the superscript of the operator A from the resolvent.
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Theorem 5.1 (Plant [54]). Let X be uniformly convex, A be an accretive operator that satisfies
the range condition pRCqλ0 and let x P domA. Then

lim
λ0ątÑ0`

‖Jtx´ Sptqx‖
t

“ 0.

Theorem 5.2 (Reich [58]). Let X be uniformly convex, A be an accretive operator that satisfies
the range condition pRCq and let x P domA. Then

lim
tÑ8

‖Jtx´ Sptqx‖
t

“ 0.

A usual application of negative translation and monotone functional interpretation as used
by the metatheorems suggest the extractability of “metastability-like” rates here (provided that
the proof formalizes in the underlying systems). However, as we will see, classical logic features
in these proofs only in two ways: at first, it features in some of the basic underlying convergence
results in which case the limits are decreasing and a rate of convergence can thus nevertheless be
obtained using the metatheorem from Theorem 4.6. For both results, the proof then proceeds
via a case distinction on real numbers between “ 0 and ą 0. In both results, the proofs for the
““ 0”-cases are trivial and rates of convergence can be immediately extracted. While the proofs
for the “ą 0”-cases are nontrivial, they are nevertheless essentially constructive which allows,
through the use of the semi-constructive metatheorem of Theorem 4.7, for the extraction of
full rates of convergence for both limits exhibited above, under the appropriate quantitative
reformulations of the “ą 0”-assumption, respectively. So, a rate of convergence can be obtained
in either case, for both results. Only in the combination of these rates to a rate for the full
result, the issues from the use of classical logic could feature but as we will see, in both cases
the rates can be smoothed to be combined into a full rate of convergence for the whole result.

The next two subsections now present the extractions of the quantitative results and in that
context do not explicitly focus on the logical particularities of the extraction which will only be
discussed in the last subsection. In that way, to present these results in a way more amenable
to the usual literature of the theory of semigroups, we also move to using ε’s for the errors
instead of 2´k or similar constructions using natural numbers.

In general, the main assumption featuring in both results is the uniform convexity of the
underlying space which can be treated, as extensively discussed in the proof mining literature
starting from the earliest works on the treatment of abstract spaces (see [24]), by a so-called
modulus of uniform convexity:

Definition 5.3. A modulus of uniform convexity for a space X is a mapping η : p0, 2s Ñ p0, 1s
such that

@ε P p0, 2s@x, y P X
´

‖x‖ , ‖y‖ ď 1^ ‖x´ y‖ ě εÑ
∥∥∥x` y

2

∥∥∥ ď 1´ ηpεq
¯

.

Of course, the rates in general will then depend on such a modulus. It should be further
noted that this modulus is conceptually related to the common analytic notion of a modulus
of convexity δ : r0, 2s Ñ r0, 1s (implicit already used in e.g. [8]) defined as

δpεq :“ inf t1´ ‖x` y‖ {2 | ‖x‖ “ ‖y‖ “ 1, ‖x´ y‖ “ εu .

In fact, as is well-known, uniformly convex spaces are characterized by the property that δpεq ą
0 whenever ε ą 0 and the modulus of uniform convexity η effectively provides a witness for this
inequality in the form of a lower bound, i.e. that δpεq ě ηpεq ą 0 for ε P p0, 2s.

The proofs of the results of both Plant and Reich make an essential use of δ but closer
inspection reveals that they only rely on a lower bound on δpεq greater than 0 which therefore
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can be substituted by the modulus of uniform convexity η. Note that η can be assumed to be
nondecreasing which we will do w.l.o.g. in the following. In that case, one in particular has
that ηpεq ă ηpδq implies ε ď δ.

5.1. An analysis of Plant’s result. In this subsection, if not said otherwise, let X be a fixed
Banach space, A be a fixed accretive operator that satisfies the range condition pRCqλ0 and let
S be the semigroup on domA generated by A using the Crandall-Liggett formula. The proof
of Plant’s result now proceeds by establishing that the sequence

x´ Jtx

t
, ptÑ 0`q

is Cauchy and that we have the limit

lim
t,s{tÑ0`

∥∥∥∥x´ Jtxt
´
x´ Spsqx

s

∥∥∥∥ “ 0.

Both results rely crucially on the existence and equality of the limits

lim
tÑ0`

‖x´ Jtx‖
t

and lim
tÑ0`

‖x´ Sptqx‖
t

.

The first sequence is nondecreasing for t Ñ 0` (see e.g. [11]) and bounded by ‖v‖ for v P Ax
witnessing x P domA (see e.g. [1]). Following [9], we denote the first limit by |Ax| which
naturally satisfies |Ax| ď ‖v‖. The second limit was shown to coincide with |Ax| in [9].

Now, the proof given in [54] crucially relies on the use of the limit operator |Ax| and some
elementary properties thereof. For the following, we denote the expression px ´ Jtxq{t (which
is just the Yosida approximate) by Atx, in contrast to Plant’s notation.

As discussed in [49], one central theoretical obstacle in treating accretive and monotone
operators is the use of extensionality for such operators. While this will be discussed in more
detail in the later logical remarks, we also find here that the main convergence principle

‖Atx‖Ñ |Ax| for tÑ 0` with x P domA,

on which the proof of Plant relies, can be recognized as a particular version of such a kind of
extensionality statement, namely it can be shown that it is provably equivalent to the lower
semicontinuity on domA of the operator |A ¨ | associated with A (see Proposition 5.25 later on).

As in the case of the functional x¨, ¨ys, the logical methodology based on the monotone
Dialectica interpretation now implies the following quantitative version of this statement: under
this interpretation, the statement is upgraded to the existence of a “modulus of uniform lower
semicontinuity” ϕ : Rą0 ˆ NÑ Rą0, i.e.

@b P N, ε P Rą0, px, uq, py, vq P A
p‖x‖ , ‖u‖ , ‖y‖ , ‖v‖ ď b^ ‖x´ y‖ ď ϕpε, bq Ñ |Ax| ´ |Ay| ď εq ,

which, as discussed already in the context of x¨, ¨ys, is essentially a modulus of uniform continuity.
Based on the above mentioned equivalence, this modulus can then be used to derive a rate

of convergence for the Yosida approximates towards |Ax|.

Lemma 5.4. Let ϕ be a modulus of uniform continuity for |A ¨ | and let n satisfy n ě

‖c‖ , ‖d‖ , λ0, rγ for pc, dq P A and 0 ă rγ ă λ0. Then for x P domA with v P Ax and b P N˚15

15Throughout, we write N˚ for the natural numbers without 0.
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with b ě ‖x‖ , ‖v‖, we have

@ε ą 0@t P p0, ϕ1pε, b, n, ϕqs

˜

|Ax| ´

∥∥x´ JAt x∥∥
t

ď ε

¸

where

ϕ1pε, b, n, ϕq :“ mintϕpε, b` 2n` 3n2
q{b, λ0{2u.

Proof. Let ε be given and let t ď ϕ1pε, b, n, ϕq. We at first have ‖Atx‖ ď ‖v‖ ď b as well as

‖Jtx‖ ď ‖x‖` 2 ‖c‖` p2rγ ` tq ‖d‖
ď ‖x‖` 2 ‖c‖` p2rγ ` λ0q ‖d‖
ď ‖x‖` 2n` p2n` nqn

ď ‖x‖` 2n` 3n2

using Lemma 2.3 (as t ă λ0). Now as Atx P AJtx, we have |AJtx| ď ‖Atx‖ and thus

|Ax| ´ ‖Atx‖ ď |Ax| ´ |AJtx|.
Now, we get

‖x´ Jtx‖ ď t ‖v‖ ď ϕ1pε, b, n, ϕqb ď ϕpε, b` 2n` 3n2
q

and thus, as v P Ax and Atx P AJtx with ‖x‖ , ‖v‖ , ‖Jtx‖ , ‖Atx‖ ď b` 2n` 3n2, we have

|Ax| ´ ‖Atx‖ ď |Ax| ´ |AJtx| ď ε

which is the claim. �

As mentioned before, the fact that

lim
tÑ0`

‖x´ Sptqx‖
t

“ |Ax|

was proved by Crandall in [9] and the proof proceeds by establishing that

‖x´ Sptqx‖
t

ď |Ax|

for any t ą 0 as well as

lim inf
tÑ0`

‖Sptqx´ x‖
t

ě |Ax|

and in that way crucially relies on the limit operator |A ¨ | as well. The latter of these results
relies on a result established by Miyadera in [42]16 that

lim sup
tÑ0`

B

Sptqx´ x

t
, ζ˚

F

ď xy0, x0 ´ xys

for y0 P Ax0, x P domA and ζ˚ P Jpx´ x0q.
The proof given by Crandall actually only invokes this result for x P domA and, for the proof

of Plant’s result, it is further sufficient to obtain it only for some ζ˚ P Jpx´x0q. Lastly, the proof
relies crucially on the use of the functional x¨, ¨ys and in particular on the upper semicontinuity
of this functional. In that way, based on the logical methodology that upgrades this upper
semicontinuity to a modulus of uniform continuity, we extract the following quantitative version
of the above fragment of Miyadera’s result:

16The result goes back to earlier work by Brezis [5] with a special case already contained in [10] and more
general results proved in [11].
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Lemma 5.5. Let ω be such that

@x, y, z P X, b P N, ε ą 0 p‖x‖ , ‖z‖ ď b^ ‖x´ y‖ ď ωpb, εq Ñ xz, yys ď xz, xys ` εq .

