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ABSTRACT. We provide quantitative and abstract strong convergence results for sequences from a compact
metric space satisfying a certain form of generalized Fejér monotonicity where (1) the metric can be replaced by
a much more general type of function measuring distances (including, in particular, certain Bregman distances),
(2) full Fejér monotonicity is relaxed to a partial variant and (3) the distance functions are allowed to vary
along the iteration. For such sequences, the paper provides explicit and effective rates of metastability and even
rates of convergence, the latter under a regularity assumption that generalizes the notion of metric regularity
introduced by Kohlenbach, Lépez-Acedo and Nicolae, itself an abstract generalization of many regularity notions
from the literature.

In the second part of the paper, we apply the abstract quantitative results established in the first part to
two algorithms: one algorithm for approximating zeros of maximally monotone and maximally p-comonotone
operators in Hilbert spaces (in the sense of Combettes and Pennanen as well as Bauschke, Moursi and Wang)
that incorporates inertia terms every other term and another algorithm for approximating zeros of monotone
operators in Banach spaces (in the sense of Browder) that is only Fejér monotone w.r.t. a certain Bregman
distance.
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1. INTRODUCTION

This paper is about quantitative information on convergence results from analysis and optimization where the
sequence in question satisfies a particular form of monotonicity, generalizing the well-known Fejér monotonicity
(see [5, 21, 76] and see the next section for precise definitions).! As discussed e.g. in [21, 76], many sequences
studied in nonlinear analysis and optimization are Fejér or quasi-Fejér monotone (in the sense of [20]) and very
general convergence theorems are available for these classes which classify additional properties required for
strong or weak convergence (see [11] for such results already implicitly and in particular see [5, 21]). Conse-
quently, in the last decade(s), Fejér monotonicity has become a unifying concept for a wide range of convergence
results in those areas. Particular examples include the generic example of Picard iterations for nonexpansive
mappings but also the proximal point algorithm (stemming from [55, 67]), Mann iterations [54] as well as
Ishikawa iterations [32] for generalized nonexpansive mappings (see [28]) and range to involved examples like,
e.g., algorithms approximating equilibrium points [31] or algorithms for solving problems in DC programming
[58], and beyond.

Even with this breadth of notions and schemes encompassed by the concept of Fejér monotonicity, there
are many influential iteration schemes which, although related to the concept in principle, are not truly Fejér
monotone and thus can not be covered by the previous study thereof.

For one, there are iterations which are only partially Fejér in the sense that only a subsequence is properly
Fejér monotone and the other elements connect to this subsequence just via weaker monotonicity requirements.
Such a situation in particular arises in the context of “alternating methods”, i.e. algorithms which alternate
between two (or more) “schemas”, e.g. like in recent modifications of the proximal point algorithm [33, 59]
which incorporate inertia terms every other term.

For another, iterations can be Fejér monotone w.r.t. functions measuring the distance of points other than
metrics. The most prominent and instructive example for this case are Bregman distances as derived from
Bregman’s seminal work [10] or even generalized Bregman distances in the sense of Burachik, Dao and Lindstrom
[14]. From that perspective, the theory of sequences which are Fejér monotone w.r.t. Bregman distances has
been recognized, in a similar way as ordinary Fejér monotone sequences which are defined w.r.t. a norm or
metric, as a powerful framework for unifying many convergence results in nonlinear analysis (see in particular
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IFejér monotonicity was introduced in [57], named after the use made of a similar concept by L. Fejér [26].
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the seminal work by Bauschke, Borwein and Combettes [4]) and applications of this framework include many
prominent iterative schemes in the context of Bregman distances (see in particular the references in [4]).

Lastly, in particular in the recent years, methods have been studied where instead of solving subproblems
by e.g. minimizing some sub-objective function relative to a fixed distance, these distances are allowed to vary
along the iteration so that these subproblems can be tweaked adaptively. Particular examples for such iterations
are the recent works on variable-metric forward-backward type methods [9, 19, 23] and in particular similar
methods that allow for varying Bregman distances [13, 61], among many more. The treatment of all these
methods relies on establishing some form of Fejér monotonicity where the distances in question are allowed to
vary along the iteration and for the particular case of varying metrics induced by bilinear forms, an abstract
treatment of such types of methods has been given in [22].

In this paper, we will study a generalized form of Fejér monotonicity which unifies all of these variants.
Concretely, our particular emphasis will be on sequences where the property of Fejér monotonicity is relaxed in
the following three ways:

(1) We allow for a very general class of functions (in particular including metrics as well as large classes of
Bregman distances) to measure distances between points in the (quasi-)Fejér monotonicity property.

(2) We simultaneously allow that the sequence only fulfills a partial form of Fejér monotonicity where
one subsequence retains a generalized form of (quasi-)Fejér monotonicity while the other sequence is
only required to fulfill a very relaxed form of monotonicity which generalizes the conditions on the
complementary subsequence currently in place in the literature on such methods.

(3) We allow the general distances to vary along the (partial) Fejér monotonicity property, capturing the
multiple notions of varying distances currently discussed in the literature.

To that end, we give abstract and unified strong convergence results for such sequences over compact (or
relatively compact and thus in particular finite-dimensional) spaces which are moreover quantitative in the sense
that, depending only on few quantitative reformulations of the key properties of the sequence, they provide a
construction for an effective and highly uniform rate of metastability in the sense of T. Tao [74, 75] and even a
rate of convergence under an additional regularity assumption introduced here® that generalizes the notion of
metric regularity introduced in [45].® These abstract and quantitative results arise as generalizations of previous
constructions of rates of metastability and rates of convergence for Fejér and quasi-Fejér monotone sequences
obtained in [43, 45] (see also [63]). Moreover, by “reversing” the process and forgetting about the quantitative
aspects, we are then able to derive a new and very general “non-quantitative” convergence result for these
generalized Fejér monotone sequences in the previous three senses which in particular generalizes the classical
results on Fejér and quasi-Fejér monotone sequences as well as the general convergence results on Bregman
monotone sequences obtained in [4] and on variable metric Fejér monotone sequences obtained in [22] (at least
in relatively compact spaces). Not only does this treatment therefore unify all of these different types of Fejér
monotonicity but it also can accommodate new methods that would not have been covered by either of these
various strands of notions of Fejér monotonicity individually (as also commented on further below).

Similar to the circumstances of the quantitative results on Fejér monotone sequences from [43, 45], the
present work has been obtained through the general methodological approach of proof mining, a program in
mathematical logic conceptually originating from Kreisel’s unwinding of proofs [49, 50] and brought to maturity
by U. Kohlenbach and his collaborators, which aims to classify and extract the computational content of prima
facie “non-computational” proofs (see [38] for a comprehensive monograph on the subject, [46] for an early
survey and [39] for a survey of recent results up to 2019).

Proof mining has been extensively applied in the context of nonlinear (functional) analysis and optimization
to derive quantitative results in numerous circumstances. Particularly relevant for the present paper are, e.g.,
the quantitative treatments of equilibrium problems [65], zeros of differences of monotone operators [63], the
proximal point algorithm in various settings [40, 41, 42, 51, 52] and the composition of two firmly nonexpansive
mappings in nonlinear spaces [44] as well as Korpelevich’s extragradient method [62] as those applications were
obtained using the previously mentioned abstract results on Fejér monotone sequences [43, 45].

2The dependence on such an additional assumption is indeed necessary if one wants to obtain computable rates of convergence.
This follows from adaptations (see [60]) of a classical result in computable analysis by Specker [72] which, in general, rule out
effective rates of convergence for many common iteration schemes, even in the context where all parameters of the sequence like
potential mappings, etc., are effective (see the discussion in [60]).

3This notion of regularity introduced in [45] provides a unified approach to several regularity notions known from optimization
such as error bounds and metric subregularity, among others (see the discussion in [45]).
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However, as common in the proof mining program, we want to emphasize that while this logic-based approach
was crucial in the course of obtaining the present results, there is no explicit use of logical tools in the derivation of
our results presented here and all relevant logical particularities are discussed, if at all, only in separate remarks.

We expect that the abstract results established here will exhibit a similar range of applications in the future.
To that end, the second half of the paper is devoted to two particular exemplary case studies. Here, we
provide quantitative results on the previously mentioned alternating inertia proximal point algorithm [59] and
its generalization given in [33] to averaged mappings (or, respectively, comonotone operators in the sense of
[8]) as well as on a modification of the well-known proximal point algorithm due to [36] (see also the related
work [56]) to monotone operators in Banach spaces (in the sense of Browder, see in particular [12]) which also
modifies the iteration to be of a style similar to that of Mann’s iteration (see also [77] for similar modifications
in Hilbert spaces).

As a further indication of the applicability of the results presented here, we however want to additionally men-
tion that beyond the previously discussed applications, the methods seem to be immediately further applicable
in the context of the recent works on proximal gradient algorithms [34], on a modification of Korpelevich’s extra-
gradient algorithm for variational inequalities (see [48]) to incorporate alternating inertia [71], on extragradient
methods for equilibrium problems [69], on algorithms for the split feasibility problem [53, 70] or on modifica-
tions of the Krasnosel’skii-Mann iteration to incorporate alternating inertia [24] as well as on algorithms using
the Bregman distance in the proximal point style [17, 25], on Landweber’s iteration in Banach spaces [68] and
potential extensions to Bregman distances, on iterations of Bregman retractions [6], on iterations of Bregman
projections [1], on algorithms for solving the variational inequality problem in Banach spaces using the Bregman
distance [15, 16] or on algorithms which are only quasi-Fejér w.r.t. Bregman distances like iterations of inexact
orbits [18]. Further, also the previously mentioned works on variable-metric forward-backward type methods
[9, 19, 23] and on varying Bregman distances [13, 61] seem to immediately fit in the framework proposed here
and could thus be quantitatively treated.

Lastly, we want to note that the general approach developed here is crucially used in the recent work [64]
to study a new notion of Bregman distance in metric spaces where, in that context, the generality of the
results presented here was crucial for obtaining corresponding convergence results of sequences which are Fejér
monotone w.r.t. this metric variant of the Bregman distance as it was neither covered by previous work on
Bregman monotone iterations, being set in normed spaces, nor on Fejér monotone sequences in metric spaces,
as this new Bregman distance in metric spaces is not a metric itself.

2. PRELIMINARIES: CONVERGENCE THEOREMS FOR (QUASI-)FEJER MONOTONE SEQUENCES

Throughout, if not stated otherwise, we consider an underlying metric space (X, d). In this section, we now
recap the main results on the usual (quasi-)Fejér monotone sequences underlying this work. In that way, we
mainly exposit the work [43], being closest in spirit to this paper. Therefore, we mostly follow the notational
setup of [43] if not stated otherwise. In particular, we write R, for the interval [0, 00) and we write R* for the
interval (0,00). Further, we use B (p,r) to denote the closed ball around p with radius r in (X, d). Also, we
write n —m = max{0,n — m} for n,m e N.

The central notion investigated by the authors in [43] is the following form of Fejér monotonicity relative to
the metric:

Definition 2.1 ([43]). Given two functions G, H : Ry — R, and a non-empty subset F' € X, a sequence
(xn) € X is called (G, H)-Fejér monotone w.r.t. F if for all n,m € N and all p € F:

H(d(p, zntm)) < G(d(p, xn)).

Following [43], the functions G and H are later assumed to satisfy the following continuity properties: we
assume that G satisfies that
an — 0 implies G(a,) — 0
and that H satisfies that
H(a,) — 0 implies a,, — 0,
both for any (a,) € Ry. Those properties are equivalent, respectively, to the existence of corresponding moduli
ag, By : N — N which satisfy

i< —— > Ga) < ——
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as well as
1 1

- sa< —
Bu(k) +1 E+1
for any k € N and any a € R,. Following [43], we call ag a G-modulus for G and Sy an H-modulus for H.

H(a) <

For the set F', we assume (following [43]) a representation via
F={()AF,
keN

where the sequence of the sets AF, < X is monotone decreasing, i.e. AFy 2 AF)1. The elements of AF}, are
to be intuitively understood as being k-good approximations of points in F' but can take arbitrary forms is our
general setting.

In that context, we will need to assume that the set F' is not only closed but closed in a special sense relative
to the approximations AF}:

Definition 2.2 ([43]). The set F' is explicitly closed w.r.t. AF}, if for all p e X:

)#Q)ﬁpEF.

VN,M eN | AFy n B ( p,

( M (p N+1

As is well known from the context of usual Fejér monotone sequences (see [43]), obtaining a convergence

result for such sequences requires an additional assumption in the form of an “approximation property”, which
here takes of the form of the following definition:

Definition 2.3 ([43]). We say that a sequence (z,) € X has approzimate F-points (w.r.t. (AF})) if
Vk e NIN € N(xy € AFy,).

The main result on Fejér monotone sequences in compact spaces is now the following proposition (taken in
this form from [43]):

Proposition 2.4. Let (X,d) be compact and F < X be explicitly closed. If (x,) € X is (G, H)-Fejér monotone
w.r.t. F and has approximate F-points (w.r.t. (AFy)), then (x,) converges to some x* € F.

