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ABSTRACT. We provide quantitative results on the convergence of the extragradient algorithm of Korpelevich
in the form of a computable and highly uniform rate of metastability (in the sense of T. Tao) as well as, under
a general metric regularity assumption in the sense of U. Kohlenbach, G. Lépez-Acedo and A. Nicolae, even in
the form of a rate of convergence.
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1. INTRODUCTION

Let R? be the Euclidean space with the usual inner product (-,-) and norm |[|-||. The variational inequality
problem [1, 11] consists of finding a point u* € C such that

(Tu*,u —u*)y >0 for all u € C,

for a given closed and convex set C' C RY and a mapping 7 : R? — R9. We write VIP(T,C) for the set of all
such solutions u* € C.

In [19], Korpelevich proposed what is now known as the extragradient algorithm to solve the variational
inequality problem which takes the form of a split iteration
" = Po(u* — aTu"),
uFtt = Po(uf — oTT"),

with a parameter &« > 0 and where Pg is the projection onto C'. Under suitable conditions on T and «,
Korpelevich showed convergence of the algorithm. Concretely, we will require 7" to be monotone, i.e. to satisfy

(T — Ty,x —y) >0 for all z,y € C,
as well as to be Lipschitz-continuous with constant L, i.e. to satisfy
[Tz —Ty|| < Lz -yl forall z,y € C.

Then, Korpelevich’s convergence result takes the form of the following theorem:

Theorem 1 ([19]). Let VIP(T,C) # 0 and suppose T is monotone and Lipschitz continuous with constant L.
If0 < a < 1/L, then (u*) converges to a point in VIP(T, C).

This result given by Korpelevich contains no additional quantitative information, like explicit (or possibly
effective) rates of convergence or similar. In this note we, in that vein, provide a highly uniform and fully
effective rate of so-called metastability in the sense of Tao [28, 29] and even an effective rate of convergence
under an additional metric regularity assumption in the sense of [18].

In terms of quantitative information, it is well known since the seminal work of Specker [27] that even for
computable sequences of real numbers, in general, there exists no computable rate of convergence and as exten-
sively discussed in [24], these examples can be adapted such that they provide counterexamples for computable
rates of convergence for many central iterative methods from nonlinear analysis and optimization. Similarly, it
is straightforward to adapt examples from [24] to also rule out computable rates of convergence for Korpelevich’s
algorithm, even in the simplest case of d =1 and C = R.
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However, instead of searching for an upper bound ®(k) on the quantifier ‘In € N’ in the Cauchy property
1
Vk € NIn € NVi,j > n | d(zi,z;) < ——
n zg_n((a: z;) k—i—l)
over, say, a metric space (X, d), one can consider the (noneffectively) equivalent reformulation®
1
Vk € NVg € NV3n € NVi, j € [n;n + g(n)] (d(xi7xj) < k+1> :

In this formulation, highly uniform and computable bounds ®(k, g) on the quantifier ‘In € N’, known as rates of
metastability after Tao [28, 29] as mentioned before, are actually guaranteed to exist in very general situations
by general logical metatheorems from the context of the ‘proof mining’ program where logical machinery is
applied to prima facie nonconstructive proofs from ordinary mathematics to extract quantitative information
(see [12] for a book treatment and [13] for a recent survey).

These results and methods obtained in the context of the ‘proof mining’ program also form the basis for the
results presented in this note. Note for this that in particular, on the way to her convergence result, Korpelevich
established the following two key lemmas:

Lemma 2 ([19]). Let u* € VIP(T,C). Then Huk+1 —ut

<t~

for all k.
Lemma 3 ([19]). Let VIP(T,C) # 0. Then |[u* —u"|| — 0 for k — cc.

In that way, the sequence generated by the algorithm has the property of being Fejér monotone [6] and
abstract results established in [16, 18] (similarly in the context of the proof mining program) guarantee the
existence for respective rates of metastability and, under additional regularity assumptions as mentioned be-
fore, rates of convergence and these can, moreover, be constructed from respective quantitative versions of
the properties given in Lemmas 2 and 3. It is the extraction of these quantitative versions of Lemma 2 and
Lemma 3, themselves originating from logical considerations, together with the resulting construction of a rate of
metastability and (under a metric regularity assumption) a rate of convergence as in [16, 18], that we detail here.