For ζ˚ P Jpx ´ x0q where x P domA with v P Ax and y0 P Ax0 where ‖x‖ , ‖v‖ , ‖x0‖ , ‖y0‖ ď b
for b P N˚:

@ε ą 0@t P p0, ψpε, b, ωqs

ˆB

Sptqx´ x

t
, ζ˚

F

ď xy0, x0 ´ xys ` ε

˙

where

ψpε, b, ωq :“
ωp2b, εq

2b
.

Proof. At first, given an ε, we get for any t P
`

0, ε
2b

‰

and for all v P Ax with ‖x‖ , ‖v‖ ď b that

‖x´ Sptqx‖ “ ‖Sp0qx´ Sptqx‖ ď 2 ‖v‖ t ď 2b
ε

2b
ď ε

by Lemma 4.3, (1). Now, as in Miyadera’s proof from [42], we get

xSptqx´ x, ζ˚y ď

ż t

0

xy0, x0 ´ Spτqxysdτ.

Then for b ě ‖x‖ , ‖v‖ , ‖x0‖ , ‖y0‖, we get

xy0, x0 ´ Sptqxys ď xy0, x0 ´ xys ` ε

for any t P p0, ψpε, b, ωqs as by the above, we have

‖Sptqx´ x‖ ď ωp2b, εq

for all such t by assumption on ω and since we trivially have ‖x´ x0‖ ď 2b. Thus in particular
we have

xSptqx´ x, ζ˚y ď

ż t

0

xy0, x0 ´ Spτqxysdτ

ď t pxy0, x0 ´ xys ` εq

which gives the claim. �

Then, by following the proof given in [9], we obtain a quantitative version of the crucial
direction

lim inf
tÑ0`

‖Sptqx´ x‖
t

ě |Ax|

of Crandall’s proof. Now, already here, a case distinction on whether |Ax| “ 0 or |Ax| ą 0
features in the proof of Crandall and the following result first provides a quantitative result on
the latter case.

Lemma 5.6. Let ω be such that

@x, y, z P X, b P N, ε ą 0 p‖x‖ , ‖z‖ ď b^ ‖x´ y‖ ď ωpb, εq Ñ xz, yys ď xz, xys ` εq .

Let further ϕ be a modulus of uniform continuity for |A ¨ | and let n be as in Lemma 5.4. Then
for x P domA with v P Ax and b P N˚ with b ě ‖x‖ , ‖v‖ and where |Ax| ě c for c P Rą0, we
have

@ε ą 0@t P p0, ϕ12pε, b, c, n, ϕ, ωqs

ˆ

|Ax| ´
‖x´ Sptqx‖

t
ď ε

˙

where

ϕ12pε, b, c, n, ϕ, ωq :“ ψpεcmintϕ1pmintε{2, c{2u, b, n, ϕq, λ0{2u{4, b` 2n` 3n2, ωq
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with ψ as in Lemma 5.5 and ϕ1 as in Lemma 5.4.

Proof. Using Lemma 5.5, we get

@ε ą 0@t P p0, ψpε, b, ωqs

ˆB

Sptqx´ x

t
, ζ˚

F

ď xy0, x0 ´ xys ` ε

˙

for ‖x‖ , ‖v‖ , ‖x0‖ , ‖y0‖ ď b and ζ˚ P Jpx´x0q. Now, for y0 “ Aλx and x0 “ Jλx with λ ă λ0,
we have

xy0, x0 ´ xys “ ´λ ‖Aλx‖2

as well as
B

Sptqx´ x

t
, ζ˚

F

ě ´

∥∥∥∥Sptqx´ xt

∥∥∥∥ ‖x´ Jλx‖
“ ´

∥∥∥∥Sptqx´ xt

∥∥∥∥λ ‖Aλx‖ .
Therefore, we obtain

@ε ą 0@t P
`

0, ψpε, b` 2n` 3n2, ωq
‰

ˆ∥∥∥∥Sptqx´ xt

∥∥∥∥ ‖Aλx‖ ě ‖Aλx‖2 ´
ε

λ

˙

for all such λ since b ` 2n ` 3n2 ě ‖Jλx‖ and b ě ‖Aλx‖ as before. Since |Ax| ě c, we have
that for λ ď mintϕ1pc{2, b, n, ϕq, λ0{2u that

c{2 “ c´ c{2 ď |Ax| ´ c{2 ď ‖Aλx‖

by Lemma 5.4. Therefore, we have that

@ε ą 0@t P
`

0, ψpε, b` 2n` 3n2, ωq
‰

ˆ
∥∥∥∥Sptqx´ xt

∥∥∥∥ ě ‖Aλx‖´
ε

λc{2

˙

for all λ ď mintϕ1pc{2, b, n, ϕq, λ0{2u and thus in particular

|Ax| ´

∥∥∥∥Sptqx´ xt

∥∥∥∥ ď |Ax| ´ ‖Aλx‖`
ε

λc{2

ď δ{2`
ε

λc{2

for all t ď ψpε, b` 2n` 3n2, ωq and for all λ ď mintϕ1pmintδ{2, c{2u, b, n, ϕq, λ0{2u and δ ą 0.
Thus, lastly, for

t ď ψpεcmintϕ1pmintε{2, c{2u, b, n, ϕq, λ0{2u{4, b` 2n` 3n2, ωq

we have

|Ax| ´

∥∥∥∥Sptqx´ xt

∥∥∥∥ ď ε. �

For the other case, i.e. where |Ax| “ 0, it is immediately clear that for |Ax| ď ε, we get

|Ax| ´
‖x´ Sptqx‖

t
ď |Ax| ď ε

for all t. However, this allows for a smoothening of the above case distinction (see the later
logical remarks for further discussions of this) in the form of the following lemma:
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Lemma 5.7. Let ω be such that

@x, y, z P X, b P N, ε ą 0 p‖x‖ , ‖z‖ ď b^ ‖x´ y‖ ď ωpb, εq Ñ xz, yys ď xz, xys ` εq .

Let further ϕ be a modulus of uniform continuity for |A ¨ | and let n be as in Lemma 5.4. Then
for x P domA with v P Ax and b P N˚ with b ě ‖x‖ , ‖v‖, we have

@ε ą 0@t P p0, ϕ2pε, b, n, ω, ϕqs

ˆ

|Ax| ´
‖x´ Sptqx‖

t
ď ε

˙

where
ϕ2pε, b, n, ω, ϕq :“ ψpε2 mintϕ1pε{2, b, n, ϕq, λ0{2u{4, b` 2n` 3n2, ωq.

with ψ as in Lemma 5.5 and ϕ1 as in Lemma 5.4.

Proof. Let ε be given. Then either |Ax| ď ε whereas

|Ax| ´
‖x´ Sptqx‖

t
ď ε

for any t. Otherwise, we have |Ax| ě ε and thus from Lemma 5.6, with c “ ε, it follows that

|Ax| ´
‖x´ Sptqx‖

t
ď ε

for all
t ď ψpε2 mintϕ1pε{2, b, n, ϕq, λ0{2u{4, b` 2n` 3n2, ωq. �

Using those two results, we can then give a quantitative version of the partial results on
the way to Plants results discussed above, in the form of a rate of Cauchyness and a rate of
convergence, respectively.

In that context, we follow the notation used in [54] and write

αpa, bq “

∥∥∥∥ a

‖a‖
´

b

‖b‖

∥∥∥∥ ď 2

where a, b ‰ 0 for the generalized angle of Clarkson [8]. Similar to the proof given in [54], we
rely on two fundamental inequalities of α:

Lemma 5.8 (essentially [8]). Let a, b ‰ 0. Then

| ‖a‖αpa, bq ´ ‖a´ b‖ | ď | ‖a‖´ ‖b‖ |.
If further a` b ‰ 0, then

‖a` b‖ ď p1´ 2ηpαpa` b, aqqq ‖a‖` ‖b‖
where η is a modulus of uniform convexity for the space X.

Lemma 5.9. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s. Let further ϕ be a modulus of uniform continuity for |A ¨ | and let n be as
in Lemma 5.4. Let further x P domA with v P Ax and b P N˚ with b ě ‖x‖ , ‖v‖. Suppose
|Ax| ě c for c P Rą0. Then

@ε ą 0@t P p0, ϕ13pε, b, c, η, n, ϕqs @s P p0, tq

ˆ∥∥∥∥x´ Jtxt
´
x´ Jsx

s

∥∥∥∥ ď ε

˙

where

ϕ13pε, b, c, η, n, ϕq :“ mintϕ1pε{2, b, n, ϕq, ϕ1pηpmintε{2b, 2uqc{2, b, n, ϕq,

ϕ1pc{2, b, n, ϕq, λ0{2u

with ϕ1 as in Lemma 5.4.
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Proof. If x “ Jtx or x “ Jsx, then 0 P Ax and thus |Ax| “ 0. As we have assumed |Ax| ě c ą 0,
we get x ‰ Jtx and x ‰ Jsx. We write αs,t “ αpx ´ Jsx, x ´ Jtxq where s P p0, tq and
t ď λ0{2 ă λ0. Using Lemma 5.8 with a “ x´ Jsx and b “ Jsx´ Jtx, we have

‖x´ Jtx‖ ď p1´ 2ηpαs,tqq ‖x´ Jsx‖` ‖Jtx´ Jsx‖ .