In many situations, Fejér monotonicity is considered in the context of an additional sequence of summable
errors in the sense of the following definition, which is then called quasi-Fejér monotonicity:

Definition 2.5 ([43]). Given two functions G, H : R, — Ry, a non-empty subset FF € X and a sequence
(en) € Ry with Y e, < 0, a sequence (z,,) € X is called (G, H)-quasi-Fejér monotone w.r.t. F and (e,) if for
alln,meNand all pe F:

n+m—1
H(d(p, xn+m)) < G(d(p, xn)) + Z i
i=n
In the context of this extended notion, the assumption of the sequence having approximate F-points has to
be upgraded to a lim inf-like property in the sense of the following definition:

Definition 2.6 ([43]). We say that a sequence (z,,) € X has the liminf-property w.r.t. F (and (AFy)) if
Vk,ne NIN e N(N = n and zn € AFy).

Then one obtains the following main convergence result for quasi-Fejér monotone sequences in compact spaces
(again taken in this form from [43]):

Proposition 2.7. Let (X,d) be compact and F < X be explicitly closed. If (z,) € X is (G, H)-quasi-Fejér
monotone w.r.t. F and (e,,) and has the liminf-property w.r.t. F (and (AFy)), then (z,) converges to some
z*eF.

For these convergence results, the work [43] then provided quantitative variants in the form of an explicit
construction of a rate of metastability depending only on moduli witnessing uniform quantitative reformulations
of the core components of the above result (as will be discussed in more detail later on). Further, the work
[45] similarly provided explicit constructions even for full rates of convergence in the context of Proposition 2.4,
subject to an additional dependence on a modulus of regularity (as will also be discussed later on). This con-
struction of rates of convergence for Fejér monotone sequences was extended to quasi-Fejér monotone sequences
in [63].
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The main aim of this paper now is to generalize these quantitative results from [43, 45] to much more general
circumstances, uniformly covering all the Fejér-like sequences discussed in the introduction. While in [43, 45] the
main aim was at providing quantitative variants of already established convergence results, we here not only aim
at quantitative convergence results for these generalized Fejér monotone sequences but, as discussed before, also
use to these quantitative results to obtain new “non-quantitative” convergence results. The following section
now formally introduces the desired generalizations.

3. GENERALIZED (QUASI-)FEJER MONOTONE SEQUENCES

As discussed before, the general situation which we want to consider in this paper simultaneously treats the
following three extensions of the usual metric notion of Fejér monotonicity: we want to allow

(1) more general distance functions ¢ : X x X — R, to uniformly capture notions like metrics, Bregman
distances and beyond,

(2) a partial version of Fejér monotonicity where only a subsequence is properly Fejér monotone,

(3) the distance function to be able to vary along the sequence in the Fejér-type property.

The following subsections now discuss these different extensions. We will always define these notions already
in their “quasi-type” variants, incorporating errors.

3.1. (Weakly) triangular mappings. The most general class of distance functions ¢ : X x X — R, which
we want to permit is only characterized by a particular weak property which we will call weakly triangular which
derives as a uniform quantitative version of the property

¢(y?x> = ¢<y’z) =0—- ¢<$,Z> =0,

which is a particular special case of the triangle inequality for ¢. Concretely, we consider the following notion:

Definition 3.1. Let a € X. A function ¢ : X x X — R, is called weakly triangular (w.r.t. a) with modulus
0 : N2 — N if for any k,b e N and any x,y,2 € X such that d(a,z),d(a,y),d(a, 2) < b, it holds that

1 1
oy, ), ¢(y,2) < D) 1 P, 2) < r—

We call ¢ weakly triangular if there exists an accompanying modulus and we say that a modulus is uniform if
it does not depend on b.*

We also consider a strengthening of this notion which connects a function ¢ with the underlying metric d in
a certain way.

Definition 3.2. Let a € X. A function ¢ : X x X — R, is called triangular (w.r.t. a) with modulus 6 : N> — N
if for any k,b € N and any z,y, 2 € X such that d(a,x),d(a,y),d(a,z) < b, it holds that

1 1
oy, x), by, z) < T d(@,2) < -

We call ¢ triangular if there exists an accompanying modulus and we say that a modulus is uniform if it does
not depend on b.%

We also introduce a notion of comparison for two distance functions: for ¢,9 : X x X - R, and A: N — N,
we write ¢ <4 9 if
1

Y(z,y) < P

Ak)+1
for any z,y € X.

As for a choice of naming, we want to note that being triangular can be “conceived of” as being stronger
than weak triangularity as in many cases, it can be inferred that ¢ <# d for a suitable function A (e.g. if ¢
is uniformly continuous) in which case a modulus for triangularity can be converted into a modulus of weak
triangularity (see in particular the discussions in Section 5 later on).

In the following, at the most basic level only this property of being (weakly) triangular will be required from
¢ and we in particular allow ¢ to not be symmetric and to not satisfy the full triangle inequality.

4In B-bounded metric spaces, such a uniform modulus can of course always be derived from a usual modulus 6(k, b) by considering
0'(k) = 0(k, B).

5As before, such a uniform modulus can be derived from a usual modulus bounded metric spaces.
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Remark 3.3. The notion of triangular distances is related to the notion of w-distances introduced by Kada,
Suzuki and Takahashi in [35] (see also [73]). Concretely, a map p: X x X — R is called a w-distance if

(1) p(x,2) < p(z,y) + ply, 2) for all z,y,z € X,

(2) p(x,-) is lower semicontinuous for any = € X,

(3) for any £ > 0, there exists a 6 > 0 such that for all z,y,z € X:

p(z,x),p(z,y) <6 —d(z,y) <e.

Condition (3) is equivalent to p being triangular. However being triangular is clearly more general than being
a w-distance and, as mentioned before, we in the following in particular do not require the triangle inequality,
i.e. condition (1) above, which allows us later to treat Bregman distances as these generally do not enjoy that
property.

Particular examples of such distances and their moduli will be discussed later on but we already want to give
some easy instances here.

Lemma 3.4 (essentially [73]). The following functions are weakly triangular and even triangular:®

(1) Any metric is uniformly triangular and uniformly weakly triangular with the common modulus 0(k) =
2k + 1.

(2) Assume X is a normed space with norm ||-||. Then ¢(x,y) = ||z| + ||ly|| and é(z,y) = ||yl are both
uniformly triangular and uniformly weakly triangular with the common modulus (k) = 2k + 1.

(8) Given ¢ > 0, define ¢(x,y) = ¢ for any x,y € X. Then ¢ is uniformly triangular and uniformly weakly
triangular with the common modulus 6(k) = ¢+ 1 where € € N satisfies ¢ = 1/(c + 1).

(4) Let T : X — X be any mapping. Then ¢(x,y) = max{d(Tx,y),d(Tz, Ty)} is uniformly triangular and
uniformly weakly triangular with the common modulus 6(k) = 2k + 1.

(5) Let F be bounded and ¢ > 0 be a bound on its diameter. Define

Pz, y) = )
c ife¢ F oryé¢F.

Then ¢ is uniformly triangular and uniformly weakly triangular with the common modulus 6(k) =

2ng(k + 1) = 1 where ng = [1/c(k + 1)] + 1.
Further, the mazimum and linear combination of finitely many (weakly) triangular mappings is again (weakly)
triangular and moduli for the combinations can be computed from the moduli of the constituents. Lastly, if
f: X — Ry is any function and ¢ is a triangular mapping, then ¢'(x,y) = max{f(z), d(x,y)} is also triangular
with the same modulus.

The proofs are immediate, so we omit them.

Beyond these examples, we now just note two things: For one, note that the reference point a used for
“bounding” the elements x,y, z is not crucial for the existence of a modulus since if 8 is such a modulus of
(weak) triangularity w.r.t. @ and o’ is such that d(a,a’) < r, then 6'(k,b) = 6(k,b+ r) is a modulus of (weak)
triangularity w.r.t. a'.

Also, we note for another that if ¢ is continuous in both arguments, then a simple compactness argument
shows that over compact spaces X the property

o(y,z) = ¢(y,2) =0 — ¢(z,2) = 0
already implies that ¢ is uniformly weakly triangular and that the property
o(y,z) = ¢(y,2) = 0 = d(z,2) = 0
already implies that ¢ is uniformly triangular.
Remark 3.5 (For logicians). The underlying logical methods from proof mining (see in particular [30, 37] and

the treatment in [38]) actually guarantee that corresponding moduli of (weak) triangularity can be extracted
from a large class of proofs of the above respective properties

oy, x) = Py, 2) =0 — ¢(x,2) =0
and
P(y,z) = d(y,2) = 0 —d(z, 2) =0,

6The examples are adapted from [73] and as such many of these distances are w-distances, or can be turned into such with a
few additional conditions, in the sense of the previous Remark 3.3.
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even potentially in the absence of any compactness assumptions.

Relating to such distance functions, we will in the following consider an associated notion of Fejér mono-
tonicity (derived by generalizing the previous definition):

Definition 3.6. Let ¢ : X x X — R, be any function. Given two functions G, H : Ry — R, a non-empty
subset F' € X and a sequence (£,) € R4 with > e, < o0, a sequence (x,) € X is called ¢-(G, H)-quasi-Fejér
monotone w.r.t. F' and (e,) if for all n,m e N and all p e F":
n+m—1
H(¢<p7 anrm)) < G((b(p, xn)) + Z €j-
=n

3.2. Partial Fejér monotonicity. Now, regarding the “partial Fejér monotonicity”, we consider the following
more concrete version of the previously only loosely defined notion. By partial Fejér monotonicity, we want
to understand that only a subsequence is properly Fejér monotone while the other elements “connect” to
this subsequence just by some very weak form of monotonicity which is some form of “slowed-down” Fejér
monotonicity.

Concretely, we will (in some sense without loss of generality) identify this designated subsequence with the
elements of the sequence at an even index and thus require that for a given sequence (zy,), only (z2,) is Fejér
monotone w.r.t. F'. For the odd elements, we require only a weak f-monotonicity property that relates the
odd elements Z(,,4m)4+1 to previous even elements x5,y where f : N — N is some number-theoretic function
which is nondecreasing but otherwise can be mostly arbitrary (and in particular can be essentially arbitrarily
slow increasing). Additionally incorporating the previous generalizations introduced in the context of Fejér
monotonicity like the functions G, H as well as using a general function ¢ for measuring distances, we arrive at
the following definition:

Definition 3.7. Let ¢ : X x X — R, be any function. Given two functions G, H : R, — R, a non-empty
subset F' € X, a sequence (g,) € R} with > &, < o0 and given a function f : N — N, a sequence (z,) € X is
called ¢-(G, H)-quasi-f-monotone w.r.t. F and (&) if for all n,m € N and all p € F:
n+m
H(d)(pv x2(n+m)+1)) < G(¢(pa x2f(n))) + 2 €i-
i=f(n)
3.3. Variable distances. At last, to capture the various methods employing changing metrics or Bregman
distances, we want to consider the above notions relativized to a sequence of distance functions (¢y,).

Definition 3.8. Let (¢,,) be a sequence of functions ¢,, : X x X — R,. Given two functions G, H : R, — R,
a non-empty subset F' € X and a sequence (g,) € Ry with > e, < o0, a sequence (z,,) € X is called (¢,)-
(G, H)-quasi-Fejér monotone w.r.t. F' and (e,) if for all n,m e N and all pe F":

n+m—1

H(¢n+m(p? xn-‘rm)) < G(¢n(pa xn)) + Z €

i=n
Similarly, we also consider a version of the accompanying notion of f-monotonicity, relativized to a sequence
(¢n):

Definition 3.9. Let (¢,) be a sequence of functions ¢, : X x X — R,. Given two functions G, H : R, — R,
a non-empty subset F' € X, a sequence (g,,) € Ry with > e, < 00 and given a function f : N — N, a sequence
(zn) € X is called (¢,)-(G, H)-quasi-f-monotone w.r.t. F and (e,) if for all n,m e N and all p € F:
n+m
H(¢2(n+m)+1(p7 x2(n+m)+1)) < G(¢2f(n)(pa 1'2f(n))) + Z Ei-
i=f(n)

Concretely, this constitutes our final notion of generalized Fejér monotonicity:
Definition 3.10. Let (¢,,) be a sequence of functions ¢,, : X x X — R,. Given two functions G, H : R, — R,
a non-empty subset F' € X, a sequence (g,) € Ry with > e, < o0 and given a function f : N — N, we call a
sequence () S X partially (¢n)-(G, H)-quasi-Fejér monotone w.r.t. F, f and (g,) if (z2p) 18 (¢2,)-(G, H)-
quasi-Fejér monotone w.r.t. F and (e,) and (z,,) is (¢n)-(G, H)-quasi- f-monotone w.r.t. F and (&,).

The exemplary applications given later, in particular also in combination with the work [64], then illustrate
the versatility and applicability of this generalized Fejér monotonicity.
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4. RATES OF METASTABILITY FOR GENERALIZED FEJER MONOTONE SEQUENCES

One of the main results of the first part of this paper will be theorems that extend the usual convergence
result for quasi-Fejér monotone sequences presented in Proposition 2.7 to these generalized Fejér monotone
sequences. This generalization will be obtained through a preceding quantitative result by “forgetting” the
quantitative information and moving to a simple convergence conclusion.