In that way, this note provides a further concrete instance for an exemplary application of the very abstract
approach from [16, 18] (which has so far been successfully applied e.g. in the context of the proximal point
algorithm [14, 15, 21, 20], subgradient methods for equilibrium problems [26] or regarding the asymptotic
regularity of compositions of two mappings [17], among others). Beyond this however, while the original
algorithm of Korpelevich is a very concrete case to be analyzed using this proof theoretic approach, we think that
the methods used here can be employed, potentially with small modifications, to further provide quantitative
results for the various extensions and modifications of Korpelevich’s algorithm [3, 4, 5, 8, 9, 23, 22, 31] and other
related general extragradient procedures which have received significant attention in the last years. To that
end, as common in the context of applications of proof mining, while the present results were obtained using
said underlying logical methodology, they are presented in this work without any further reference to logic.

2. PRELIMINARY QUANTITATIVE RESULTS

Throughout, let M € N\ {0} be an upper bound on HukH , HﬂkH for all k as generated by Korpelevich’s
algorithm for some T" which is monotone and Lipschitz continuous with constant L and for 0 < aw < 1/L. Note
that the existence of such an M is guaranteed under the assumption that VIP(T, C') # 0 as using Lemma 2 on
u* € VIP(T, C) yields

] < e = o+ el < [l = + flel
i.e. (u*) is bounded and thus also (7*) is bounded by Lemma 3. Define X = Bj;(0) N C which is compact as
C is closed. Adapting from [19], we define

p(u) = |lu = Po(u—aTu)|

and in general write T := Po(u — oTu) for a given u where Pc is the projection onto C as before which, in
Hilbert spaces, is a nonexpansive map.

The rest of this section presents general quantitative versions of Lemmas 2 and 3 as well as of related partial
results given in Korpelevich’s proof from [19]. These will be combined to a rate of metastability or respectively

1Here7 we write [n;n+m]:={n+i|i€Nand 0 <i<m}.
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to a rate of convergence in the next section.

To begin with, a proof-theoretic analysis of the proof given in [19] for Lemma 2 yields the following quanti-
tative version.

Lemma 4. If u* € C is such that (Tu*,u —u*) > —¢ for any u € Xy, then

Huk-‘rl _ ’U/*

2§ Huk—u* 2+2a5

for any k € N.

Proof. From the characterization of the projection Pc in inner product spaces [2, Theorem 3.16], we have
(u — Pou,v — Pou) < 0 for all u € R”, v € C. Thus in particular |Ju —v|*> > |lu — Peul|® + |[v — Poul|® for all
uweR™ veC. Withv =u* and u = u* — aTT", this yields

||ukJr1 —u* |2 < Hu’l€ —aTa" —u* ? |l — aTa* — uk+1H2

Ju
= ||uk - u*H2 —2a(TT", u* — u*) + ||aTHk||2
= (k= | - 200wk - b 4 o)
= [k — wr|” = [t = k|| = 20T b — )
+ 2a(TT*, uk — uF+1)
= [Ju* - u*H2 — ||uftt - ukH2 + 2a(TT", u* — uF 1.
Using that (T'u*,u — u*) > —e for all u € X and using the monotonicity of T, we get
0<(Tu—Tu",u—u")

= (Tu,u—u*)y — (Tu*,u —u")

<(Tu,u—u*)+e
for all u € Xo. For u = @* € Xy, this yields (Ta*,u* — ") < ¢ and therefore
(TT" u* — w1y = (T3, u* —a*) + (Ta*, 7" — u* 1)
<(Ta*,a" — w1 +e.
Combined, we get
bt =t |* < [t =) = [t = | 4 20T @ - B o+ 20e

R

+ 2(uf — 7k T — uk+1>) + 2a(TT*, @ — u**Y) + 20e
e

+ 2(u” — aTa" — ", —7*) + 2ae.