Using Lemma 2.3, items (3) and (5), we get

‖Jtx´ Jsx‖ “
∥∥∥∥Jsˆst x` t´ s

t
Jtx

˙

´ Jsx

∥∥∥∥
ď

´

1´
s

t

¯

‖x´ Jtx‖

and thus we have

s ‖Atx‖ ď p1´ 2ηpαs,tqq ‖x´ Jsx‖ ,
i.e.

2ηpαs,tq ‖Asx‖ ď ‖Asx‖´ ‖Atx‖ .
Therefore, we have for 0 ă t ď ϕ1pc{2, b, n, ϕq that

c´ ‖Atx‖ ď |Ax| ´ ‖Atx‖ ď c{2

so that c{2 ď ‖Atx‖ and for s P p0, tq, we get that

ηpαs,tqc ď 2ηpαs,tq ‖Atx‖ ď 2ηpαs,tq ‖Asx‖ ď ‖Asx‖´ ‖Atx‖ ď |Ax| ´ ‖Atx‖ .

By Lemma 5.4, we have for any ε that

@t P p0,min tϕ1pε, b, n, ϕq, ϕ1pc{2, b, n, ϕqus @s P p0, tq pηpαs,tqc ď εq

which, in particular, implies

@t P p0,min tϕ1pηpmintε{2b, 2uqc{2, b, n, ϕq, ϕ1pc{2, b, n, ϕqus @s P p0, tq

pηpαs,tq ď ηpmintε{2b, 2uq{2q

and using that η is nondecreasing, we get

@t P p0,min tϕ1pηpmintε{2b, 2uqc{2, b, n, ϕq, ϕ1pc{2, b, n, ϕq, λ0us @s P p0, tq

pαs,t ď ε{2bq .

Using Lemma 5.8 with a “ x ´ Jtx{t and b “ x ´ Jsx{s (noting that αs,t “ αpa, bq for these
a, b) together with s ă t as well as the triangle inequality, we now have∥∥∥∥x´ Jtxt

´
x´ Jsx

s

∥∥∥∥ ď ˇ

ˇ

ˇ

ˇ

‖x´ Jtx‖
t

αs,t ´

∥∥∥∥x´ Jtxt
´
x´ Jsx

s

∥∥∥∥ˇˇˇˇ` ‖x´ Jtx‖
t

αs,t

ď

ˇ

ˇ

ˇ

ˇ

∥∥∥∥x´ Jtxt

∥∥∥∥´ ∥∥∥∥x´ Jsxs

∥∥∥∥ˇˇˇˇ` ‖x´ Jtx‖
t

αs,t

ď

ˆ

|Ax| ´

∥∥∥∥x´ Jtxt

∥∥∥∥˙` bαs,t.
Thus for 0 ă t ď ϕ13pε, b, c, η, n, ϕq and for s P p0, tq, we have∥∥∥∥x´ Jtxt

´
x´ Jsx

s

∥∥∥∥ ď ε{2` bε{2b ď ε

by Lemma 5.4. �
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Again, the case for |Ax| “ 0 is trivial and yields the following quantitative version: if
|Ax| ď ε{2, then in particular∥∥∥∥x´ JAt xt

´
x´ JAs x

s

∥∥∥∥ ď ‖Atx‖` ‖Asx‖ ď |Ax| ` |Ax| ď ε.

In that way, we get the following smoothening for both results combined.

Lemma 5.10. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s. Let further ϕ be a modulus of uniform continuity for |A ¨ | and let n be as in
Lemma 5.4. Let further x P domA with v P Ax and b P N˚ with b ě ‖x‖ , ‖v‖. Then

@ε ą 0@t P p0, ϕ3pε, b, η, n, ϕqs @s P p0, tq

ˆ∥∥∥∥x´ JAt xt
´
x´ JAs x

s

∥∥∥∥ ď ε

˙

where

ϕ3pε, b, η, n, ϕq :“ mintϕ1pε{2, b, n, ϕq, ϕ1pηpmintε{2b, 2uqε{4, b, n, ϕq,

ϕ1pε{4, b, n, ϕq, λ0{2u

with ϕ1pε, b, nq as in Lemma 5.4.

Proof. Let ε be given. Then either |Ax| ď ε{2 whereas∥∥∥∥x´ JAt xt
´
x´ JAs x

s

∥∥∥∥ ď ε

for any t, s ă λ0 as discussed above. Otherwise we have |Ax| ě ε{2 and thus by Lemma 5.9,
with c “ ε{2, it follows that ∥∥∥∥x´ JAt xt

´
x´ JAs x

s

∥∥∥∥ ď ε

for s P p0, tq and

t ď mintϕ1pε{2, b, n, ϕq, ϕ1pηpmintε{2b, 2uqε{4, b, n, ϕq, ϕ1pε{4, b, n, ϕq, λ0{2u. �

Lemma 5.11 (Plant [54], Eq. (2.10)). Let x P domA and t, λ ą 0. Then

‖Jλx´ Sptqx‖ ď
ˆ

1´
t

λ

˙

‖x´ Jλx‖`
2

λ

ż t

0

‖x´ Spsqx‖ ds.

Lemma 5.12. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s and let ω be such that

@x, y, z P X, b P N, ε ą 0 p‖x‖ , ‖z‖ ď b^ ‖x´ y‖ ď ωpb, εq Ñ xz, yys ď xz, xys ` εq .

Let further ϕ be a modulus of uniform continuity for |A ¨ | and let n be as in Lemma 5.4. Let
further x P domA with v P Ax and b P N˚ with b ě ‖x‖ , ‖v‖. Suppose that |Ax| ě c for c P Rą0.
Then

@ε ą 0@t,
s

t
P p0, ϕ14pε, b, c, η, n, ω, ϕqs

ˆ
∥∥∥∥x´ JAt xt

´
x´ Spsqx

s

∥∥∥∥ ď ε

˙

where

ϕ14pε, b, c, η, n, ω, ϕq :“ mintϕ1pε{3, b, n, ϕq, ϕ2pε{3, b, n, ω, ϕq,

ϕ1pηpmintε{3b, 2uqc{4, b, n, ϕq,
a

ϕ2pc{2, b, n, ω, ϕq,

ηpmintε{3b, 2uqc{8b, 1, λ0{2u

with ϕ1, ϕ2 as in Lemmas 5.4, 5.7, respectively.
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Proof. As before, x ‰ Spsqx and x ‰ Jtx as |Ax| ě c ą 0. We write α1s,t “ αpx´Spsqx, x´Jtxq
for t, s ă λ0. Using Lemma 5.8, we again obtain

‖x´ Jtx‖ ď
`

1´ 2ηpα1s,tq
˘

‖x´ Spsqx‖` ‖Jtx´ Spsqx‖ .

Using Lemma 5.11, we get for t, s ď mintλ0{2, 1u:

‖x´ Jtx‖

ď
`

1´ 2ηpα1s,tq
˘

‖x´ Spsqx‖`
´

1´
s

t

¯

‖x´ Jtx‖`
2

t

ż s

0

‖x´ Spτqx‖ dτ

ď
`

1´ 2ηpα1s,tq
˘

‖x´ Spsqx‖`
´

1´
s

t

¯

‖x´ Jtx‖`
2

t

ż s

0

s
‖x´ Spτqx‖

τ
dτ

ď
`

1´ 2ηpα1s,tq
˘

‖x´ Spsqx‖`
´

1´
s

t

¯

‖x´ Jtx‖`
s2

t
2b

which implies that

2ηpα1s,tq
‖x´ Spsqx‖

s
ď |Ax| ´

‖x´ Jtx‖
t

`
s

t
2b.

Now for

t ď mintϕ1pε{2, b, n, ϕq,
a

ϕ2pc{2, b, n, ω, ϕqu

and
s

t
ď mintε{4b,

a

ϕ2pc{2, b, n, ω, ϕqu

we obtain that

s ď t
s

t
ď ϕ2pc{2, b, n, ω, ϕq

and thus (using Lemma 5.7), we obtain

ηpα1s,tqc ď 2ηpα1s,tq p|Ax| ´ c{2q

ď 2ηpα1s,tq
‖x´ Spsqx‖

s

ď |Ax| ´
‖x´ Jtx‖

t
`
s

t
2b

ď ε{2`
s

t
2b

ď ε{2` 2bpε{4bq

ď ε.