These quantitative versions, which we therefore shall establish first, form the other main cluster of results of
this first part. They themselves are obtained by generalizing the quantitative versions of Proposition 2.7 due to
[43, 45]. To that end, we generalize the moduli introduced in [43, 45] that witness uniform quantitative versions
of the central assumptions of Proposition 2.7 (which are equivalent to the original assumptions in the context
of compact spaces).

Remark 4.1 (For logicians). Similar to [43, 45], these moduli are introduced as guided by the underlying proof-
theoretic methodology of proof mining. In that way, these moduli all have the essential property that the
so-called logical metatheorems used in the underlying proof mining program (recall the previously mentioned
references) guarantee the existence of a quantitative variant of Proposition 2.7 similar to the ones presented
in [43, 45] which depends only on such moduli. Moreover, in many cases, the moduli in question can be
extracted from proofs of the underlying non-quantitative properties at hand, again as guided by the same
logical methodology.

In our case, the main generalizations will be obtained by extending the previous moduli from [43] to be
applicable in the context of a general mapping ¢. Concretely, the main assumptions of Proposition 2.7 are
translated to the following ¢-relative variants and associated uniform quantitative versions in similarity to [43]
which will prominently feature in the quantitative results later on:

total ¢p-boundedness moduli of total ¢-boundedness
explicit ¢-closedness moduli of uniform ¢-closedness w, 0
approximate F-points approximate F-point bounds ®
lim inf-property w.r.t. F’ lim inf-bounds ® w.r.t. F’
(¢n)-(G, H)-quasi-Fejér monotonicity || moduli of uniform (¢,,)-(G, H)-quasi-Fejér monotonicity y
(¢n)-(G, H)-quasi- f-monotonicity moduli of uniform (¢, )-(G, H)-quasi- f-monotonicity ¢

The main new quantitative notion considered here is the last modulus of uniform (¢, )-(G, H)-quasi-f-
monotonicity whose details and motivation we will discuss later in a more precise way. The other notions,
while here considered in variants relative to the distances (¢,,), arise as straightforward modifications of the
metric-based notions introduced in [43]. We nevertheless, both due to the alteration by the functions (¢,,) as
well as for reasons of self-containedness, discuss also those moduli briefly.

While these moduli and the corresponding convergence results proved later will be presented in an abstract
fashion, we refer to [43], the applications derived thereof as well as to the applications presented later on in this
paper and those developed in [64] for many versatile examples of concrete instantiations of these moduli.

4.1. Moduli of total boundedness. Compactness features as an essential assumption already in the strong
convergence results formulated in Propositions 2.4 and 2.7. As such, also in this paper, usual compactness as
well as a version relativized to general distances will be (at least at first) feature crucially in the context of the
upcoming strong convergence results. The formulation of compactness that is most crucial here is that obtained
via the notion of total boundedness: a set A € X is called totally bounded if there exists an e-net covering it
for any € > 0. An alternative characterization of this notion commonly used in the context of proof mining was
introduced in [29]:

Definition 4.2 ([29]). For A # &, v : N — N is called a modulus of total boundedness for A if for all k € N
and any (z,) € A:

1
<i<j< hap) < — .
0<i<y 'y(k)(d(x xj) k+1)

Indeed, A is totally bounded if, and only if A has a modulus of total boundedness (see [43], Proposition 2.4).”

As mentioned before, we will require this notion in the context of general functions ¢ : X x X — R,.

"Notice that the notion of a modulus of total boundedness from [29] is discussed in [43] under the name of a II-modulus of total
boundedness.
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Definition 4.3. We say that a set A = X is totally ¢-bounded if for any k € N there are ao, ..., a;, € X such
that

1
Vo e A0 <i < j )< —— .

This gives rise to the following analogous notion of modulus:

Definition 4.4. Let ¢ : X x X — R, be any function. For A # &, v : N — N is called a modulus of total
¢-boundedness for A if for all k € N and any (z,,) € A:

1
<4 | < L) < —— .
0 <5290 (0l ) < 1 )

The existence of such a modulus is in fact equivalent to being totally ¢-bounded, at least if ¢ is weakly
triangular, as the following proposition shows (which is constructed in analogy to Proposition 2.4 from [43]):

Proposition 4.5. Let ¢ be uniformly weakly triangular. If a set A < X 1is totally ¢-bounded, then it has a
modulus of total ¢-boundedness. Conversely, if ¢ additionally satisfies ¢(x,x) = 0 for all x € X, then a set
A € X that has a modulus of total ¢p-boundedness is also totally p-bounded.

Proof. Throughout, let 6 be a modulus of uniform weak triangularity of ¢.

Note that a set A is clearly totally ¢-bounded if, and only if, there exists a modulus « : N — N (derived from
the notion of I-modulus from [43]) satisfying that for any k € N there are ao, ..., aqx) € X such that

1
Ve e A0 < i < alk L) < —— | .
€ i a()<¢(a x) k+1)
We show that such a modulus « and a modulus of total ¢-boundedness can be translated into each other.

Suppose now first that « is a modulus for a set A as above and define v(k) = «(6(k)) + 1. We show that ~
is a modulus of total ¢-boundedness of A. For this, let

ag, - - -5 Ao (0(k)) € X
be such that
1
Vo e A0 <i < a(f(k)) <¢>(ai,:c) < ) .

(k) +1
Let @o, ..., Ta(a(k))+1 be any sequence from A. By the pigeonhole principle, there are i < j such that for some
I <aldk)):
1
¢(alaml))¢(alaxj) 0(1{5)+1

Thus we in particular have

1
P(xj, i) < 1

as @ is a modulus of uniform triangularity of ¢.

Conversely, suppose that 7 is a modulus of total ¢-boundedness for a set A and define a(k) = v(6(k)) — 1.
Note first that, by the defining property of v, we have (k) = 1 for any k as 7 is a modulus so that « is
well-defined. We show that o witnesses that A is totally ¢-bounded as above. Suppose not, i.e. there exists a
k € N such that

1

(%) Yao, ..., ayo@k)—1 € XIv e AV0 < i < v(0(k)) — 1 (gi)(ai, x) > k—|—1> .

By induction we show that for all I < ~(6(k)):
. 1
350"BZEAVO<Z<1<Z<¢(BJ’&)>9(]4;)4_1)

which, for I = v(6(k)), in particular contradicts that v is a modulus of total ¢-boundedness. For | = 0, pick
Bo € A arbitrary (where we assume w.l.o.g. A # ). For the step from [ to [ + 1, let fBy,...,[; be chosen from
the induction hypothesis. Now apply (*) to

B ifi <l
a; =
G il <i<~(0(k))—1,
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to get an x € A such that

for all + <1,

1
(b(a’i?‘x) > k'+1

i.e. in particular ¢(f5;,z) > 1/(k + 1) for all i <. Now suppose that

¢<$,5i> < 0

(k)+1°
Then as ¢(x,z) = 0, we get
1
7)< ——
(b(ﬁl? x) k + 1
which is a contradiction to before. Thus we have ¢(zx,3;) > 9(k1)+1 and thus Bo,..., 5, 81 with Bj41 = x
satisfies the desired claim for [ + 1. O

4.2. Moduli of uniform closedness. In [43], the explicit closedness of F w.r.t. AF}) is upgraded to the
existence of moduli of uniform closedness in the following sense:

Definition 4.6 ([43]). The set F is called uniformly closed with moduli §p,wp : N — N (w.r.t. (AFy)) if for
all ke N and all p,q e X:

q€ AFs, ) and d(q,p) < implies p € AF},.

1
WF(]C) +1

Following [43], this quantitative reformulation is motivated by rewriting the definition of explicit closedness
via

— 1
X VYN, M AF B —_ — F
Vp e (V, eN( M N (p’N—i—l)#@) p€>
=VpeXVk:eN(VN,MeN<AFMmB(p,Ni1>;é@)—»peAFk)

1
=Vpe XVke NIN,M e NVge X (quFM and d(q,p) < Nil —>peF>
and then requiring that corresponding moduli exist which bound (and thus witness) the quantifiers over N, M
uniformly in k, i.e. without dependence on p.

As with moduli of total ¢-boundedness, we also require this notion to be relativized to general functions
p: X x X ->R,.

Definition 4.7. Let ¢ : X x X — R, be any function. The set F' is explicitly ¢-closed w.r.t. AF} if for all
pe X:

where we write By(p,r) = {z € X | ¢(z,p) < r}.

In a similar vein as the moduli of uniform closedness arose above from a suitable rewriting of the property
of explicit closedness, we now define moduli of uniform ¢-closedness:

Definition 4.8. Let ¢ : X x X — R, be any function. The set F' is called uniformly ¢-closed with moduli
O0p,wp : N — N (w.r.t (AFy)) if for all k€ N and all p,q e X:

q€ AFs, ) and ¢(q,p) < implies p € AFy.

1
wp(k:) +1
Remark 4.9 (For logicians). Similar to before, also these moduli of uniform closedness can be extracted by sep-
arate applications of the logical metatheorems of proof mining to the respective proofs of the explicit closedness
property (see also the discussion in [43]).
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4.3. Approximate F-point bounds. The approximate F-point property will be quantitatively witnessed by
an accompanying bound on the index in the sense of the following definition:

Definition 4.10 ([43]). A bound ®(k) on the quantifier “IN € N” in the definition of approximate F-points
detailed before, i.e. a bound such that

Vk € NIN < (k) (zy € AFy),
is called an approxzimate F-point bound for (z,) (w.r.t. (AF})).

Throughout, we will always assume that any approximate F-point bound & is monotone nondecreasing
(note that this is without loss of generality as given an arbitrary approximate F-point bound ®, the function
®M (k) := max{®(j) | j < k} is also an approximate F-point bound and monotone nondecreasing, see also [43]).

Remark 4.11 (For logicians). The extractability of these bounds from proofs of the underlying property of
approximate F-points via the logical metatheorems of proof mining can in particular be guaranteed if the
relation z € AFy can be expressed by an existential formula in the language used by these metatheorems (see
also in particular the discussion in [43]).

4.4. liminf-bounds w.r.t. F'. The liminf-property that extends the approximate F-points as an assumption
in the context of quasi-Fejér monotone sequences will be quantitatively witnessed by a so-called lim inf-bound
in the sense of [43]:

Definition 4.12 ([43]). A bound ®(k,n) is a liminf-bound for (z,) w.r.t. F (and (AF})) if
Vk,n € NIN € [n; ®(k,n)](zn € AF}).

Also here, we will throughout assume that any lim inf-bound & is monotone nondecreasing in both arguments
(which is, by a similar argument as with the approximate F-point bounds, again without loss of generality).

Remark 4.13 (For logicians). As before with the approximate F-point bounds, the extractability of such bounds
from proofs of the lim inf-property can in particular be guaranteed if z 5 € AF}), can be expressed by an existential
formula.

4.5. Moduli of uniform Fejér monotonicity. In the case of Fejér monotone sequences, we move to the
notion of uniform Fejér monotonicity in the sense of [43] with accompanying modulus:

Definition 4.14 ([43]). A sequence (z,,) € X is called uniformly (G, H)-Fejér monotone w.r.t. F' (and (AF}))
if for all r,n,m € N, there exists a k € N such that for all p € AF}:

< (H(dp ) < Glalp o) + —7 ).

A modulus of uniform (G, H)-Fejér monotonicity w.r.t. F' (and (AF})) is a function x(n,m,r) bounding (and
thus witnessing) such a k in terms of the 7, n, m.

Now, for our generalized notion of Fejér monotonicity involving sequences of distance functions (¢, ), we
consider the following natural extension of this notion of modulus (also incorporating the error sequence featuring
in quasi-Fejér monotone sequences, as already discussed in [43]):

Definition 4.15. Let (¢,) be a sequence of functions ¢, : X x X — R;. A sequence (z,) € X is called
uniformly (¢,)-(G, H)-quasi-Fejér monotone w.r.t. F' (and (AFy)) with errors (e,,) if for all r,n,m € N, there
exists a k € N such that for all p e AFj:

n+l—1 1
vi<m <H(¢n+l(p, xn+l)) < G(¢n(pv xn)) + Zzzn € + 7”4-1) .

A modulus of uniform (¢, )-(G, H)-quasi-Fejér monotonicity w.r.t. F' (and (AF})) is a function x(n, m,r) bound-
ing (and thus witnessing) such a k in terms of the r, n, m.

If all ¢,, coincide with one function ¢, then we call such a modulus just a modulus of uniform ¢-(G, H)-quasi-
Fejér monotonicity and we omit the ¢ if it coincides with the metric d.

A simple compactness argument shows that if F' is explicitly closed w.r.t. AFy, all ¢,, are continuous in
their left argument and G, H are continuous, then normal (¢,)-(G.H )-quasi-Fejér monotonicity already implies
uniform (¢, )-(G.H)-quasi-Fejér monotonicity (i.e. the existence of such a modulus).
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Remark 4.16 (For logicians). For a discussion on the extractability of such moduli from proofs of the underlying
properties of the various forms of Fejér monotonicity (which in essence can be guaranteed if the property p € AFy,
can be expressed by a universal formula in the underlying language of the metatheorems), we again refer to the
discussion given in [43, Section 4.1].