Now using the characterization of the projection again, we further have
(W* — aTa® —a* uF T — Ty = (WP — aTuk — T W — TR
+ (aTu® — oTa" uF 1 — )
<0 a [Tt - 7| Jur+ - |
< alfu® —at| [lu* -t
and using

oL ||ut —at||” 4 [ — P > 2aL |t — b utt )
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we get

Huk+1_ (|2 2

’ )

= v ~= )

< JJuf =]

— Hﬂk —Uu
+ 2L ||ub —a|” + |7 — " + 2ae
< Huk — u*”2 + (®L* - 1) Huk —ﬂkHQ + 2ae

< Huk —u* 2 + 20

where we have used that aL < 1.
Implicit in the above proof is the following general bound akin to [19].
Lemma 5. Let u* € VIP(T,C) be fized. Then for any k € N:
Jat = |F <l =t + (0222 = 1) b -
From this, we can immediately obtain a respective quantitative version for Lemma 3.

Lemma 6. Let u* € VIP(T,C) with B > ||u® — u*||. For any e > 0:

3 < [ 2| (- <)
~ | e2(1 - a2L?) -
Proof. Lemma 2 yields that for any k:

Huk+1_ *||2

n 2SHuO—u*2

< [Ju*

We show that for any ¢ > 0:

3k < K(e) = Mf;mw (‘

For a contradiction, suppose that there exists an € > 0 such that

VE < K(e (

_ ||uk+1 ot

|2 <e*(1- a2L2)> .

Hu’”‘1 —ut|) >

e2(1— a2L2)) .
Then we get

||u0 - u*||2 > ||lut = u"‘||2 +e%(1 - a?L?)
2+ 72 +1)e*(1 —aL?)
e2(1 — a?L?) (

which is a contradiction. Now, using Lemma 5, we get that there exists a k < K(g) such that

>0 > HU,K(eH‘l —u*

> [lu —

" Vlluk = || s+t — e
o H— Q22

- 62(17042L2)

T V1—a2L2

<e.

Lemma 7. The function ¢ is Lipschitz-continuous with
() — ()| < 2 +aL) fu—]|.
Proof. Let u,u’ be given. Then
() — ()| = |llu =7l — [/ =]
< lu— /|| + lw =2
< |lu —u'|| + ||Pc(u — aTu) — Po(u' — oTu')||
<2fu—d|| + afTu—Tu|
< (@+aL)fu—].
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The following provides a quantitative version of the implicit result given in [19] that p(u*) = 0 implies
u* € VIP(T, C).

Lemma 8. Let u* € Xy be given with N > |[u* — aTu* — Po(u* — aTu*)||. Given e > 0:
< Njﬁ implies (Tu*,u — u*) > —e for any u € Xo.
Proof. Suppose ¢(u*) < ag/(N + 2M). For u € X, we get

p(u”)

(u* —aTu* — Po(u* — aTu*),u — Po(u* —aTu")) <0
by the characterization of Po. Using this, we compute

1
_ * _ *
(—aTu™, u—u*)

1
= ——(u* — aTu* — Po(u* —aTu"),u —u™*)
a
1
+ —(u" — Po(u* — oTu*),u —u")
a

1
= ——(W*" —aTu* — Po(u" —aTu"),u — Po(u* — oTu"))
a

1
— —(u* —aTu" — Po(u* — oTu"), Po(u* — aTu") —u™*)
o
1
+ —(u" — Po(u* — oTu*),u —u*)
o
1 ag 1  ae
>0-—N - *
>0 N Sl + )
ae 1
>———(N+2M
- N+2Ma( * )
> —€
as u,u* € Xo, so ||ul|,||u*|| < M. O

3. QUANTITATIVE VERSIONS OF THE CONVERGENCE OF KORPELEVICH’S ALGORITHM

In this section, we apply the abstract results of [16] as well as of [18] to the particular instance of Korpelevich’s
algorithm. Concretely, we will appropriately translate the previous preliminary quantitative versions of the main
ingredients of the convergence proof presented in [19] to fit the respective formal setups given in [16, 18] and
then derive from this a rate of metastability or a rate of convergence, respectively.