Dividing by c, we get ηpα1s,tq ď
ε
c

for all such t, s. Thus, using that η is nondecreasing, we have
α1s,t ď ε for

t ď mintϕ1pηpmintε, 2uqc{4, b, n, ϕq,
a

ϕ2pc{2, b, n, ω, ϕqu

and
s

t
ď mintηpmintε, 2uqc{8b,

a

ϕ2pc{2, b, n, ω, ϕqu.
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Using Lemma 5.8 and triangle inequality again, we now have similarly to before∥∥∥∥x´ Jtxt
´
x´ Spsqx

s

∥∥∥∥
ď

ˇ

ˇ

ˇ

ˇ

‖x´ Jtx‖
t

α1s,t ´

∥∥∥∥x´ Jtxt
´
x´ Spsqx

s

∥∥∥∥ˇˇˇˇ` ‖x´ Jtx‖
t

α1s,t

ď

ˇ

ˇ

ˇ

ˇ

∥∥∥∥x´ Jtxt

∥∥∥∥´ ∥∥∥∥x´ Spsqxs

∥∥∥∥ˇˇˇˇ` ‖x´ Jtx‖
t

α1s,t

ď

ˆ

|Ax| ´

∥∥∥∥x´ Jtxt

∥∥∥∥˙` ˆ

|Ax| ´

∥∥∥∥x´ Spsqxs

∥∥∥∥˙` bα1s,t.
Thus for 0 ă t, s

t
ď ϕ14pε, b, c, η, n, ω, ϕq, we have∥∥∥∥x´ Jtxt

´
x´ Spsqx

s

∥∥∥∥ ď ε{3` ε{3` bpε{3bq ď ε

by Lemma 5.4 and Lemma 5.7. �

As before, a smoothening of this result can be achieved by extracting from the proof for the
case of |Ax| “ 0 the following quantitative version: if |Ax| ď ε{2, then∥∥∥∥x´ JAt xt

´
x´ Spsqx

s

∥∥∥∥ ď
∥∥x´ JAt x∥∥

t
`

‖x´ Spsqx‖
s

ď |Ax| ` |Ax| ď ε.

Therefore, we obtain the following result:

Lemma 5.13. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s and let ω be such that

@x, y, z P X, b P N, ε ą 0 p‖x‖ , ‖z‖ ď b^ ‖x´ y‖ ď ωpb, εq Ñ xz, yys ď xz, xys ` εq .

Let further ϕ be a modulus of uniform continuity for |A ¨ | and let n be as in Lemma 5.4. Let
further x P domA with v P Ax and b P N˚ with b ě ‖x‖ , ‖v‖. Then

@ε ą 0@t,
s

t
P p0, ϕ4pε, b, η, n, ω, ϕqs

ˆ
∥∥∥∥x´ JAt xt

´
x´ Spsqx

s

∥∥∥∥ ď ε

˙

where

ϕ4pε, b, η, n, ω, ϕq :“ mintϕ1pε{3, b, n, ϕq, ϕ2pε{3, b, n, ω, ϕq,

ϕ1pηpmintε{3b, 2uqε{8, b, n, ϕq,
a

ϕ2pε{4, b, n, ω, ϕq,

ηpmintε{3b, 2uqε{16b, 1, λ0{2u

with ϕ1, ϕ2 as in Lemmas 5.4, 5.7, respectively.

Proof. Let ε be given. Then either |Ax| ď ε{2 which implies∥∥∥∥x´ JAt xt
´
x´ Spsqx

s

∥∥∥∥ ď ε

as above for any such t and s or |Ax| ě ε{2 where now the result is implied for any

t,
s

t
P p0, ϕ14pε, b, ε{2, η, n, ω, ϕqs

by Lemma 5.12, with c “ ε{2. �

Finally, a combination of these two quantitative results yields a quantitative version of the
theorem of Plant.
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Theorem 5.14. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s and let ω be such that

@x, y, z P X, b P N, ε ą 0 p‖x‖ , ‖z‖ ď b^ ‖x´ y‖ ď ωpb, εq Ñ xz, yys ď xz, xys ` εq .

Let further ϕ be a modulus of uniform continuity for |A ¨ | and let n be as in Lemma 5.4. Let
further x P domA with v P Ax and b P N˚ with b ě ‖x‖ , ‖v‖. Then

@ε ą 0@t P p0,Φpε, b, η, ω, ϕ, nqs

˜∥∥JAt x´ Sptqx∥∥
t

ď ε

¸

where
Φpε, b, η, ω, ϕ, nq :“ pmintϕ3pε{2, b, η, n, ϕq, ϕ4pε{2, b, η, n, ω, ϕquq

2

with ϕ1 – ϕ4 as well as ψ defined by

ϕ1pε, b, n, ϕq :“mintϕpε, b` 2n` 3n2
q{b, λ0{2u,

ψpε, b, ωq :“
ωp2b, εq

2b
,

ϕ2pε, b, n, ω, ϕq :“ψpε2 mintϕ1pε{2, b, n, ϕq, λ0{2u{4, b` 2n` 3n2, ωq,

ϕ3pε, b, η, n, ϕq :“mintϕ1pε{2, b, n, ϕq, ϕ1pηpmintε{2b, 2uqε{4, b, n, ϕq,

ϕ1pε{4, b, n, ϕq, λ0{2u,

ϕ4pε, b, η, n, ω, ϕq :“mintϕ1pε{3, b, n, ϕq, ϕ2pε{3, b, n, ω, ϕq,

ϕ1pηpmintε{3b, 2uqε{8, b, n, ϕq,
a

ϕ2pε{4, b, n, ω, ϕq,

ηpmintε{3b, 2uqε{16b, 1, λ0{2u.

Proof. Using the triangle inequality, we have

‖Jtx´ Sptqx‖
t

ď

∥∥∥∥x´ Jtxt
´
x´ J?tx
?
t

∥∥∥∥` ∥∥∥∥x´ J?tx?
t

´
x´ Sptqx

t

∥∥∥∥ .
Then, for t ď 1, we have t ď

?
t and t{

?
t “

?
t so that for t ď Φpε, b, η, ω, ϕ, nq, we obtain

‖Jtx´ Sptqx‖
t

ď ε

using Lemmas 5.10 and 5.13. �

Remark 5.15. While the above result uses the construction of ϕ1 from ϕ exhibited in Lemma
5.4, it is clear that if ϕ1 is any other rate of convergence for ‖Atx‖ to |Ax| as tÑ 0, the above
result nevertheless remains valid.

5.2. An analysis of Reich’s result. Similar as in the context of Plant’s result, in this subsec-
tion we fix a Banach space X and an accretive operator A that now satisfies the range condition
pRCq. As before, let S be the semigroup on domA generated by A using the Crandall-Liggett
formula. The proof for Reich’s result now proceeds by establishing

lim
tÑ8

‖Jtx‖
t

“ dp0, ranAq

and concluding from this that Jtx{t is Cauchy for t Ñ 8. This result is then in turn used to
conclude the claim. While Reich actually establishes his result even for x P domA, we here
focus for simplicity on the case where x P domA.

The main object used in these proofs is the concrete value

d :“ dp0, ranAq “ inft‖y‖ | y P ranAu
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and for the quantitative results, the logical methodology implies (see the later logical remarks for
a discussion of this) a dependence on a function f witnessing the above infimum quantitatively
in the sense that f : Rą0 Ñ N satisfies

@ε ą 0Dpy, zq P A p‖y‖ , ‖z‖ ď fpεq ^ ‖z‖´ d ď εq .

The proof of Reich’s result then proceeds by a case distinction on whether d ą 0 or d “ 0 but,
as before with the quantitative analysis of Plant’s result, this case distinction can be smoothed
as will be exhibited later. We at first begin with the following result which provides a rate of
convergence for the limit ‖Jtx‖ {t Ñ d for t Ñ 8 (which can be obtained as the sequence is
monotone).

Lemma 5.16. Let x P domA with v P Ax and b P N˚ where b ě ‖x‖ , ‖v‖. Suppose that
f : Rą0 Ñ N satisfies fpεq ě fpδq for ε ď δ and

@ε ą 0Dpy, zq P A p‖y‖ , ‖z‖ ď fpεq ^ ‖z‖´ d ď εq .

Then we have

@ε ą 0@t ě ϕpε, b, fq

ˆ
ˇ

ˇ

ˇ

ˇ

‖Jtx‖
t

´ d

ˇ

ˇ

ˇ

ˇ

ď ε

˙

where

ϕpε, b, fq :“
8pb` fpε{2qq

ε
.

Proof. As Atx P AJtx for any t ą 0, we have d ď ‖Atx‖. Let ε be given and let z P Ay such
that ‖z‖´ d ď ε{2 and ‖y‖ , ‖z‖ ď fpε{2q. Then using Lemma 2.3, (7), we have

‖Atx‖ ď ‖Atx´ Aty‖` ‖Aty‖

ď
2

t
‖x´ y‖` ‖z‖

ď
2pb` fpε{2qq

t
` d` ε{2.

Thus, for t ě pε{4pb` fpε{2qqq´1, we have

‖Atx‖ ď
2pb` fpε{2qq

pε{4pb` fpε{2qqq´1
` d` ε{2 ď d` ε.

Now, for t ě pε{8pb` fpε{2qqq´1, we obtain
ˇ

ˇ

ˇ

ˇ

‖Jtx‖
t

´ d

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

‖Jtx‖
t

´
‖x´ Jtx‖

t

ˇ

ˇ

ˇ

ˇ

` |‖Atx‖´ d|

ď
‖x‖
t
` |‖Atx‖´ d|

ď ε

as t ě pε{8pb` fpε{2qqq´1 and thus ‖Atx‖´ d ď ε{2 as well as t ě pε{2bq´1 and thus ‖x‖ {t ď
ε{2. �

The following result is a quantitative version of the well-known result due to Reich [57] that
d ą 0 implies that ‖Jtx‖Ñ 8 for tÑ 8 and x P domA.