4.6. Moduli of uniform f-monotonicity. We now want to discuss the new quantitative notion necessary for
the following results on rates of metastability for generalized Fejér monotone sequences. To this end, we want
to give a more detailed account on the reasoning leading up to this notion (which is similar to that presented
in [43] for the moduli of uniform Fejér monotonicity): Consider the (¢,)-(G, H)-quasi- f-monotonicity property,
ie. e
(¢2(n+m)+1(pv x?(n+m)+1)) (¢2f(n)(p7 L2f(n Z €i
i=f(n)

for all n,m € N and all p € F. This property can be rewritten into

Vn,meNVpe X <Vk € N(p e AFy)

n+l
1
— Vre NVl < m<H(¢2(n+l)+1(p7 $2(n+l)+1)) < G(%j'(n)(p, 372f(n))) + Z € + r))
which in turn is equivalent to

Vr,n,meNVpeXElkeN(peAFk

n+l
- Vi< m<H(¢2(n+l)+1(pa x2(n+l)+1)) < G(¢2f(n)(p7 Laf( n) Z € + ))
i=f(n)

Like with uniform Fejér monotonicity, we now call sequence uniformly f-monotone if we can bound (and thus
witness) such a k uniformly in p, i.e. only depending on r,n,m € N. This lead us to the following definition:

Definition 4.17. Let (¢,) be a sequence of functions ¢, : X x X — R,. A sequence (x,,) is called uniformly
(¢n)-(G, H)-quasi-f-monotone w.r.t. F (and (AFy)) with errors (,) if for all r,n,m € N, there exists a k € N
such that for all p € AF}:

n+l

VIi<m [ H(bon+1)+1 (0 T2ty +1)) < G(25(n) (D, T2g(n)) Z € +
i=f(n

A modulus of uniform (¢n)-(G, H)-quasi-f-monotonicity w.r.t. F (and (AFy)) with errors (e,) is an upper
bound ¢(n, m,r) (and consequently a realizer) for k in terms of r,n, m.

Again, a simple compactness argument shows that the notions of normal and uniform (¢,)-(G, H)-quasi-
f-monotonicity coincide in compact spaces if F' is explicitly closed and all ¢, as well as G, H are suitably
continuous.

If all ¢,, coincide with one function ¢, then we call such a modulus just a modulus of uniform ¢-(G, H)-quasi-
f-monotonicity and we omit the ¢ as before if it coincides with the metric d.

Remark 4.18 (For logicians). As the above motivating discussion shows, similar to the case of the modulus of
uniform Fejér monotonicity (see again the discussion in [43]), such a { can be extracted from a proof of the
corresponding property, provided that p € AF) can be written in a purely universal way.

4.7. A quantitative convergence result. The previously detailed moduli can now be combined to a first
quantitative convergence result, generalizing the quantitative versions of the convergence of (quasi-)Fejér mono-
tone sequences from Propositions 2.4 and Proposition 2.7, that is Theorems 5.1, 5.3 and 6.4 of [43]. The proof
of the following theorem is, in that way, an extension of the proofs for these theorems presented in [43].

For this, we just need to discuss some last minor assumptions and their quantitative versions. The first such
assumption is the summability of the error terms which is quantitatively witnessed via a Cauchy rate &:
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Definition 4.19. A function £ : N — N is a Cauchy rate for > e, < oo if

Further, inspired by the conditions on the varying distances exhibited in e.g. [13, 22, 23, 61], we will require
that the sequence of distance functions (¢, ) behaves suitably regular in the sense that the functions converge
from below and are bounded from below in a certain sense. For the former, we will concretely assume that the
sequence (¢,) approximates another function ¢ from below with a rate = in the following sense:

Definition 4.20. A function 7 : N — N is a rate of convergence for ¢, / ¢ uniformly if
1
v N > m()¥e.y € X (6no0) < 6e) + 17 ).

For the latter, using the previous notion of comparison <4 of two distance functions via a given function A,
we will assume that there exist functions ¢ : X x X — R, and A : N — N such that 1) <4 ¢,, for all n (together
with some further properties of ¥). This in particular encompasses the common assumption from the literature
that ay(z,y) < ¢n(z,y) for all z,y € X and some o > 0, as in that case, if ¢, (z,y) < 1/(A(k) + 1) for

Ak)=(a+1)(k+1) =1
with o = 1/(a + 1) for some a € N, then

1 1
a+1 A(k)+1<(a+1)(k+1)

and thus ¢(z,y) < 1/(k + 1) which yields 1) <4 ¢,, for the specified A.

Y(x,y) < av(z,y) < dn(z,y) <

In the context of the varying distances ¢,, we also need to consider the further requirement on f that
lim f(n) = oo. For this, we rely on the following quantitative notion of a rate of divergence:

Definition 4.21. We say that  is a rate of divergence for f if for any L € N, we get
Vn = k(L) (f(n) > L).
Note that if f is nondecreasing, then & is already a rate of divergence if f(k(L)) = L.

Theorem 4.22. Let (X, d) be a metric space and (¢,,) be a sequence of functions ¢, : X x X — R,. Assume
bn /¢ uniformly with a rate of convergence ™ and that 1) < ¢, for some A : N — N where 1) is uniformly
weakly triangular with modulus 0. Assume that X has a modulus of total ¢-boundedness v, that ag is a G-
modulus for G and By is a H-modulus for H and that f is nondecreasing and f(n) < n. Further, let (x,) € X
be a sequence and
(1) x be a modulus for uniform (pon,)-(G, H)-quasi-Fejér monotonicity w.r.t. F and (AFy) for (xon) with
errors (&n),
(2) € be a Cauchy rate for > e, < o0,
(3) @ be aliminf-bound w.r.t. F' and (AFy) for (x25(,)),
(4) K be a rate of divergence for f,
(5) ¢ be a modulus of uniform (¢,)-(G, H)-quasi-f-monotonicity w.r.t. F and (AFy,) for (zy) with errors
(€n).
Then (x,,) is 1-Cauchy with a rate of metastability V(k, g) (to be defined below), i.e. for all ke N, g e NN:

AN < U(k, g)Vi,j € [N; N + g(N)] (w(‘”i’%‘) < kil) '

If ¢ is uniformly triangular with modulus 6, then (x,) is Cauchy with the same rate of metastability ¥ (k, g).
Here: U(k,g) = 2Wo(P, k,g) with

P = y(max{2a¢(48n(A(0(k))) + 3) + 1,2a¢(28u (ac(48m(A(0(K))) + 3)) + 1) + 1})
and Vg defined by

\IJO(OakMQ) = 07
‘I’o(n + 17kag) = (I)(nM(\IJO(nvkvg)v4ﬁH(A(0(k))) + S)a ];)7
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where
k = max{r(£(48u (o (4B (A(0(K))) + 3)) + 3)),£(2Bu (A(O(K))) + 1), 6(£(2Bu (A(O(K))) + 1)),
r(m(max{2ac (28n (ac(4Ba (A(0(k))) + 3)) + 1) + 1,2ac(48u (A(0(k))) + 3) + 1}))}
and
n(n,r) = max{xy(n,r),(g(n,r),x (f(n),n — f(n),4Bu(ac(r)) + 3)}
with

Xg(n, r)x( { %n)J,r),
Co(nr) = ¢ <n \g(zn)J’O .

Proof. Set p(k,n) = min{m > n | xo¢(n) € AFy} which is well-defined as (224(n)), has the liminf-property
w.r.t. F. Let (n;); defined by ng = 0 and
niv1 = o™ (ni, 481 (A(B(k))) + 3), k).

Then for any j > 1 and any 0 < i < j, Za5(n;) isann M(n,, 4B (A(O(k))) + 3)-approximate F-point as by defini-
tion, Tof(,,) isann M (n;_1,4B1(A(0(k)))+3)-approximate-F-point and n; < n;_1 yields n™ (nj_1, 481 (A(O(k)))+
3) = nM(n;, 48u(A(0(k))) + 3).

Further, by the definition of P and as X is totally ¢-bounded with modulus 7y, we have that 10 < I < J < P
(with > 0 through the additional +1 in the definition of P) such that

1
21t @2100) < 50 38 Tae (4B (AGW)) 7 3) T 1) + 2

As we have
ny =k > k(r(max{20q(28u (ac(48u(A0(K)) +3)) + 1) + 1, 2ac (481 (A(0(k))) + 3) + 1}))
this yields

nr X n 7.'1; nr <
0210 @21(n): 21 ) ac(28u(ac(48u(A (9 k) +3)+1)+1
and thus we have

(
G 1
(¢2f(n1)(x2f(n_z);z2f(n1 )) 2ﬁH(aG(4BH(A(6( ))) )) +2

By the above first result, we have that @s5(,,,) is an n™ (nr, 485 (A(0(k))) + 3)-approximate F-point. Therefore,
for

lg,n’f_f(nI%

we get
1

H(bopnry+21(T2f(ny) Tafng)+ar) < Bi(oc@Bn(AGKR)) +3) +1°
To see that, note that
™ (nr, 48u(A(O(k))) +3) = x
and as Toy(n,) is an n™(nr, 48 (A(0(k))) +
3)) + 3) since ny = K(§(48u (ac(4Bu(A(0(k))
H(d2¢(n)+21(T2f(ny)s T2f (ny)+21))
= H(2(s(nn)+0) (Z2£(n ) T2(s(nr)+1)))

(f(n1),nr = f(n1), 48n (G (48u (A(0(k))) + 3)) + 3)

)
3)-approximate F-point and f(n;) > £(48y(ag (48 (A(0(k))) +
)+ 3)) +3)), we get that

)
G > . !
(@27 (nr) (Z2p(ns)s T2 () + ifZ(n B} " 1B (oG (4Bu (AO(K))) + 3)) + 4

1
<
Bu(ac(48u(A(0(F))) +3)) +1
Now, as f(n) < n, we in particular have that 2f(n;) < 2n; and thus 2n; = 2f(n;) + 21 for | = ny — f(ng).
Thus we in particular have

1
H(¢2n, (fo(nJ)’x2nI)) < Br(ac(4Bu(AG(k))) +3)) +1°
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Thus, in particular
1

<
Pan (asoyPon) S Q0 (A@HR)) + ) + 1
as [y is an H-modulus and as a¢ is a G-modulus, we get

1
G P2ns (@21 (@s ¥2ni)) < Ty T4

Now, also by definition of P, note that this same pair (Zaf(n,), T2¢(n,)) satisfies
( ) < !
Tofin,), T2f(n,)) <
2f(ns)> 22f (n1) 20648 (A0(K))) + 3) + 2

As we have
ny = k > k(r(max{2aq (28 (ac(4Bu(A(0(k) +3)) + 1) + 1, 2ac (481 (A(0(k))) + 3) + 1})),

this yields
1

¢2f(n1)(x2f(nJ)vx2f(n1)) < aG(46H(A(9(k))) T 3) +1

and thus .

G(¢2f(n1)(x2f(nj)’:172f(n1))) < 45}1(14(9(/@’))) T4

We can then show that for any I < g(2ny)
1

H K ——F——-
(¢2n1+l(x2f(n‘f)7x2n1+l)) ﬁH(A(e(k))) 1
To see that, assume first that [ is even, i.e. [ = 2I’. Since

7™ (ng,r) = x (n[, {9(2;I)J,r>

and as Tay(,,) is an n™ (n7, 48u (A(6(k))) + 3)-approximate F-point and since

2
[ < g(2n;) implies I < [g(;I)J,

we get that

H(¢2n;+1(T2f(n,), Tan 1)) = H(¢2(n1+l’)(x2f(nj)ax2(n1+l/)))

1
G(d2n; (T2f(ny)s T2n,)) Z it 48u(A(0(k))) + 4

an

1
= BulAGF) + 1
where we have used ny > (285 (A(0(k))) + 1).

Now, assume that [ is odd, i.e. | = 2’ + 1. Then, since

= (| 2202

and as Tay(,,) is an n™ (n7, 48 (A(6(k))) + 3)-approximate F-point and since

2
| < g(2ns) implies I’ < {g( ;LI)J

as before, we get that

H(don,+1(Z2f(n,) Tang+1)) = H(P20n,41)41(T2f(ny)s T2(nr+1)+1))

o 1
< G(ds(un) (@21(n)+ T21 ) + % T 1B (AGR) + 4
c '
Bu(A(0(k))) +1
where we have used n; > k(£(28m(A(0(k))) + 1)) which implies f(n) > (28 (A(0(k))) +1).
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As By is a H-modulus, we get

1

<-—
¢2n1+l(x2f(nJ)a-T2n1+l) A(G(k)) 1

for all I < g(2n;) and thus
1
V(Taf(ny)s Tang+1) < IR

for all I < g(2ny). Thus, for m,l € [2ny,2n; + g(2n7)], we get
1
< —
Ylm, 1) k+1
which yields the result for N = 2n;. If v is uniformly triangular with modulus 6, then it similarly follows that
for m,l € [2n7,2n; + g(2n5)]:

1
d < —
(@ 20) < 77
Note that we in any way have n; < ¥ (i, k, g) for all ¢ (using the monotonicity of ®) and thus N < 2U(I,k,g) <
2\:[]0 (Pa k, g) |:|

This quantitative result can now be extended to include the moduli of uniform closedness for a stronger
conclusion (similar to Theorem 5.3 of [43]) that actually guarantees that the resulting limit of the sequence
belongs to the solution set F'.