3.1. A rate of metastability. The results given in [16] rely on uniform reformulations of the respective
properties like Fejér monotonicity in terms of approximations instead of full solutions (see [16] for details). In
that way, we define

F = XgNzery

as the solution set as well as

1
= <

as the set of approximate solutions in terms of a specific error.
Then, we can translate the results of the previous section into the relevant bounds and moduli required in
the general abstract setup presented in [16] in the context of these uniform reformulations.
Lemma 9. (u*) is uniformly ((-)?, (-)?)-Fejér monotone w.r.t. F and AF,, in the sense of [16] with modulus
x(k,m,r) =[2(r+2)m(1l + (LM + D) + 2M)] -1
where D > [|TO0||, that is for any k,m,r € N, any u* € AF\ (4 m ) and any | < m:

1
r+1

e R e
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Proof. Let k,m,r € N be given and u* € AF,(k,m,r), i.e. u* € Xy and

1 «
) < <
P) S G £1 S 20 2yma(l £ (LM £ D) + 20

By Lemma 8, as
|lu* — aTu* — Po(u* — oTu")|| < ||u* —u*|| + a||Tu"|]
<14 a(|Tu* —TO0| + ||T0])
<1+ «a(LM + D),
we get (Tu*,u —u*) > —1/2(r + 2)ma for any u € Xy. By iterating Lemma 4, we get
1
r4+1

Hu“l—u* 2 < Huk_u* |2

+

2 +2ma; < Huk —u
2(r 4+ 2)ma

O

Lemma 10. Let u* € VIP(T,C) with B > ||[u® — u*||. Then (u¥) has approzimate F-points in the sense of [16]
with an approrimate F-point bound

vn € N3k < ®(n) (u* € AF,) .

that is

Proof. By Lemma 6 with e = 1/(n + 1):
232
Ik < P”*DBW (HukukH <1 ) ,

| 1—-a2L2

Lemma 11. F is uniformly closed w.r.t. AF,, in the sense of [16] with moduli
dp(n) =2n+1
wrp(n) = [(2+aLl)(2n+2)] -1,
that is for any n € N, any q € AF5,. () and any p with ||p —q|| <1/(wp(n) + 1), we have p € AF,.
Proof. Let q € AFs,(n), .. v(q) <1/(dp(n)+1) and p with ||p — ¢|| < 1/(wr(n)+1). Using Lemma 7, we get
o(p) < ¢(q) + le(p) — e(q)|
<elg) + (2+al)|p—ql

+ 2+ aL)in(n) 1
1

(2+aLl)(2n+2)

< -
~dp(n)+1

+(2+al)

<

—2n+2
1

n+1"

IA

O

d
Theorem 12. Let u* € VIP(T,C) with B > |[u® —u*||, D > ||T0|| and define y(n) := {2(n+ 1)\/EM—‘ . Let

T be monotone and Lipschitz continuous with constant L and assume that 0 < o < 1/L. Then (u*) is Cauchy
and, moreover, for any n € N and any g : N - N

AN < ¥(n,g)¥i,j € [N,N + g(N)] (Hul - < %H Au' € AFn> )

where ¥(n, g) = Vo(P,ng,g) with P =~ ([ 8n+1)2+1-— 1—‘) and

no = max {n F@ + aL)(22n +2)] - 2} }
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and where Uo(m,n,g) is defined by recursion via

Uy (0,m,9) :=0,
Wo(m + 1,1, g) := D(x, (Po(m,n, g),8(n +1)?)),

with
Xn(k,m,r) =max{2n + 1, [(r + 2)m2(1 + (LM + D) + 2M)]| =1},

X"»g(kfr) = Xn(kﬂg(k)vr)v er\z/,[g(k7r) = max{xn,g(im) | i < k}7
as well as ( 122
n+1)°B
®(n) = {1_&21

Proof. The theorem is an instance of Theorem 5.3 given in [16]. Lemma 10 established that ® is an approximate
F-point bound, Lemma 9 established that  is a modulus of uniform (G, H)-Fejér monotonicity for G = H = (-)2,
Lemma 11 established that 6 and wp are moduli of uniform closedness for F' and AF;, and, lastly,

~(n) = [2(71 + 1)\/3de

is a II-modulus of total boundedness for Xy in the sense of [7, 16] which follows from Example 2.8 in [16]. The
result follows (after some obvious simplifications in the bounds) by noting that ag(n) = [vVn+1—1] is a
G-modulus for ()2 and By (n) = (n+1)? — 1 is an H-modulus for (-)? in the sense of [16]. O

The above Theorem 12 is a finitization in the sense of Tao of Korpelevich’s convergence result given in
Theorem 1 since the above theorem only talks about finite segments of (u*) but trivially implies back Theorem
1 (which can be shown in a similar way as outlined in Remark 5.5 in [16]).