Lemma 5.17. Assume that d ě D for D P Rą0. Let x P domA with v P Ax and b P N˚ where
b ě ‖x‖ , ‖v‖. Then we have

@K ą 0@t ě ψpK, b,Dq p‖Jtx‖ ě Kq
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where

ψpK, b,Dq :“
b`K

D
.

Proof. Suppose the claim is false, i.e. there is a K and a t ě ψpK, b,Dq such that ‖Jtx‖ ă K.
Then, we have

‖Jtx´ J1Jtx‖ ď |AJtx|
ď ‖x´ Jtx‖ {t
ă pb`Kq{pD´1pb`Kqq

ď D.

Thus ‖A1Jtx‖ ă D ď d which is a contradiction as A1Jtx P ranA. �

Lemma 5.18 (essentially Reich [58]). Let X be uniformly convex with a modulus of uniform
convexity η. Then, for ε P p0, 2s, we have 2ηpεq ď 1´ xy, jy for all j P Jx with ‖x‖ “ ‖y‖ “ 1
and ‖x´ y‖ ě ε.

Proof. Let x, y and j P Jx be given with ‖x‖ “ ‖y‖ “ 1 and ‖x´ y‖ ě ε. Then

‖x` y‖
2

ď 1´ ηpεq

by definition of η. Thus as xx, jy “ ‖x‖2 “ 1 and ‖j‖ “ ‖x‖ “ 1, we have

1{2` 1{2xy, jy “ xpx` yq{2, jy ď 1´ ηpεq

which yields the claim. �

Lemma 5.19. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s with (w.l.o.g.) ηpεq ď ε. Suppose that f : Rą0 Ñ N satisfies

@ε ą 0Dpy, zq P A p‖y‖ , ‖z‖ ď fpεq ^ ‖z‖´ d ď εq .

Let ε ą 0 be given, assume that D P Rą0 with d ě D and let z P Ay be such that

‖z‖ ď d` 2dηpmintε{2, 2uq

as well as c ě ‖y‖ , ‖z‖. Let x P domA with v P Ax and b P N˚ with b ě ‖x‖ , ‖v‖. Then, for
any t ě ϕ1pε, b,D, c, η, fq: ∥∥∥∥ z

‖z‖
`

Jtx

‖Jtx‖

∥∥∥∥ ď ε

where

ϕ1pε, b,D, c, η, fq :“ max

#

ψpc` 1, b,Dq, ψ

ˆˆ

4

ε
` 1

˙

c, b,D

˙

,

˜

D p2ηpmintε{2, 2uqq2

18

¸´1

pc` bq,

ϕ

˜

D p2ηpmintε{2, 2uqq2

18
, b, f

¸+

with ϕ defined as in Lemma 5.16 and ψ as in Lemma 5.17.
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Proof. As Atx P AJtx and as A is accretive, there is a jt P Jpy´Jtxq such that xz´Atx, jty ě 0.
Therefore we have

B

z

‖z‖
,

jt
‖y ´ Jtx‖

F

ě

B

Atx

‖z‖
,

jt
‖y ´ Jtx‖

F

for any t such that t ě ψpc`1, b,Dq as then ‖Jtx‖ ą c which implies y ‰ Jtx and z ‰ 0 follows
by ‖z‖ ě d ě D ą 0. Then further

B

Jtx´ x,
jt

‖y ´ Jtx‖

F

ď ‖y ´ x‖´ ‖y ´ Jtx‖ ,

by (an argument similar to the proof of) Proposition 3.3 and we thus obtain
B

Atx,
jt

‖y ´ Jtx‖

F

ě

∥∥∥∥yt ´ Jtx

t

∥∥∥∥´ ‖y ´ x‖
t

ě
‖Jtx‖
t

´
‖y‖
t
´

‖y ´ x‖
t

.

Thus for any δ P Rą0 and any

t ě max
 

pδ{3q´1pc` bq, ϕpδ{3, b, fq
(

,

we obtain from Lemma 5.16 that
B

z

‖z‖
,

jt
‖y ´ Jtx‖

F

ě
d

‖z‖
´

δ

‖z‖

ě
1

1` 2ηpmintε{2, 2uq
´

δ

‖z‖
.

Now we get 1´ p2ηpmintε{2, 2uqq2 ` p2ηpmintε{2, 2uqq2 “ 1 and therefore

1 “ p1` 2ηpmintε{2, 2uqqp1´ 2ηpmintε{2, 2uqq ` p2ηpmintε{2, 2uqq2

which yields

1

1` 2ηpmintε{2, 2uq
“ 1´ 2ηpmintε{2, 2uq `

p2ηpmintε{2, 2uqq2

1` 2ηpmintε{2, 2uq

ě 1´ 2ηpmintε{2, 2uq `
p2ηpmintε{2, 2uqq2

3
.

Thus for

t ě max

$

&

%

˜

D p2ηpmintε{2, 2uqq2

18

¸´1

pc` bq, ϕ

˜

D p2ηpmintε{2, 2uqq2

18
, b, f

¸

,

.

-

,

we obtain (using z P ranA) that
B

z

‖z‖
,

jt
‖y ´ Jtx‖

F

ě 1´ 2ηpmintε{2, 2uq `
p2ηpmintε{2, 2uqq2

3

´
D p2ηpmintε{2, 2uqq2

6 ‖z‖

ě 1´ 2ηpmintε{2, 2uq `
p2ηpmintε{2, 2uqq2

6
ą 1´ 2ηpmintε{2, 2uq.
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Then in particular ∥∥∥∥ z

‖z‖
´

y ´ Jtx

‖y ´ Jtx‖

∥∥∥∥ ď ε

2
by Lemma 5.18 for all such t.

Now, secondly: ∥∥∥∥ y ´ Jtx

‖y ´ Jtx‖
`

Jtx

‖Jtx‖

∥∥∥∥ ď ‖y‖
|‖y‖´ ‖Jtx‖|

`

ˇ

ˇ

ˇ

ˇ

1´
‖Jtx‖

‖y ´ Jtx‖

ˇ

ˇ

ˇ

ˇ

For δ ą 0 and t ě ψppδ´1 ` 1qc, b,Dq, we immediately have

‖y‖
|‖y‖´ ‖Jtx‖|

ď
c

pδ´1 ` 1qc´ ‖y‖
ď δ

by Lemma 5.17. Similarly, we get for t ě ψppδ´1 ` 1qc, b,Dq, as pδ´1 ` 1qc ě δ´1c, that

‖y‖
‖y‖` ‖Jtx‖

ď
c

‖y‖` δ´1c
ď

c

δ´1c
“ δ.

Further, we have

1´
‖y‖

‖y‖` ‖Jtx‖
ď

‖Jtx‖
‖y ´ Jtx‖

ď 1`
‖y‖

| ‖y‖´ ‖Jtx‖ |
and thus for t ě ψppδ´1 ` 1qc, b,Dq, we get

ˇ

ˇ

ˇ

ˇ

1´
‖Jtx‖

‖y ´ Jtx‖

ˇ

ˇ

ˇ

ˇ

ď δ.

Combining the above, we have that for any t ě ψpppε{4q´1 ` 1qc, b,Dq:∥∥∥∥ y ´ Jtx

‖y ´ Jtx‖
`

Jtx

‖Jtx‖

∥∥∥∥ ď ε

2
.

Thus, finally for t ě ϕ1pε, b,D, c, η, fq we obtain the desired result by triangle inequality. �

Lemma 5.20. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s with (w.l.o.g.) ηpεq ď ε. Suppose that f : Rą0 Ñ N satisfies fpεq ě fpδq for
ε ď δ and

@ε ą 0Dpy, zq P A p‖y‖ , ‖z‖ ď fpεq ^ ‖z‖´ d ď εq .

Let ε ą 0 be given, assume that E P N˚, D P Rą0 where E ě d ě D. Let x P domA with
v P Ax and b P N˚ where b ě ‖x‖ , ‖v‖. Then, for any t, s ě ϕ12pε, b,D, η, E, fq:∥∥∥∥Jsxs ´

Jtx

t

∥∥∥∥ ď ε

where

ϕ12pε, b,D, η, E, fq :“ maxtϕpε{3, b, fq, ϕ1pε{6E, b,D, fp2Dηpmintε{12E, 2uqq, η, fqu

with ϕ as in Lemma 5.16 and ϕ1 as in Lemma 5.19.