Theorem 4.23. In addition to the assumptions of Theorem 4.22, assume that F is uniformly v-closed with
moduli 6 and w. Then for all k€ N and all g € NY:

IN < U(k,g)Vi,j € [N; N + g(N)] <w(zi,zj) < and x; € AFk) ,

L

k+1

where U(k, g) = 20o(P, k,g) and where Vg is defined similar to Uy in Theorem 4.22 with
Mi,s(n, ) = max{d(k),n(n,r)}

instead of n and with O(k) = max{0(k),w(k)} instead of 6.
If ¢ is instead uniformly triangular with a modulus 0, then for all k € N and all g € NN:

IN < U(k,g)Vi,je [N;N + g(N)] (d(xi,xj) < and x; € AFk)

k+1
with the same V.

Proof. Note that 6 is also a modulus of uniform weak triangularity for 1. Thus, as in the proof of Theorem
4.22, we obtain

k+1
and, more precisely, that there exists 0 < I < J < P such that N = 2n; and

(g P o) < s €
2f(ng)sP2nr+l) = é(k)+1 = W(k)+1

for all I < g(2ns) and that 2o, ) is an 73" (nr, 481 (A(6(k)))+3)-approximate F-point. As 75 (nr, 48 (A(0(k)))+
3) = d(k), we have that za5(,, ) is a d(k)-approximate F-point. Thus, we get x2,,4; € AF}, for any | < g(nr).

IN < \il(k:,g)Vi,j €[N;N + g(N)] <’l/1(5[»'i71'j) < L >

If 6 is a modulus of uniform triangularity, then 6 is also such a modulus and the resulting claim follows
likewise. O

With a similar reasoning as in [43], in both results above it is actually sufficient to have a rate of metastability
for the summability of the error sequence (&,) instead of a full Cauchy rate. Similarly, a rate of metastability for
the uniform convergence ¢,, /" ¢ would be sufficient but for simplicity, we omit this here. Note also that we only
for simplicity assume that the error sequences for the quasi-Fejér monotonicity and the quasi- f-monotonicity
coincide as in the case of different error sequences (g,,) and (e/,), constructing (e, + £},) provides a common
error sequence for which a Cauchy rate can immediately be constructed by combining the two separate Cauchy
rates.

Already from Theorem 4.23, we would now be able to infer a “plain” convergence result for generalized
Fejér monotone sequences in the spirit of Proposition 2.7. However, this result would only take place over
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totally ¢-bounded spaces and we would have to require that all mappings are ¢-continuous. As both notions
could be rather hard to verify in practice, we refrain from spelling this out here and consider the main “plain”
convergence result to be that contained in Theorem 5.7 which infers the normal convergence for the sequence
under an additional mild assumption connecting ¢ and the usual metric d.

Remark 4.24. In the context of (¢, )-Fejér monotone sequences w.r.t. a set F, it holds that

¢n+1(zaxn+1) < ¢n(27$n) SRR (b()(Z,LL‘o)

for z € F and any n. Now, if ¢,, — ¢ holds uniformly, i.e.

1
Vk € NIN € Nvn > Nva,y € X (%(J%y) = o(z,y)| < k+1> ;

then for large enough n we get ¢(z,z,) < ¢o(z,20) + 1 and thus we get that z,, is ¢-bounded. This naturally
extends to the various extensions like including G, H or errors as well as partiality.
In this case where the sequence (x,,) is contained in a ¢-bounded set, i.e.

(zn) = {y e X | ¢(z,y) < a}
for some z € X and « > 0, the above results naturally extend to spaces which are ¢-boundedly compact, i.e.
where for any z € X and a > 0, the set
{ye X |o(z,y) < o}
is ¢-compact.

4.8. Some special cases. The first special case that we want to discuss is when all ¢,, coincide with a single ¢.
In that case, we can not only simplify the resulting bounds but, in the absence of errors in the Fejér monotonicity,
we can even weaken the assumption of the lim inf-property to that of just approximate F-points. This would
not have been possible before as, beyond the treatment of errors, the lim inf-property was needed to deal with
the assumption that ¢,,  ¢.

Concretely, instantiating the previous results, we get the following:

Theorem 4.25. Let (X,d) be a metric space and ¢ be a function ¢ : X x X — Ry. Assume that ¢ < ¢ for
some A : N — N where ¢ is uniformly weakly triangular with modulus 0. Assume that X has a modulus of total
¢-boundedness v, that ag is a G-modulus for G and By is a H-modulus for H and that f is nondecreasing and
f(n) < n. Further, let (x,) € X be a sequence and

(1) x be a modulus for uniform ¢-(G, H)-quasi-Fejér monotonicity w.r.t. F and (AFy) for (xa,) with errors
(€n),
(2) € be a Cauchy rate for Y e, < o,
(3) @ be aliminf-bound w.r.t. F' and (AFy) for (v2y)),
(4) K be a rate of divergence for f,
(5) ¢ be a modulus of uniform ¢-(G, H)-quasi-f-monotonicity w.r.t. F' and (AFy) for (x,) with errors (&,).
Then (x,,) is 1-Cauchy with a rate of metastability V(k, g) (to be defined below), i.e. for all k € N, g e NN:
1
N < (k)i € [N N+ 9] (Vi) < ).

If ¢ is uniformly triangular with modulus 6, then (x,) is Cauchy with the same rate of metastability ¥ (k, g).
Here: U(k,g) = 2Uo(P, k,g) with Uy defined as in Theorem 4.22, now with

k= max{k(£(48u (a (48 (A(B(K))) + 3)) + 3)), £(28u (A(B(K))) + 1), £(£(28u (A(B(K))) + 1))}
If in addition to the above assumptions, F' is uniformly 1-closed with modulus § and w, then for all k € N
and all g € NN:

IN < U(k,g)Vi,j e [N;N + g(N)] <¢(a:i,a:j) < and x; € AFk> ,

1
k+1
where W(k, g) = 2Uo(P, k,g) and where Vg is defined similar to Wy before but with

k.5 (1, 1) = max{d(k),n(n,r)}
instead of n and with HN(k) = max{0(k),w(k)} instead of 6. As before, if 1 is actually uniformly triangular with
a modulus 0, then for all k € N and all g € NN:

1

kE+1

IN < U(k,g)Vi,je [N;N + g(N)] (d(xi,xj) < and x; € AFk> )
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Lastly, if in any of the cases, instead of (1) and (5) we even have
(1)’ x is a modulus for uniform ¢-(G, H)-Fejér monotonicity w.r.t. F and (AF}) for (zan),
(5)’ ¢ is a modulus of uniform ¢-(G, H)-f-monotonicity w.r.t. F' and (AFy) for (z,),

then & and k from assumptions (2) and (4) can be omitted and it suffices to assume that
(3)" @ is an approvimate F-point bound w.r.t. (AFy) for (zafm)),

and we get the same conclusions, respectively, with a rate \il(k,g) = Q@O(P, k,g) and where Uy is defined as
Uy (0,k,9) =0,
{\i/o(n +1,k,g) = ®(n™ (Yo (n, k, 9), 481 (A(6(K))) + 3)),
with the other constants defined as before.

The proof is immediate and we thus omit it.

Further, we now want to indicate how this result encompasses the previous quantitative results for plain
Fejér monotone sequences. For that, we first consider how a modulus of uniform Fejér monotonicity for the full
sequence actually can be used to construct the other relevant moduli for the uniform partial Fejér monotonicity.

Proposition 4.26. Suppose (x,) is uniformly (¢,)-(G, H)-quasi-Fejér monotone w.r.t. F and (AFy) with
errors (€,) and a modulus x. Define &, = €9, + €2n+1. Then (xa,) is uniformly (¢2,)-(G, H)-quasi-Fejér
monotone w.r.t. F' and (AFy,) with errors (€,) and a modulus

X' (n,m,r) = x(2n,2m,r)
and (xy,) is uniformly (¢,)-(G, H)-quasi-id-monotone w.r.t. F' and (AFy) with errors (€,,) and a modulus
n(n,m,r) = x(2n,2m + 1,r).
We omit the proof as it is rather immediate.

Up to this point, we assumed the functions G and H to be the same in both the Fejér and the f-monotonicity
property. This can be immediately extended to the case where the respective functions do not match which we
will establish through the following results:

Proposition 4.27. Let Gy 2, Hy 2 be given. Set H = min{H;, Ho} and G = max{G1, G2}. Let ag, be G-moduli
for G; and Bm, be H-moduli for H;. Then
ag (k) = maX{aGl (k)7 oG, (k)}

is a G-modulus for G and

Bu (k) = max{Bu, (k), Bu,(k)}
is a H-modulus for H.

1 1
PT’OOf. Let a < (k) +1 < ag, (F)+1
Similarly, let H(a) < -

for i = 1,2. Thus G;(a) < 4575 for i = 1,2 and thus G(a) < 5.

< A (1k)+1 for i = 1,2. Then H;(a) < m for some 4. Thus a < %H |

Proposition 4.28. Let (¢,) be a sequence of functions ¢, : X x X — Ry. Let Gio,Hi2 be given. Set
H = min{Hy, Ha} and G = max{G1,Gz2}. Then:
(1) If x is a modulus for uniform (¢,)-(G1, H1)-quasi-Fejér monotonicity of (x,) w.r.t. errors (e,,), then it
is also a modulus for uniform (¢,)-(G, H)-quasi-Fejér monotonicity of (zy) w.r.t. (€,).
(2) If ¢ is a modulus of uniform ($,)-(Ge, Ha)-quasi-f-monotonicity of (x,) w.r.t. (e,), then it is also a
modulus of uniform (¢,)-(G, H)-quasi-f-monotonicity of (x,) w.r.t. (,,).

1
(k)+1

We again omit the proof as it is rather immediate.

Proposition 4.29. Let (¢,,) be a sequence of functions ¢, : X x X — Ry. Let G129, Hy 2 be given and assume
that Go(x) < Hy(z) for all x. Let f : N — N be nondecreasing and f(n) < n.

Let x be a modulus of uniform (¢on)-(G1, H1)-quasi-Fejér monotonicity for (xay,) w.r.t. F and (AFy) with
errors (e,) and let ¢ : N> — N be nondecreasing in the left argument such that for all n,r € N, there exists a
k < ({(n,r) such that

.

Vp e AFy | Ha(d2n+1(p, T2n+1)) < G2(d2g(n) (D, T2f(n))) + 2 it 7

i=f(n)
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Then {(n,m,r) = max{x(f(n), f(n+m)—f(n),2r+1),(n+m,2r+1)} is a modulus of uniform (¢)-(G1, Hs)-
quasi-f -monotonicity for (zy) w.r.t. F' and (AF}) with errors (gy,).

Proof. Let k = ((n,m,r) and pe AFj,. Then k> ((n+m,2r +1) = ¢(n +1,2r + 1) and thus

n+l
H2(¢(pa x2(n+l)+1)) < G2(¢(pa x2f(n+l))) + 2 g + o+ 1
i=f(n+l)
Using G2 < Hy and k = x(n,m,2r + 1), the above then yields
n+l
Hy(6(p, Tatnsiy+1)) < Hi($0: T2pnrn)) + D, &+ 1
i=f(n+l)
n+l f(n+l)— 1
< Gl((b(pa -T2f(n))) + Z € + Z € + 1
i=f(n+1) i=f(n)
n+l
=G (¢(pa -r2f(n Z € +
i=f(n
as f(n) < f(n+1) since f is nondecreasing. O

Lastly, we want to consider a special situation of the f-monotonicity property. Assume that we are in a
situation where
H(¢2(n+m)+s(pa xZ(n+m)+s)) < G(¢2n(p, 720))
for any n,m € N and any p € F where s = 25’ + 1 is a given odd step length. Such a situation can be converted
to the above setting in a straightforward way:

Proposition 4.30. Let (¢,,) be a sequence of functions ¢, : X x X — R and let x be a modulus of uniform
(¢p2n)-(G, H)-quasi-Fejér monotonicity for (xa,) w.r.t. F and (AFy) with errors (g,,). Assume s = 2s' + 1 and
let ¢ : N3 — N be such that for all n,m,r € N, there exists a k < ((n,m,r) such that for all p e AFy:

n+i+s’

vi<m H(¢2(n+l)+s(p7 x2(n+l)+s)) G (92n(p; T2n)) Z € +

i=f(n)
Then, for f(n) = n=s', {(n,m,r) = max{C(n,m,r), x(0,s,7)} is a modulus of uniform (¢n)-(G, H)-quasi-f-
monotonicity for (&) w.r.t. F and (AF}y) with errors () where for any sequence (a,) of objects, we define

an forn =s,

an = A ap for even n < s,

Gn_1 for oddn < s.