3.2. A rate of convergence. As mentioned before, while in general even for Fejér monotone sequences com-
putable rates of convergence are ruled out (see again the discussions in [24]), we can provide such rates under
additional assumptions. A large class of such assumptions in the context of Fejér monotone sequences, gen-
eralizing various concepts known from nonlinear analysis and optimization such as error bounds and metric
subregularity, among others, was introduced and studied in [18] under the name of moduli of regularity. In our
context, we consider the following instantiation of this notion from [18]:

Definition 13. Assume X, Nzerp # () and let u* € Xy Nzerp # () and r > 0. We say that p : (0,00) — (0, 00)
is a modulus of reqularity for ¢ w.r.t. zerp and B, (u*) if for all € > 0 and all € B, (u*), we have that

o(x) < p(e) implies dist(z, zery) < e.
Abstract results given in [18] (see Theorem 4.1) then allow for the construction of a rate of convergence for

our sequence at hand under the assumption that ¢ possesses a modulus of regularity in the above sense:

Theorem 14. Assume Xg Nzerp # () and let u* € X Nzerp and B > Huo — u*H, let T' be monotone and
Lipschitz-continuous with constant L and assume that 0 < o < 1/L. If p is a modulus of regularity for ¢ w.r.t.
zerp and Bp(u*), then (u*) is Cauchy and

Ve > 0Vk, j > ®(p(c/2)) (|[u* — /| <e)

where

BZ
d(e) = :
= | et =]
Proof. The theorem is an instance of Theorem 4.1 given in [18] which follows immediately by noting Lemma 6,

from which we obtain .
k_ =k €
dk < ’7(6/2)2(1 — CY?LQ)-‘ (HU —u H < 5 < 5)

for any € > 0. (]

Based on the general discussions given in [18], it is to be expected that this notion of a modulus of regularity for
p encompasses many of the usual regularity-type assumptions made in the context of extragradient algorithms
to derive rates of convergence with specific (low) complexities. In particular, it is rather immediate to see
that this notion especially generalizes the influential regularity notion due to Tseng [30] which continues to be
prevalent in low complexity estimates on the rates associated with various types of extragradient methods (see

e.g. [10]).



8 NICHOLAS PISCHKE

Definition 15. The problem VIP(T,C) satisfies Tseng’s regularity assumption if it has a solution and there
exist 4,7 > 0 such that for any u € C:

p(u) < 6 implies dist(u, zery) < np(u).

As shown by Tseng in [30], this regularity assumption in particular holds true if

(1) T is strongly monotone and Lipschitz continuous,

(2) C is a polyhedral set and T is affine,

(3) C is a polyhedral set and T is of the form T(z) = ETG(Ez) + q where E is a m x d matrix with no
zero column, ¢ is a vector in R and G : R™ — R™ is a strongly monotone and Lipschitz continuous
function.

E.g., in the first case, if T is strongly monotone with constant « > 0, i.e.
2
(x—y,Te=Ty) = aflz -yl
as well as Lipschitz continuous with constant L, then the constants § and 7 can be chosen specifically with an
arbitrary 6 and n = (L + 1)/« since, as shown in Theorem 3.1 in [25], the inequality
(L+1)

dist(u, zeryp) < ——p(u)
a

holds already unconditionally for every u € C.

It is clear that if §,n are values witnessing that Tseng’s regularity assumption holds, then

p(e) = min {5, ;}

is a modulus of regularity for ¢ w.r.t. zerp and B,.(u*) for any r and any u* € XoNzery. In that case, the rate
obtained in Theorem 14 correspondingly simplifies to

B2
(min {6, %} /2)2 (1—a2L?)

which is quadratic in the error. So, in regard to the previously discussed special case, if T' is e.g. strongly
monotone with constant a and Lipschitz continuous with constant L, then we can further simplify the rate to

16B%(L + 1)?
a?e?(1 —a?Ll?) |

Acknowledgments: The author was supported by the ‘Deutsche Forschungsgemeinschaft’ Project DFG KO
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