Proof. We have that there exits z P Ay such that ‖z‖ ď d` 2dηpmintε{4, 2uq with ‖y‖ , ‖z‖ ď
fp2Dηpmintε{4, 2uqq. Thus, using Lemma 5.19, we have for

t, s ě ϕ1pε{2, b,D, fp2Dηpmintε{4, 2uqq, η, fq

that it holds that∥∥∥∥ Jsx

‖Jsx‖
´

Jtx

‖Jtx‖

∥∥∥∥ ď ∥∥∥∥ z

‖z‖
`

Jsx

‖Jsx‖

∥∥∥∥` ∥∥∥∥´ z

‖z‖
´

Jtx

‖Jtx‖

∥∥∥∥ ď ε.
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Therefore, we in particular have that∥∥∥∥Jsxs ´
Jtx

t

∥∥∥∥ “ ∥∥∥∥ Jsx

‖Jsx‖
‖Jsx‖
s

´
Jtx

‖Jtx‖
‖Jtx‖
t

∥∥∥∥
ď

∥∥∥∥ Jsx

‖Jsx‖
‖Jsx‖
s

´
Jsx

‖Jsx‖
d

∥∥∥∥` ∥∥∥∥ Jsx

‖Jsx‖
d´

Jtx

‖Jtx‖
d

∥∥∥∥
`

∥∥∥∥ Jtx

‖Jtx‖
d´

Jtx

‖Jtx‖
‖Jtx‖
t

∥∥∥∥
ď

ˇ

ˇ

ˇ

ˇ

‖Jsx‖
s

´ d

ˇ

ˇ

ˇ

ˇ

` d

∥∥∥∥ Jsx

‖Jsx‖
´

Jtx

‖Jtx‖

∥∥∥∥` ˇ

ˇ

ˇ

ˇ

d´
‖Jtx‖
t

ˇ

ˇ

ˇ

ˇ

.

Thus, for t, s ě ϕ12pε, b,D, η, E, fq, we get the claim by Lemma 5.16 together with the above. �

This result, which presents the quantitative version of the Cauchyness of Jtx{t in the case
that d ą 0, can now be smoothed to omit this assumption. For this, note that through the
trivial proof of the case of d “ 0, one obtains the following quantitative version of the full
result:

Lemma 5.21. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s with (w.l.o.g.) ηpεq ď ε. Suppose that f : Rą0 Ñ N satisfies fpεq ě fpδq for
ε ď δ and

@ε ą 0Dpy, zq P A p‖y‖ , ‖z‖ ď fpεq ^ ‖z‖´ d ď εq .

Let ε ą 0 be given, assume that E P N˚ where E ě d. Let x P domA with v P Ax and b P N˚
where b ě ‖x‖ , ‖v‖. Then, for any t, s ě ϕ2pε, b, η, E, fq:∥∥∥∥Jsxs ´

Jtx

t

∥∥∥∥ ď ε

where

ϕ2pε, b, η, E, fq :“ maxtϕpε{4, b, fq, ϕpε{3, b, fq,

ϕ1pε{6E, b, ε{4, fpεηpmintε{12E, 2uq{2q, η, fqu

with ϕ as in Lemma 5.16 and ϕ1 as in Lemma 5.19.

Proof. Suppose that d ď ε{4. By Lemma 5.16, we have that
ˇ

ˇ

ˇ

ˇ

‖Jtx‖
t

´ d

ˇ

ˇ

ˇ

ˇ

ď ε{4

for any t ě ϕpε{4, b, fq. Thus in particular we have that ‖Jtx‖ {t ď ε{2 for all such t and thus∥∥∥∥Jsxs ´
Jtx

t

∥∥∥∥ ď ∥∥∥∥Jsxs
∥∥∥∥` ∥∥∥∥Jtxt

∥∥∥∥ ď ε

for all t, s ě ϕpε{4, b, fq in that case. Otherwise d ě ε{4 and thus the above result holds for
t, s ě ϕ12pε, b, ε{4, η, E, fq by Lemma 5.20, with D “ ε{4. �

The rest of the proof given in [58] now relies on the use of the limit ´vx of Jtx{t for tÑ 8.
By the above lemma, this limit exists as X is complete. While we emphasized that this limit
a priori depends on the starting point x, the following lemma (which provides a concrete
quantitative version of Lemma 3.2 given in [58]) shows that this limit is actually unique, i.e all
the vx coincide.
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Lemma 5.22. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s with (w.l.o.g.) ηpεq ď ε. Suppose that f : Rą0 Ñ N satisfies fpεq ě fpδq for
ε ď δ and

@ε ą 0Dpy, zq P A p‖y‖ , ‖z‖ ď fpεq ^ ‖z‖´ d ď εq .

Let ε ą 0 be given, assume that E P N˚ and D P Rą0 where E ě d ě D and let z P Ay be such
that

‖z‖ ď d` 2dη

ˆ

min

"

ε

16pE ` 1q
, 2

*˙

.

If x P domA, then ‖z ´ vx‖ ď ε.

Proof. We write δε “ 2dηpmintε{16pE ` 1q, 2uq. Then, for ‖z‖ ď d` δε, we have∥∥∥∥z ` Jtx

t

∥∥∥∥ “ ∥∥∥∥z ` Jtx

‖Jtx‖
‖Jtx‖
t

∥∥∥∥
ď

∥∥∥∥z ´ d

‖z‖
z

∥∥∥∥` ∥∥∥∥ d

‖z‖
z `

Jtx

‖Jtx‖
‖Jtx‖
t

∥∥∥∥
ď ‖z‖´ d`

∥∥∥∥ d

‖z‖
z `

Jtx

‖Jtx‖
‖Jtx‖
t

∥∥∥∥
ď δε `

∥∥∥∥ d

‖z‖
z `

Jtx

‖Jtx‖
‖Jtx‖
t

∥∥∥∥ .
Similar to before, we have∥∥∥∥ d

‖z‖
z `

Jtx

‖Jtx‖
‖Jtx‖
t

∥∥∥∥ ď ∥∥∥∥ d

‖z‖
z ´

z

‖z‖
‖Jtx‖
t

∥∥∥∥` ∥∥∥∥ z

‖z‖
‖Jtx‖
t

`
Jtx

‖Jtx‖
‖Jtx‖
t

∥∥∥∥
“

ˇ

ˇ

ˇ

ˇ

d´
‖Jtx‖
t

ˇ

ˇ

ˇ

ˇ

`
‖Jtx‖
t

∥∥∥∥ z

‖z‖
`

Jtx

‖Jtx‖

∥∥∥∥ .
From this we obtain that ∥∥∥∥z ` Jtx

t

∥∥∥∥ ď δε `
ε

4

for all

t ě maxtϕpmintε{8, 1u, b, fq, ϕ1pε{8pE ` 1q, b,D, c, η, fqu

where c, b P N˚ are such that c ě ‖y‖ , ‖z‖ and b ě ‖x‖ , ‖v‖ for v P Ax as, for one, t ě
ϕpmintε{8, 1u, b, fq and thus

ˇ

ˇ

ˇ

ˇ

d´
‖Jtx‖
t

ˇ

ˇ

ˇ

ˇ

ď mintε{8, 1u

by Lemma 5.16 as well as ‖Jtx‖
t
ď d`1 ď E`1 and, for another, t ě ϕ1pε{8pE`1q, b,D, c, η, fq

and thus
‖Jtx‖
t

∥∥∥∥ z

‖z‖
`

Jtx

‖Jtx‖

∥∥∥∥ ď ε{8

by Lemma 5.19. Then the properties of η imply that δε ď ε{4 and thus∥∥∥∥z ` Jtx

t

∥∥∥∥ ď ε{2

for all such t. Then

‖z ´ vx‖ ď
∥∥∥∥z ` Jtx

t

∥∥∥∥` ∥∥∥∥vx ` Jtx

t

∥∥∥∥



44 NICHOLAS PISCHKE

for all t and thus choosing

t “ maxtϕpmintε{8, 1u, b, fq, ϕ1pε{8pE ` 1q, b,D, c, η, fq, ϕ2pε{2, b, η, E, fqu

implies ‖z ´ vx‖ ď ε by definition of vx (which yields that ϕ2 is a rate of convergence for Jtx{t
towards ´vx) and Lemma 5.21. �

Lemma 5.23. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s with (w.l.o.g.) ηpεq ď ε. Suppose that f : Rą0 Ñ N satisfies fpεq ě fpδq for
ε ď δ and

@ε ą 0Dpy, zq P A p‖y‖ , ‖z‖ ď fpεq ^ ‖z‖´ d ď εq .

Let ε ą 0 be given, assume that E P N˚ where E ě d and let z P Ay be such that

‖z‖ ď d`min

"

εη

ˆ

min

"

ε

16pE ` 1q
, 2

*˙

{4, ε{8

*

.

If x P domA, then ‖z ´ vx‖ ď ε.

Proof. Let ε be given. Then either d ď ε{8 which, since ‖z‖ ď d` ε{8, implies ‖z‖ ď ε{4. For

t ě maxtϕpε{4, b, fq, ϕ2pε{4, b, η, E, fqu,

we then get

‖z ´ vx‖ ď ‖z‖` ‖vx‖

ď ‖z‖` d`
ˇ

ˇ

ˇ

ˇ

d´
‖Jtx‖
t

ˇ

ˇ

ˇ

ˇ

`

∥∥∥∥vx ` Jtx

t

∥∥∥∥
ď ε.