So, we in particular see that the above situation is covered already via affine linear f. In that case, note that
a modulus of uniform Fejér monotonicity for the sequence (xs,) is also a modulus of uniform Fejér monotonicity
for (Za,). Similarly, we get the following result:

Proposition 4.31. Assume s = 2s' + 1 and let ® be an approzimate F-point bound for (x2,). Then ®'(k) =
(k) + 5" is an approzimate F'-point bound for (x2(n)) where f(n) =n = s'.

5. RELATION TO THE METRIC CASE AND TO BREGMAN DISTANCES

5.1. Consistent distances and their properties. We now want to discuss the relation of the previously
introduced relativized notions to their original metric counterparts if the distance ¢ in question is suitably
related to the metric. Concretely, in many cases® one works with distances ¢ which satisfy

¢(z,y) = 0 < d(z,y) = 0.
In the following, we will consider distances that fulfill the above property quantitatively in the sense of the
following definition:

8In fact, in the important special case of Bregman distances (which will be later discussed) this property was singled out as
one of the central properties of the abstract generalized distances considered by Bregman already in the seminal paper [10] (see
Condition I on p. 200 therein) which formed the basis for the concrete Bregman distances now prevalent in the literature.
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Definition 5.1. We call ¢ consistent if there exist two functions A, A : N x N — N, called moduli of consistency,
that satisfy

1 1
- 5d < ,
MEp 1 dey <

1 1
P g o
A(k,b) +1 kE+1
for any k,b e N and for any z,y € X such that d(a, ), d(a,y) < b holds w.r.t. some reference point a € X.? We
call such functions moduli of uniform consistency (and ¢ uniformly consistent) if they do not depend on b.

P(z,y) <

d(z,y) < — ¢(z,y)

Remark 5.2. Note that given A\, A : N — N, these functions are moduli of uniform consistency for ¢ if, and only
if d <* ¢ and ¢ < d.

We will later discuss an example of a consistent distance beyond the metric.

In the context of such moduli of consistency, we can immediately derive that ¢ is weakly triangular as well
as triangular and derive corresponding moduli from A, A: Define 6(k,b) = A(2k + 1,b). Then for z,y, z such
that d(a, ), d(a,y),d(a, z) < b, assume that

1
Oy, ), #ly, z) < TCOESE

Then in particular

<
d(y,z),d(y, z) 5k 12

by assumption on A and thus d(z,z) < 1/(k + 1). Thus 6 is a modulus of triangularity. Clearly, it also follows
immediately from this that 0(k,b) = A(2A(k,b) + 1,b) is a modulus of weak triangularity.

Further, a simple compactness argument shows again that if the space is compact and ¢ is continuous, then
the above property
¢('T7y) =0« d(ac,y) =0
already implies the existence of moduli of uniform consistency for ¢.

Remark 5.3 (For logicians). As in the context of the moduli of (weak) triangularity, also here the underlying
logical methods from proof mining actually guarantee that corresponding moduli A, A can be extracted from a
large class of proofs of the property

¢(z,y) =0 < d(z,y) =0,
even in the absence of any compactness assumptions.

Even further, using such moduli, we can translate corresponding moduli of total ¢-boundedness and uniform
¢-closedness into moduli for their metric counterparts, and vice versa. For that, we again rely on these uniform
versions of the moduli A\, A which in particular can be derived from the usual moduli in any bounded metric
space. As the proof is rather straightforward, we omit it.

Proposition 5.4. Let ¢ : X x X — R, be a uniformly consistent mapping with moduli A, A : N — N. Then:

(1) If v is a modulus of total boundedness for some set A < X, then v'(k) = v(A(k)) is a modulus of total
¢-boundedness.

(2) If w,é are moduli of uniform closedness for a given F' and a sequence (AFy,), then W' (k) = Mw(k)) and
0'(k) = d(k) are respective moduli of uniform ¢-closedness.

Derived from these conversions, we can now obtain the following modified general quantitative convergence
result where the assumptions are phrased in terms of the metric (and thus are witnessed by moduli already
commonly used in the literature).

Theorem 5.5. Let (X,d) be a metric space and (¢,) be a sequence of functions ¢, : X x X — R,. Assume
that ¢ : X x X — Ry is uniformly consistent with moduli A\, A : N — N and satisfies ¢,, /" ¢ uniformly with
a rate of convergence m. Further assume that 1) <? ¢, for some A : N — N where 1) is uniformly weakly
triangular with a modulus 0. Assume that X is totally bounded with a modulus of total boundedness v, ag be
a G-modulus for G, By be a H-modulus for H and f : N — N be nondecreasing and f(n) < n. Further, let
(xn) € X be a sequence and

9As before with the modulus 6, the existence of such moduli does not depend on the concrete reference point.
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(1) x be a modulus for uniform (pan)-(G, H)-quasi-Fejér monotonicity w.r.t. F' and (AF}y) for (x2,) with
errors (&p),

(2) € be a Cauchy rate for > e, < o0,

(3) @ be aliminf-bound w.r.t. F' and (AFy) for (v25(,)),

(4) & be a rate of divergence for f,

(5) ¢ be a modulus of uniform (¢,)-(G, H)-quasi-f-monotonicity w.r.t. F and (AFy) for (z,) with errors
(€n).

Then (z,) is 1-Cauchy and for all k e N, g e NV:

IN < U'(k,g)Vi,j € [N; N + g(N)] (1/}(%%‘) < ki1> ,

where V'(k,g) is defined similar to ¥ from Theorem 4.22, now using +'(k) = v(A(k)). As before, if ¢ is
uniformly triangular with a modulus 0, then the sequence is Cauchy with the same rate of metastability.

If in addition to the above assumptions, F' is uniformly 1 -closed with moduli 6 and w, then for all k € N and
all g e NN:

IN < U'(k,g)Vi,j € [N; N + g(N)] (d(azi,xj) < and x; € AFk) )

1
E+1
where W' (k, g) is defined similar to U from above but with

ﬁk,&(nv T) = max{(;(k)v 77(7% T)}

instead of n and with O(k) = max{0(k),w(k)} instead of 6.
If 4 is also uniformly consistent with moduli X', A’ : N — N, then it suffices to assume that I is uniformly
closed with moduli 6 and w and the above rates apply with 6'(k) = 6(k) and ' (k) = Mw(k)) used instead.
Lastly, if in any of the cases, we have ¢, = ¢ for all n and instead of (1) and (5) we even have
(1)’ x is a modulus for uniform ¢-(G, H)-Fejér monotonicity w.r.t. F' and (AF}) for (xa,),
(5)" ¢ is a modulus of uniform ¢-(G, H)-f-monotonicity w.r.t. F and (AFy) for (x,),
then € and x from assumptions (2) and (4) can be omitted and it suffices to assume that

(3)" @ is an approvimate F-point bound w.r.t. (AFy) for (zafm)),

and we get the same conclusions, respectively, with a rate \i/(k,g) = 2‘@0(P, k,g) where Wy is defined as

\j:/O(ka?g) =0,
\110(” + 17 k’g) = (b(nM(\i/O(na k79)74ﬁH(A(9(k))) + 3))7

with the other constants defined as before.
Again, the proof is immediate and we thus omit it.

Remark 5.6. Similar to Remark 4.24, also these results hold in the more general case of boundedly compact
spaces if the sequence in question is bounded. However, in contrast to Fejér monotonicity w.r.t. the metric d,
the property of a sequence (x,,) being Fejér monotone w.r.t. (¢,,) even for ¢, — ¢ does not suffice to infer that
said sequence is bounded but only that it is ¢-bounded as discussed before in Remark 4.24. This is effectively
due to the fact that we know almost nothing about ¢. In fact, the property that (¢, )-Fejér monotonicity implies
boundedness of the sequence is not even guaranteed for the special case of Bregman monotone sequences, i.e.
where ¢, = Dy for any n. In that context, it is thus a common requirement in the literature (being contained
in various notions of a “Bregman function”, see e.g. [25], and in the stronger form of requiring compactness
already being mentioned in Bregman’s work [10] for his general class of distances D) to require that the level
sets

Ll(yva) = {1‘ eX | Df(l‘,y)
Ly(z,a) ={y e X | D(z,y)

b
b

NN

e
@
are bounded for every a > 0 and z,y € X.
In similarity, we thus may additionally require that our function ¢ satisfies the following boundedness con-
dition:
{ye X | ¢(z,y) < a} is bounded for any z € X, a > 0.

Then the ¢-boundedness translates into the boundedness of (z,,) and thus the above results holds in boundedly
compact spaces in that context.
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This result now gives rise to the following general convergence result by “forgetting” about the quantitative
data in the assumptions and conclusions. Concretely we obtain the following generalization of Proposition 2.7.

Theorem 5.7. Let (X,d) be compact and F' = X be explicitly closed. Let (¢,) be a sequence of functions
bn: XxX — R,. Assume ¢, /" ¢ uniformly and that 1) <* ¢,, where A : N — N and where ), ¢ : X x X — R,
are uniformly consistent as well as continuous in their left arguments. If (x,) S X is such that there exists a
nondecreasing function f : N — N with f(n) < n and f(n) — o for n — o and where (x,,) s partially (én)-
(G, H)-quasi-Fejér monotone w.r.t. F, f and (e,) and (w2¢(,)) has the liminf-property w.r.t. F and (AF}),
then (x,) converges to some z* € F.

In particular, the above holds if 1 and ¢, instead of being uniformly consistent, are continuous also in their
right arguments and it additionally holds that

Y(z,y) =0 d(z,y) =0« ¢(z,y) =0

forallz,ye X.
If ¢ = ¢ and e, = 0 for all n, then it suffices that (x4(n)) has approvimate F-points w.r.t. (AFy).

Proof. The result follows from Theorem 5.5, noting that all the relevant uniform premises follow from the
nonuniform variants by simple compactness arguments as mentioned before and by noting that metastability
implies convergence. O

This result not only generalizes the previous Proposition 2.7 but also encompasses (special cases of) other
results on convergence for “Fejér-like monotone” sequences. As a representative example, besides those discussed
in subsequent papers, we in particular want to mention the work of [4] where a convergence result (see Theorem
4.11 therein) was obtained for sequences which are Fejér monotone w.r.t. Bregman-distances

flz) = fly) =<z —y,Vf(y)) ifyeintdomf,

Di: X x X - [0,4+0], (z,y)+— .
! [ Lo (@) {+oo otherwise,

for f: X — (0, +o0] a lower semicontinuous convex function which is Gateaux-differentiable on intdomf # &
over a reflexive Banach space X. In particular, in the context of the strong convergence result presented there,
the additional requirement (called Condition 4.4 in [4]) that

D (wn,yn) — 0 implies z, — y, — 0

for all bounded sequences (x,) and (y,) in intdomf is discussed. If f is real-valued (i.e. f(z) # +oo for all x)
then the above clearly yields that Ds(z,y) = 0 implies ||z — y|| = 0. If f is strictly convex, the Bregman distance
Dy also naturally satisfies that ||z — y|| = 0 implies D¢(x,y) = 0 and further, if f is even Fréchet-differentiable,
then Dy is continuous in both arguments. In that vein, our above convergence results covers these partial cases
of the result obtained in [4] if the sequence further belongs to a compact subset (as is e.g. in particular the case
if the space is finite dimensional as the sequences are naturally bounded).

5.2. A more involved example of a uniformly consistent distance. We are now concerned with a more
involved particular example of a concrete Bregman distances where moduli of consistency can be naturally
constructed. Now, for general Bregman distances Dy, the situation is in general quite complicated as not
all distances are immediately consistent. We refer to [66] for further discussions on (the use of) moduli of
consistency in this general case and in this subsection only survey the special case Dy of the Bregman distance
for f = |-||* /2 in the context of uniformly convex and uniformly smooth Banach spaces where such moduli can
be readily obtained (although this is non-trivial). Instead of working with D directly, we follow the setup of
e.g. the works [2, 36, 47] and rather work with the function ¢ defined by’
2 2
where J is the (single-valued) duality map
2 2
J(x) = {z% e X* | ||z = [[2*]]" = (z, 2%)}.
Basic considerations on ¢ immediately yield that

0 < (lzll = lyl)* < ().

Central for obtaining moduli of consistency for this distance ¢ is the following result due to Alber:

101¢ can be easily seen via the use of the Fenchel conjugate of f for the above f that ¢ is nothing else than 2Dy.
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Proposition 5.8 (Alber [2]). Let X be a uniformly convex and uniformly smooth Banach space with a modulus
of convexity dx, i.e.
ox(e) =inf{l — flz +yl /2|2,y e X, ||z, [lyl <1,[lz -yl = e},
and a modulus of uniform smoothness px, i.e.
px (1) = sup{1/2([|z + yl| + [lx = yll = 2) | z,y € X, [Jzf| = 1, |lyl| < 7}
Then for all x,y € X:
8C%5x (|l — yl| /4C) < ¢(x,y) < 4C%px (4lx —y[ /C)
where
2 2

C =l + [lylI")/2.

In particular, utilizing the Figiel inequalities [27], for ||z|, ||yl < b
2L710%0x ([l =yl /4b) < d(x,y) < AL™'%px (4 ]|z —yl| /b)

where 1 < L < 3.18 is the constant of the Figiel inequalities [27].

From this, suitable moduli A, A can be immediately derived.

Lemma 5.9. Let X be a uniformly convex and uniformly smooth Banach space and let n : (0,2] — (0,1] be a
nondecreasing modulus of uniform convexity for X, i.e.

T+
ve e 0.2y e X (Nl Il < 1 o=l > ¢ Y <1-ue).
Then, the functions
~ €
AT
< b2 €
A b) = (4b)
satisfy
o — ol < A(e,b) — o(e,) <
o(z,y) < Ae,b) = [lo —yll <e,
for all x,y € X with ||z||, ||yl| <b. In particular, the functions
k+1
A | — = | =
=[]

o[ o)

Proof. Note that n(e) < dx(¢) and that px(g) < e. Therefore, for one, if

lz = yll < Ae,b) =

are moduli of consistency for ¢.

€
16L—1p’

then we get

¢(a,y) <ALT'0%px (4]l —y]| /b)
<

AL 104 ||z — |
= 16L""b ||z — y|
<e€

For another, if
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then we get

2L 0% n(||la — yl| /4b) < 207026 x ||z — yl| /4b)

<
< ¢(x,y)

L (£)
L "\a)
Thus, in particular, we have n(||z — y|| /4b) < n(e/4b) and thus ||z — y|| /4b < £/4b, i.e. ||z —y| < &, as n is
nondecreasing. d

As discussed before, from A and A we can immediately derive

=[5 o (ater)) |-

as a modulus for the triangularity and

- L 1 HE
0k, ) = zﬁ(”(sm[wgﬂlb]ﬂ))) -1

as a modulus for the weak triangularity of ¢.

6. MODULI OF REGULARITY AND RATES OF CONVERGENCE

To establish the main results for rates of convergence under a metric regularity assumption, we now follow
the setup established in [45]. Between this and the previous, there are some notational conflicts but the context
will make it clear to which objects we refer.

The first main difference is that while the previous setup operated on approximations AF}, of a solution set
F governed by natural numbers k, the setup from [45] works with a general function F : X — R, mapping into
the extended reals, for measuring the “approximateness” of any point x to the solution set now represented
by zerF, i.e. instead of finding points in a set F' we are now interested in finding zeros of the function F' and
|F'(z)| < € is to be understood as x being an e-approximate solution.

The whole setup of Fejér monotonicity is naturally formulated in this framework with Fejér monotonicity
now understood over zerF' and with approximate solutions understood in the previously explained sense instead
of the sets AFj,.

The main notion on which we rely in the following is that of a modulus of regularity from [45]:

Definition 6.1 (essentially [45]). Let F': X — R be a given function. For a set S € X, a function p : R¥ — R*
is called a modulus of regularity for F' w.r.t. zerF' and S if for all ¢ > 0 and all z € S:

|F'(z)| < p(e) — dist(x, zerF) < e.

In that way, a modulus of regularity, given an error € > 0, allows for the construction of an error p(e) such
that being a p(e)-approximate solution implies that one is e-close to an actual solution. We refer to [45] for
a discussion on how various notions of regularity known from optimization and nonlinear analysis fit into this
framework and do not discuss this here any further.

Remark 6.2. Note that in [43], the above notion of a modulus of regularity is only introduced relative to
the specific choice of S = B(z,r) for a given z € zerF and r > 0 but we here allow general sets S (mainly
out of simplicity so that the comparisons to moduli of regularity relative to a distance function ¢ introduced
later become simpler and do not require tedious translations between metric balls and balls relative to ¢). In
particular, we want to note that in the context of metrically bounded sets S, the uniformity of the modulus p
regarding the elements x € S is in particular suggested by the logical metatheorems of proof mining. Although
this is not the case for general sets S, we here nevertheless included this uniformity in the above definition of

the moduli of regularity. Note that in all case studies presented later, the sets are naturally bounded anyhow.

In the context of the mapping ¢, we here consider the following relativized notion:
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Definition 6.3. Let ¢ : X x X — R, be any mapping. For a set S < X, a function p : R — R* is called a
modulus of ¢-regularity for F' w.r.t. zerF' and S if for all e > 0 and all x € S:

|F(x)] < p(e) — disty(z,zerF) < e.
Here, disty is the ¢-distance function defined by

disty(z,zerF) = inf &(y, z).
yezer

We can then obtain the following generalization of the main result of [45] on rates of convergence derived
from moduli of regularity. We state the result already in its full generality. To that end, the sequence is only
assumed to be partially (¢,)-(G, H)-quasi-Fejér monotone w.r.t. F, f and (g,) in the sense of before. In that
way, it also generalizes the result given in [63] which extended Theorem 4.1 of [45] by error terms to treat
quasi-Fejér monotone sequences.

In this setup of working with real ¢’s as representations for errors, the previous moduli ag, Sy as well as 7
and 6 then need to be real-valued in the sense that now:

(1) A modulus of uniform weak triangularity or of uniform triangularity is now a function 6 : R¥ — R*
that satisfies

oy, 2),0(y,2) < 0(c) > ¢(z,2) < e or ¢(y,2),9(y,2) <0(c) > d(z,2) <¢
for any € € R% and any z,y, z € X, respectively.
(2) G- and H-moduli are now functions ag, g : R — R% that satisfy
a<agle) > Ga) <e
as well as
H(a) < fu(e) »a<e
for any € € R% and any a € Ry, respectively.
(3) A rate for ¢,, / ¢ uniformly is now a function 7 : R¥ — N that satisfies
Vn = m(e)Vae,y € X (dn(x,y) < ¢(2,y) +¢)
for all e € RY.

Also, we now understand an A witnessing 1) < ¢ to be a real-valued function A : R* — R¥ with
< ¢ =Ve>0Vr,ye X (¢(x,y) < Ale) = ¢(z,y) <e).

Theorem 6.4. Let (X,d) be a metric space and (¢y,) be a sequence of functions ¢, : X x X — Ry such that
W <4 ¢y, for A: R* — R* and where ¢ : X x X — Ry is uniformly weakly triangular with modulus § and such
that ¢y, /" ¢ uniformly with a rate m for a distance ¢ : X x X — R,. Let F : X — R be given with zerF # (.
Let f be a nondecreasing function with f(n) < n and let k be a rate of divergence for f. Assume that (x,,) is
partially (¢n)-(G, H)-quasi-Fejér monotone w.r.t. F, f and (g,,). Let ag be a G-modulus for G and By be a
H-modulus for H. Suppose there is a 7 : RY x N — N such that

Vo > 0Yn € NIN € [n; 7(6,n)|(|F(z25(n))| < 0).
Let p be a modulus of ¢-regularity for F w.r.t. zerF and S such that (z,) S S and let £ be a Cauchy rate for
diEn < 0.
Then (xy,) is ¥-Cauchy and
V8 > 0Vn,m = 2u(d) (Y(xn, Tm) < 9)
with

) =7 (o oo (P ) e [ (6 (PR (= o0 (P57 2) ) )

If v is uniformly triangular with a modulus 0, then (x,) is Cauchy with the same rate.

Proof. Let 6 > 0 be given. By assumption we have

o o () o (422) ) v

(1Pasonl < p (a6 (2520 ) 12} ).
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As p is a corresponding modulus of regularity and since (z,,) € S, we get

dist¢(x2f(N),ZerF) < ag (W) /2

and therefore, there exists a y € zerF' with ¢(y, z25(n)) < ac (W) /2. As

5 (e (A0 1))

f(N)== (OéG (W) /2)

and thus we get ¢o7(n) (Y, T25(n)) < @ (’BH(A 9(6)))) and thus G(¢a5(n) (Y, Tap(n))) < w. As further

(o)

¥ sy >  (22ALON)

and thus for n = 2N, by (¢, )-(G, H)-quasi-Fejér monotonicity, we obtain

we obtain

we obtain

H(pn(y,zn)) < G(b2p () (ys Tap (v Z €
i=f(N)
Br(A(0(0)))/2 + Bu(A(0(0)))/2

<
< Bu(A(6(9)))
for n = 2N even and by (¢, )-(G, H)-quasi- f-monotonicity, we obtain similarly

a0
H(dn(y2n)) < G2 (0 x2p)) + Y, & < Bu(A(6(9)))
i=f(N)
for n = 2N odd. Thus ¢,,(y,z,) < A(0(0)) for any n = 2N. This yields ¥ (y, z,) < 6(J) for any n = 2N (and so
for any n = 2u(9) since N < u(0)). If ¢ is uniformly weakly triangular with modulus 6, we in particular derive
from this that ¢ (z,, €, ) < d for any n,m = 2u(d). If ¢ is even uniformly triangular with modulus 6, then we
derive from this that d(x,, z,) < d for any n,m = 2u(9). O

Remark 6.5. Note that in the context of the above Theorem 6.6, we in particular get that the sequence in
question strongly converges without any additional compactness assumption.

We again explicitly list the case where all ¢,, coincide with a single function ¢:

Theorem 6.6. Let (X,d) be a metric space and ¢ : X x X — R, be a function such that ¢p <4 ¢ for
A:RY - RY and for v : X x X — Ry being uniformly weakly triangular with modulus 6. Let F': X — R be
given with zerF' # . Let f be a nondecreasing function with f(n) < n and let k be a rate of divergence for f.
Assume that () is partially (¢n)-(G, H)-quasi-Fejér monotone w.r.t. F, f and (¢,). Let ag be a G-modulus
for G, B be an H-modulus for H. Suppose there is a 7 : R¥ x N — N such that

Vo > 0Yn € NIN € [n;7(6,n)|(|F(z25(n))| < 0).

Let p be a modulus of ¢-regularity for F w.r.t. zerF and S such that (x,) € S and let & be a Cauchy rate for
>ien < 0. Then (xy,) is -Cauchy and

YV > 0Vn,m = 2u(d) (Y(xn, Tm) < 9)

0o o (421 ) (451

If ¢ is uniformly triangular with a modulus 0, then (x,) is Cauchy with the same rate.
Lastly, if e, = 0 for any n € N, then the assumption that f(n) — o0 for n — o can be omitted and it suffices
to assume that 7 : R¥ — N is such that

V6 > 03N < 7(0)(|F (may0x)| < 0),

with
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to derive that (x,) is y-Cauchy or Cauchy, depending on the assumption on ¥, with a rate 2u'(0) where

(6) = 7 (i (a (2P0 o))

and where the other constants are as before.
We omit the proof as it is rather immediate.

Again, if we have moduli relating the distance function ¢ to the usual metric distance in the sense that we
have moduli A\, A : R¥ x N — R¥ such that

for any ¢ > 0 and any z,y € X such that d(a,z),d(a,y) < b, then we can modify the above result to only
require the usual standard metric versions of the assumptions. Similarly, we also in this case call ¢ consistent
with moduli A, A : R¥ x N — R¥ if these satisfy the above inequalities and we call ¢ uniformly consistent with
moduli A, A : R¥ — N if these satisfy the above inequalities without any reference to b.

As before, we can again immediately derive a corresponding moduli # and 6 from the moduli A, A for the
triangularity and weak triangularity of ¢, respectively: Define
€
0(e,b) = A (7, b) .
COEPYE
Then for z,y,z € X such that d(a,x),d(a,y),d(a,z) < b, assume that we have ¢(y, ), d(y, z) < 0(g,b). Then
in particular d(y,x),d(y,2) < &/2 by assumption on A and thus d(z,z) < e. Thus 6 is a modulus for the
triangularity of 8. It is then clear that
~ Ale,b
d(e,b) —>\< (&, ),b>

2

is a corresponding modulus for the weak triangularity.

Similarly, we can provide a translation for the main notion of a modulus of ¢-regularity to its metric coun-
terpart.

Lemma 6.7. Let ¢ : X x X — R, be a uniformly consistent mapping with moduli A\, A : R¥ — R*. Let further
zezerF, r>0 and p: RY — R% be a modulus of reqularity for F' w.r.t. zerF' and S. Then p'(e) = p(A(g/2))
1s a modulus of ¢-regularity for F w.r.t. zerF and S.