Otherwise we have d ě ε{8 and thus, we get the same result for

‖z‖ ď d` εη

ˆ

min

"

ε

16pE ` 1q
, 2

*˙

{4 ď d` 2dη

ˆ

min

"

ε

16pE ` 1q
, 2

*˙

by Lemma 5.22, with D “ ε{8. �

Theorem 5.24. Let X be a uniformly convex Banach space with a modulus of uniform convexity
η : p0, 2s Ñ p0, 1s with (w.l.o.g.) ηpεq ď ε. Suppose that f : Rą0 Ñ N satisfies fpεq ě fpδq for
ε ď δ and

@ε ą 0Dpy, zq P A p‖y‖ , ‖z‖ ď fpεq ^ ‖z‖´ d ď εq .

Assume that E P N˚ where E ě d and further that x P domA with v P Ax and b P N˚ with
b ě ‖x‖ , ‖v‖. Then

@ε ą 0@t ě Φpε, b, η, E, fq

˜∥∥JAt x´ Sptqx∥∥
t

ď ε

¸

where

Φpε, b, η, E, fq :“ max

#

4

ε

ˆ

b` f

ˆ

min

"

εη

ˆ

min

"

ε{8

16pE ` 1q
, 2

*˙

{32, ε{64

*˙˙

,

8

ε
f

ˆ

min

"

εη

ˆ

min

"

ε{8

16pE ` 1q
, 2

*˙

{32, ε{64

*˙

,

ϕ2pε{2, b, η, E, fq

+
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with

ϕpε, b, fq :“
8pb` fpε{2qq

ε
,

ψpK, b,Dq :“
b`K

D
,

ϕ1pε, b,D, c, η, fq :“max

#

ψpc` 1, b,Dq, ψ

ˆˆ

4

ε
` 1

˙

c, b,D

˙

,

˜

D p2ηpmintε{2, 2uqq2

18

¸´1

pc` bq,

ϕ

˜

D p2ηpmintε{2, 2uqq2

18
, b, f

¸+

,

ϕ2pε, b, η, E, fq :“maxtϕpε{4, b, fq, ϕpε{3, b, fq,

ϕ1pε{6E, b, ε{4, fpεηpmintε{12E, 2uq{2q, η, fqu.

Proof. Given ε, there are z P Ay such that

‖z‖ ď d`min

"

εη

ˆ

min

"

ε{8

16pE ` 1q
, 2

*˙

{32, ε{64

*

and such that ‖y‖ , ‖z‖ ď f
´

min
!

εη
´

min
!

ε{8
16pE`1q

, 2
)¯

{32, ε{64
)¯

. Now, we in particular

have ‖ArJra‖ ď |AJra| ď ‖Ara‖ for all a P domA and thus∥∥At{nJ it{ny∥∥ ď ∥∥∥At{nJ i´1t{n y
∥∥∥ .

Iterating this gives∥∥At{nJ it{ny∥∥ ď ∥∥At{ny∥∥ ď ‖z‖ ď d`min

"

εη

ˆ

min

"

ε{8

16pE ` 1q
, 2

*˙

{32, ε{64

*

for all i P r0;n´ 1s. Now we get ∥∥At{nJ it{ny ´ vx∥∥ ď ε{8

for any i P r0;n ´ 1s by Lemma 5.23 which implies
∥∥∥py ´ Jnt{nyq{t´ vx∥∥∥ ď ε{8 for all t and all

n as ∥∥∥∥y ´ Jnt{nyt
´ vx

∥∥∥∥ “
∥∥∥∥∥
řn´1
i“0 pJ

i
t{ny ´ J

i`1
t{n yq

nt{n
´

řn´1
i“0 vx
n

∥∥∥∥∥
“

∥∥∥∥∥∥∥∥
řn´1
i“0

ˆ

Ji
t{n
y´Ji`1

t{n
y

t{n
´ vx

˙

n

∥∥∥∥∥∥∥∥
ď

řn´1
i“0

∥∥∥At{nJ it{ny ´ vx∥∥∥
n

.

Thus ∥∥∥∥y ´ Sptqyt
´ vx

∥∥∥∥ ď ε{8
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for all t. Then in particular∥∥∥∥Sptqyt ` vx

∥∥∥∥ ď ‖y‖
t
`

∥∥∥∥y ´ Sptqyt
´ vx

∥∥∥∥ ď ‖y‖
t
` ε{8

for all t. In particular, for

t ě pε{8q´1f

ˆ

min

"

εη

ˆ

min

"

ε{8

16pE ` 1q
, 2

*˙

{32, ε{64

*˙

,

we have ∥∥∥∥Sptqyt ` vx

∥∥∥∥ ď ε{4.

Continuing, we obtain ∥∥∥∥Sptqxt ` vx

∥∥∥∥ ď ∥∥∥∥Sptqyt ` vx

∥∥∥∥` ‖x´ y‖
t

which implies ∥∥∥∥Sptqxt ` vx

∥∥∥∥ ď ε{2

for all

t ě max

#

pε{8q´1f

ˆ

min

"

εη

ˆ

min

"

ε{8

16pE ` 1q
, 2

*˙

{32, ε{64

*˙

,

pε{4q´1
ˆ

b` f

ˆ

min

"

εη

ˆ

min

"

ε{8

16pE ` 1q
, 2

*˙

{32, ε{64

*˙˙

+

.

Finally, we get ∥∥∥∥Sptqx´ Jtxt

∥∥∥∥ ď ∥∥∥∥Sptqxt ` vx

∥∥∥∥` ∥∥∥∥vx ` Jtx

t

∥∥∥∥
and thus ∥∥∥∥Sptqx´ Jtxt

∥∥∥∥ ď ε

for all t ě Φpε, b, η, E, fq by Lemma 5.21 and the definition of vx (which yields that ϕ2 is a rate
of convergence as before). �

5.3. Logical remarks on the above results. Lastly, we want to outline the additional
modifications to Hω

p necessary for formalizing the proofs of the theorems of Plant and Reich.
These modifications in that way give rise to the systems and bound extraction results underlying
the extractions outlined above. In that context, we here in particular move away from the use of
arbitrary real errors ε and again consider representations of errors via natural numbers through
2´k.

At first, both results are formulated for points x P domA and by the logical methodology,
this stands for the existential assumption DyXpy P Axq which yields that at least a priori the
extracted rates will in particular depend on an upper bound on the norm of this witness which
is also the case for the above rates.

The second prominent assumption in both results is that of uniform convexity which was
quantitatively treated above via the modulus of uniform convexity η. Formally, this can be
achieved by adding an additional constant η of type N Ñ N together with a corresponding
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axiom stating that it represents a modulus of uniform convexity for X (see [25] for more
details):

@xX , yX , kN
ˆ

‖x‖X , ‖y‖X ăR 1^
∥∥∥x`X y

2

∥∥∥
X
ąR 1´ 2´ηpkq

Ñ ‖x´X y‖X ďR 2´k
˙

.

To really formally encapsulate the previous proof where η was applied to various reals, one
would first have to extend η to QX p0, 2s via

ηpεq :“ 2´ηpmin kr2´kďεsq

for ε P QX p0, 2s and then move to rational approximations of the reals in question. We avoid
spelling this out any further.

We now first focus on the theorem of Plant. The main object featuring in Plant’s proof (and
consequently in the above results as well) is the limit functional |Ax|. The use of this functional
can now be emulated in the context of Hω

p by extending the underlying language with a further

constant of type X Ñ NN which we denote by |A ¨ | (where we correspondingly denote |A ¨ |x by
|Ax| for simplicity). One first natural axiom for this constant is induced by the natural bound
on |Ax| by ‖v‖ for v P Ax witnessing x P domA:

(L1) @xX , vX , λN
N
pv P Ax^ 0 ăR λ ăR λ0 Ñ ‖Aλx‖X ďR |Ax| ďR ‖v‖Xq .

As shortly mentioned in the above quantitative results, the convergence of ‖Aλx‖ to |Ax| for
x P domA as λ Ñ 0 is “equivalent” to the lower semicontinuity of |Ax| on domA. This vague
“equivalence” can now be made precise through the system Hω

p ` pL1q in the following sense:

Proposition 5.25. Over Hω
p ` pL1q, the following are equivalent:

(1) ‖Atx‖Ñ |Ax| while tÑ 0` for all x P domA, i.e.

@xX , kNDnN `x P domAÑ |Ax| ´ ‖A2´nx‖X ďR 2´k
˘

;

(2) lower semicontinuity for |Ax| for all x P domA, i.e.

@kN, xXDmN
@yXpx P domA^ y P domA^ ‖x´X y‖X ďR 2´m

Ñ |Ax| ´ |Ay| ďR 2´kq.

Proof. From (1) to (2), let x P domA and k be given. For y P domA, we have

|Ax| ´ |Ay| ď |Ax| ´ ‖Aλy‖
ď |Ax| ´ ‖Aλx‖` | ‖Aλx‖´ ‖Aλy‖ |
ď |Ax| ´ ‖Aλx‖` 2{λ ‖x´ y‖

for any λ P p0, λ0q. Now, using (1) we pick n such that |Ax| ´ ‖A2´nx‖ ď 2´pk`1q and then pick
m “ n` k ` 2 such that 2n`1 ‖x´ y‖ ď 2´pk`1q which yields |Ax| ´ |Ay| ď 2´k.

From (2) to (1), let x P domA and k be given. Using (2), we pick an m such that |Ax|´|Ay| ď
2´k for all y P domA such that ‖x´ y‖ ď 2´m. Now, for n ě b ` m for b ě ‖v‖ for some
v P Ax, we then get ∥∥x´ JA2´nx∥∥ ď 2´n ‖v‖ ď 2´m

which in particular implies

|Ax| ´ ‖A2´nx‖ ď |Ax| ´ |AJA2´nx| ď 2´k
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using A2´nx P AJ
A
2´nx. �

In that way, the convergence of ‖Aλx‖ to |Ax| on domA relates to an extensionality princi-
ple of |A ¨ |. Now, in the context of set-valued operators, these continuity and extensionality
principles can be logically complicated and intricate (see [49] as well as the forthcoming [50]).
In any way, as in the case of the functional x¨, ¨ys, the logical methodology based on the mono-
tone Dialectica interpretation now implies the following quantitative version of the statement
of item (2): under this interpretation, the statement (2) is upgraded to the existence of a “mod-
ulus of uniform lower semicontinuity” which, as with x¨, ¨ys, by the uniformity on x induced
by majorization, is essentially a modulus of uniform continuity. Concretely, this uniformized
version of item (2) can be formally hardwired into the system by extending it with an additional
constant ϕ of type NÑ pNÑ Nq together with the axiom

@bN, kN, xX , yX , uX , vX
´´

‖x‖X , ‖y‖X , ‖u‖X , ‖v‖X ăR b(L2)

^u P Ax^ v P Ay ^ ‖x´X y‖X ăR 2´ϕpk,bq
¯

Ñ |Ax| ´ |Ay| ďR 2´k
¯

.

Under this extension, Lemma 5.4 is then the natural extraction of a corresponding rate of
convergence from the above equivalence proof, under this (therefore) necessary assumption of
a modulus of uniform continuity for |A ¨ |, following the previous metatheorems. Note however
that these metatheorems in general, through this treatment of |A ¨ |, imply a dependence of the
extracted bounds on a majorant for the constant |A ¨ |, i.e. on a function f : NÑ N such that

‖x‖ ď bÑ |Ax| ď fpbq for all x P domA.

Only under this additional dependence on a majorant for |A ¨ | do the previous metatheorems
contained in Theorems 4.6 and 4.7 extend to Hω

p ` pL1q ` pL2q.

Here, we shortly want to make a note on the strength of the existence of such a majorant.
For this, we first remind on the notion of a majorizable operator introduced in [49] (see also the
previous Remark 4.5): an operator A : X Ñ 2X is called majorizable if there exists a function
f : NÑ N such that

@x P domA, b P N p‖x‖ ď bÑ Dy P Ax p‖y‖ ď fpbqqq .

As discussed in [49], there are non-majorizable operators and so the assumption that A is
majorizable is a proper restriction. In particular, note now that if A is such that the minimal
selection A˝x “ argmint‖y‖ | y P Axu exists, then |Ax| “ ‖A˝x‖ and thus majorizability of
A is equivalent to majorizability of |A ¨ |. Thus, while in general potentially a bit weaker, the
assumption of majorizability of |A¨| in particular also seems to carry additional strength similar
to that of majorizability of A in most cases.

However, as apparent from the result in Lemma 5.4, such a majorant however does not feature
in the extracted bounds and we actually find that such a majorant also does not feature in any
of the other quantitative results in the context of Plant’s theorem. While this is seems to be
a particular coincidence in the context of Lemma 5.4, there is actually a logical reason which
guarantees this “non-dependence” a priori for all the other results. Concretely, the reason is
that all the other proofs analyzed have the two crucial properties that, for one, they can be
formalized under the assumption of a rate of convergence for ‖Aλx‖ toward |Ax| which can
similarly be added to the system and that, for another, they are “pointwise” results in x in
the sense that they do not require knowledge of |A ¨ | for any point other than x. In that way,
instead of following the above route of formalizing the whole functional |A ¨ |, one can add two
constant representing this “particular ” x and a witness v P Ax as well as a constant |Ax| of
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type NN for this single value of |A ¨ | at the constant x and a constant ϕ representing a rate of
convergence for ‖Aλx‖ to |Ax| for this single constant x. Then, the other proofs still formalize
and in particular depend only on majorants for ϕ, x, v and |Ax| and the one for the latter
three can be assumed to coincide and to be represented in the above results by b. In particular,
the strong assumption of majorizability of |A ¨ | can be avoided a priori in that way. That
the extracted rates are true for all x then is drawn as a conclusion on the metalevel as the
additional constants were generic. In this way, this also provides a logical insight on why all
the other results in the context of Plant’s theorem remain true if ϕ1 represents any other rate
of convergence besides the one constructed from the modulus of uniform continuity for |A ¨ | as
commented on before.

As a last comment on the logical particularities of the proofs towards Plant’s theorem, we
want to note in the context of Miyadera’s lemma from [42] that the only properties of x¨, ¨ys
required in the proof given in [42] are the properties discussed in Section 3.3. Further, by
the fact that the proof given by Crandall in [9] of his respective result actually only invokes
Miyadera’s lemma for x P domA and for some ζ˚ P Jpx´x0q, this ζ˚ can thus for simplicity be
assumed to coincide with jv,y0 for v P Ax witnessing x P domA and y0 P Ax0 as in Miyadera’s
lemma. So, combined we have that this use of Miyadera’s lemma in the context of the proof of
Plant’s result immediately formalizes in the system Hω

p ` p`q.

We now consider the theorem of Reich (which features less logical subtleties). The main
object featuring in Reich’s proof is the value d, the infimum over norms of all elements in the
range of the operator. Internally in Hω

p , this value can be represented by adding a further

constant of type NN which we, for simplicity, also denote by d together with a further constant
fNÑN representing the witness for the monotone Dialectica interpretation of the property

@kDy, z
`

z P Ay ^ ‖z‖´ d ď 2´k
˘

expressing that d indeed is the said infimum. So, we can concretely facilitate the use of d by
adding the following two axioms for d:

(d)

#

@yX , zX pz P Ay Ñ d ďR ‖z‖Xq ,
@kNDy, z ĺX fpkq1X

`

z P Ay ^ ‖z‖X ´ d ďR 2´k
˘

.

The additional constants are immediately majorizable: f is majorized by fM as it is of type
NN and d is just majorized by pnq˝ for n ě ‖dX‖. Therefore the bound extraction theorems
extend to this augmentation of Hω

p in an immediate way where, in particular, the extracted
bounds will in general depend on an upper bound on d as can be seen from some of the bounds
extracted in the context of Reich’s theorem.

The second particularity of the formalization of the proof of Reich’s result is that one actually
needs to work with the limit of Jtx{t, called ´vx in the above, as a concrete object. In the
context of the limit operator C however, we can formally deal with this object in the context
of the formal systems underlying this extraction rather immediately by utilizing the previously
extracted rate ϕ2pkq (where we for simplicity omit the other parameters for now and switched
back to a representation of errors via 2´k) to then address the limit vx in the system by
considering

vx “ ´C

˜˜

JAϕ2pkq
x

ϕ2pkq

¸

k

¸

.

In particular, with this definition of vx, the other proofs in the context of Reich’s theorem
immediately formalize.
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As a last logical comment, we shortly want to discuss on the particular use of the law of
excluded middle (and thus of classical logic) in the proofs for the results of Reich and Plant
and how this features in the extractions, considering the fact that rates of convergence were
nevertheless extracted in the absence of monotonicity. This in fact relates to the circumstances
of the (previously called “smoothable”) case distinctions. Namely, as can be observed by closer
inspection of the corresponding proofs, the only part where classical logic actually features in
the proofs of Reich and Plant is trough the use of multiple case distinctions which, in the case
of Reich’s result, take the form of dividing the proof between whether

d “ 0 or d ą 0

and, in the case of Plant’s result, take the form of dividing the proof between whether

|Ax| “ 0 or |Ax| ą 0.

The deductions of the main results from both parts of this case distinction are essentially
constructive (where the“ 0-case is almost trivial in both cases) and in that way, the constructive
metatheorems actually allow for the extraction of a rate of convergence from the ą 0-cases as
the corresponding results are of the form

d ąR 0 Ñ C ” @cN
`

d ěR 2´c Ñ C
˘

and

|Ax| ąR 0 Ñ C ” @cN
`

|Ax| ěR 2´c Ñ C
˘

where C is any of the respective convergence statements. These rates will moreover depend on
the parameter c. For the “ 0-cases, being of the form

d “R 0 Ñ C and |Ax| “R 0 Ñ C

where C is any of the respective convergence statements, we find that in these cases one can
actually find different constructive proofs (compared to the ones given in the literature) of the
classically equivalent but constructively stronger statements

Dc1
N
´

d ďR 2´c
1

Ñ C
¯

and Dc1
N
´

|Ax| ďR 2´c
1

Ñ C
¯

.

These new proofs of said statements (which were presented and analyzed in the previous sec-
tion) are again essentially constructive so that the constructive metatheorems guarantee the
extraction of a rate again, now together with the extraction of an upper bound on (and thus a
realizer of) the value c1. The previously mentioned “smoothening” is now just a combination
of these two cases by instantiating the former rate with c “ c1 and combining the two resulting
rates.
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