Proof. Let ¢ be given and let « € S. Then suppose that |F(z)| < p'(¢) = p(A(e/2)), then by assumption on p,
we have dist(z,zerF') < A(e/2) and thus

Jy € zerF (d(y,z) < A(e/2)).
Thus for this y, we have ¢(y, z) < ¢/2 < ¢ and thus it follows that diste(z,zerF) < e. O

In the following theorem, we now just collect the resulting rates of convergence that can be constructed in
the context of a consistent distance:

Theorem 6.8. Let (X,d) be a metric space and (¢,) be a sequence of functions ¢, : X x X — Ry such that
P <A ¢, for A:RY — R* and where ) : X x X — R is uniformly weakly triangular with a modulus 0. Further
assume that ¢, /" ¢ uniformly with a rate w for a given function ¢ : X x X — R, which is uniformly consistent
with moduli \, A : R% — R¥. Let F : X — R be given with zerF # . Let f be a nondecreasing function
with f(n) < n and let k be a rate of divergence for f. Assume that (x,,) is partially (¢,)-(G, H)-quasi-Fejér
monotone w.r.t. F, f and (,). Let ag be a G-modulus for G, S be an H-modulus for H. Suppose there is a
7:R% x N — N such that
Vo > 0Yn € NIN € [n;7(6,n)](|F(z25 ()| < 0).
Let p be a modulus of reqularity for F w.r.t. zerF and S such that (x,,) < S and let £ be a Cauchy rate for
diEn < 0.
Then () is ¢-Cauchy and
Vo > 0Yn,m = 24’ (8) (Y (@, Tm) < 0)
with 1’ defined as p in Theorem 6.6 but with p'(e) = p(A(e/2)) instead of p. If ¥ is even uniformly triangular
with a modulus 6, then the sequence is Cauchy with the same rate.
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If ¢, = ¢ and &, = 0 for all n, then the assumption that f(n) — o for n — o can be omitted and we may
assume that 7 : R¥ — N is such that

V6 > 0N < 7(8)(|F(2ay0n)| < 0),

to derive that (x,,) is ¥-Cauchy or Cauchy, depending on whether 1 is uniformly weakly triangular or uniformly
triangular with modulus 6 as before, with a rate 2u’'(5) where

0= (4 (0 (P2ALODY 1))

and where the other constants are as before.

Again, we omit the proof as it is rather immediate.

7. APPLICATIONS TO A METHOD WITH ALTERNATING INERTIA

Let X be a finite dimensional Hilbert space with inner product (-, -) and induced norm ||-|| and dimension d.
We consider the algorithm given in [33] to approximate fixed points of a-averaged mappings T, i.e. T : X —» X
satisfies

(1= ) [[(1d = T)a— (1d = T)y|l* < o (llo = yll* = 1T = Ty|]*)
Concretely, given 2% A > 0 and 0 < a, < (1 — a)/a for all k, we consider the iteration defined by

x if k is even,

k+1 —k iy =k
T =Tx" with 2% =
{mk + ag(aF — k1) if k is odd.

By modifying a result from [59] for the case of @ = 1/2, the authors then obtain the following convergence
result:

Theorem 7.1 ([33], Lemma 3.3). Let 0 < oy, < (1 —a)/a for all k. Then (x*) converges to a fized point of T.

The proof of this result proceeds by establishing partial Fejér monotonicity (w.r.t. the usual metric distance)
and thus fits into the above general result which we will apply in the following to derive quantitative information.

Note before that, that using the correspondence between averaged mappings and monotone operators (see,
e.g., [8] as well as [7]) this immediately covers the case when T is given as the resolvent J{! = (Id +yA)~! for
v > 0 for a maximal monotone or maximally p-comonotone operator A : X — 2% as J ;\4 is firmly nonexpansive,
i.e. 1/2-averaged, in the former case and a-averaged for o = m in the latter case (see [8]).

In that case, by FiXJ/‘\4 = A71(0), approximating fixed points of T' = Jj\4 means approximating zeros & €
A~Y0).

In that formulation, as mentioned before, the algorithm considered above is exactly the algorithm considered
in [59] for maximally monotone operators and the following quantitative analysis thus also applies in that case
by setting o = 1/2.

Now, for a quantitative approach in the spirit of the previous sections, take Z with = T'Z fixed, suppose
M > ||z* — 2|, ||z*¥ — 2| for all k. Define Xo = B(2, M) as well as

F={zxeXy|ax="Txa}

as well as

1
AF, = X —Tz| < —— ;.
o= {oe Xolle - 7ol < 7 )

Lemma 7.2. If . a; < A, then

A
1 < — >
Osrirlgli}_laz <7 forallk > 1.

Proof. Suppose not. Then there is a k > 1 such that for any 0 <i < k —1: a; > A/k. Then

k—1
RS IR
7 =0

which is a contradiction. O
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Lemma 7.3 ([33]). For any k:

42 =" < fla* ~

’2 B (1;0‘) |T" + apyr (Ta® — 2*) — kaHZ'
Lemma 7.4.

<1 - a> Z H$2¢+2 . j2i+1H2 _ (1 ;0‘> 2 Hszi . 0[2i+1(T£L'2i _ :c%) . :c2”2||2 < ||x0 _ "%H2
i i

«

Thus in particular
2

. . 9 2 o 1‘0 -
0%12]?_1 Hx2z+2 _ xQH—lH < (1 — a) H -

for any k = 1.
We omit the proof as it is immediate.
Lemma 7.5. For any k > 0: Hx2k+3 - x2k+2H < Hx2k+2 - :EzkHH.
Proof. As T is a-averaged:
(1-a) |‘$2k+2 _ 2k (£2k+1 _ m2k+2)H2 <a (’|x2k+2 _ §j2k+1H2 _ Hm2k+3 _ x2k+2H2) _
Thus, in particular

p2k+3 _ o 2k42 2 < ||22k+2 _ g2+l 2 (l1-a 222 _ o 2k43 _ (z2k+1 o 2k+2 2
| "< | — )|l ( )

< Hx2k+2 _ f%“|!2-
O
Lemma 7.6. Let b > on — ﬁH Then ®(k) = 2max{1, [ﬁlﬂ(k + 1)21} s an approzximate F'-point bound
for ().
Proof. Write k’ for max {1, [ﬁbQ(k‘ + 1)2] } As k' = 1, by Lemma 7.4, there exists an 4 € [0; " — 1] such that

NI
242 -2i4+2(|2 a |2 — & @ ﬁ
Hx * H g<10¢> K g<10¢> k'

2043 _ _2i+2 Vo b _

o~ Hg(vTa)dM<k+1'

As 2i +2 is even, we have 2273 = Tz?t2 = T3?*2, Thus %2 € AF},. Lastly, we have 2i +2 < 2(k' —1)+2 =
2% = B(k). O
Lemma 7.7. Let ||z* — Tx*|| <e and b > ka — x*H , ||33k - Tx*” , HTa:k — m*” , ka - Ta:kH for any k. Then
for any k:

Using Lemma 7.5, we get

|2+2 — P < [ — ¥ + (3;2“ n z) be.
Proof. We have
||:Ek+2 o x*” _ <xk+2 o Tl’*,xk+2 _ x*> + <T.T* o x*,xk+2 o .Z’*>
_ <xk+2 _ TI'*,IEkJrQ _ T.’E*> + <£Z?k+2 _ T{Z?*7TI'* _ 1,*> + <TI'* _ Z'*,Ik+2 _ l'*>
< |’xk+2 - Tx*H2 + 2be
< || 72" + apgr (T2 — 2F) — x*Hz + 2be.
Now
|T2* + cps1 (T2F — 2¥) — ac”‘”2
- ||(1 + gy 1) (Tz® — %) — gy (28 — :U*)H2

= (14 ags1) HTsck — x*”2 — Qg1 H:Ck — :E*HQ + ap+1(1 + ags1) HT:vk - :EkHQ
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using Corollary 2.15 from [7]. Using

| T2* — sc*H2 = (Ta" —Ta* Ta" — 2*) + (Ta* — x*, Ta* — z*)
<{(Ta¥ —Ta*, Ta® — Tx*) + 2be

< flat =P = T2t — Tk - o 4 T 4 20,
we get
172 + apn (Tt = 2%) = 2* P < [lo* — ] = (14 aar) 2 |Jo = Tk — 2% + T2
a1 (1 + apen) [Tk — 2% + (1 + agyr)2be.
Using

ka — Tk — g* +Ta:*H2 = ka —TkaQ + {ak = Tak Ta* — %) + (Ta* — 2%, 2% — Tak — 2% + T2*)
> ||2* — Tka2 —be +{(Ta* — a*, 2% — 2*) + (Tx* — o*, Ta* — Ta")
> |Jab — Ta*||* - 3be

this implies

||T£ck + apyr (Tah — 2 — :c*||2 < ||£ck - x”‘”2 —(1+ ak+1)1 ;a (chk - Tka2 - 365)

+ akr1(1 + ags1) ||T:vk — ka2 + (1 + agt1)2be

< || = 2*||” + (1 + py1) ——3be + (1 + apy1)2be

«
< ||lo* —a*|* + <1+1_a) L et (1+1_°‘> 2be
(0% « «

which yields

ka” —x*”z < ||xk —x*”z (3;2a + 2) be.

O

Lemma 7.8. Let b > ||a* — o*||, ||a* — Ta*||, | Ta* — a*|| ,||z* — Ta*|| for all k and ||a* — Ta*| < e. Then
for any k:

(1) (22 —a*||” < fla?* — 2% + (35 +2) be,

(2) ||z2++3 - x*HQ < |22 - m*H2 + (B2 4 4) be.

[0

Proof. The first item follows immediately from Lemma 7.7 and for the latter, note that
H$2k+3 _ x*||2 < ||x2k+2 _ x*H 1 %e.

O

This immediately yields a modulus of uniform Fejér monotonicity and the respective uniform modulus for
the odd elements:

Lemma 7.9. For all r,n,m:

(1) Vz* € AF, (.Yl < m (Hx2(n+l) ot < o — || + ril)’

(2) Va* € AF¢(n mnVl <m (sz(n+l)+3 — 2| < || — ¥ + ri1>’

where

3—«
2

33—
a2

X(n,m,r)—Zmz{ +2}M(7‘+1)2;1and((n,m,r)—2m2[ a+4—‘M(r+1)2;1.
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Proof. W.lo.g. I > 1 in both cases. Let 2* € AF,(, ). Then, by Lemma 7.8, we get

<Ha:2"—x*||+m\/2[3a2a+2}M !

x(n,m,r) +1
1

r+1

HxZ(nJrl) — ¥

< Ja?" = a*|| +

Similarly, we obtain for x* € AF¢(; m

n n 33—« 1
a2+ — 2| < a2 —x*\!+m\/2[ o2 +4}qu,m,7ﬂ)+1
n 1
< e - ¥ + =

Combined, we obtain a rate of metastability for the sequences by an application of Theorem 5.5.

Theorem 7.10. The sequence (x,,) is Cauchy and for all k € N, g e NV:

AN < V(k,g)Vi,j e [N;N 4 g(N)] <||3L‘Z —zj]| < and x; € AFk)

kE+1
d
where U(k,g) = 2o (P,2k + 1,¢") + 3 with P = [(641@ + 64)\/&M] , 9’ (n) =g(n+3)+ 3 and ¥ defined by

\IIO(kaag) = Oa
lI10(” + 17 kag) = (@M(né\/[k(qIO(na k7g)74k + 3)3

where
«

—

O(k) = Qmax{l, [1
and ®M (k) = max{®(j) | j < k} as well as

Ng.k(n,7) = max {Qk + 1,2{9(2n)JT3;2a + 4}M(2r +4)% = 1} .

M?(k + 1)2H +1

2

Proof. Note that T is nonexpansive and thus by Lemma 7.1 of [43], we get hat F is uniformly closed with moduli
wp(k) = 4k + 3 and dp(k) = 2k + 1. Further, by Example 2.8 of [43] we get that v(k) = [Q(k + 1)\/&M]d is a
modulus of total boundedness of B(Z, M) Then, for the sequence (Z,,) defined by

Ty for n = 3,
Tn =< Tn, for even n < 3,

T,_1 foroddn < 3,

we get from Theorem 5.5 by the use of Proposition 4.30, Proposition 4.31, Lemma 7.9, Lemma 7.6 and f(n) :=
n =1 that

IN < 2Wo(P,2k + 1,¢)Vi,j € [N; N + g(N + 3) + 3] <|x — | < and 7; € AFk>

1
k+1
after some obvious simplifications. Therefore we get, using z; = x; for ¢ > 3, that
k+
which yields the result. O

1
AN < 2Uy(P,2k + 1,¢')Vi,j € [N + 3; N + 3 + g(N + 3)] <||acZ —zj| < 1 and z; € AFk>

Under the assumption of a modulus of regularity, we can also derive a rate of convergence using Theorem
6.8. For this, the central instantiation of the notion of the moduli of regularity is the following:

Definition 7.11. Let T': X — X be a map. For a set S < X, a function p : R¥ — R¥ is called a modulus of
regularity for T' w.r.t. Fix7T and S if for all e > 0 and all x € S:

|z — Tx|| < p(e) — dist(z, FixT) < e.
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With such a modulus, we get the following result.

Theorem 7.12. Let x* € zerF and b > max{”xo — :r*” , ||o:1 — ac*”} Let p be a modulus of reqularity for T
w.r.t. FixT and B(x*,b). Then (z,,) is Cauchy with

2

1

V6 > 0Vn,m = max < 3,2 2 s | 1 |z — zm]| < 9).
I—a p(3)

Proof. For (&,) as before we get from Theorem 6.8 (and using Proposition 4.30, Proposition 4.31, Lemma 7.9,
Lemma 7.6 and f(n) :=n = 1) that

V6> 0Vn,m = 2| —2 b2q
11—«

1 ’ N -
P(i)} + 1) (|Zr = Zm]| < 9).

The result then follows as for n > 3, we have Z,, = z,,. O

As already discussed in Remark 6.5, also here the strong convergence in particular holds without any addi-
tional compactness assumptions in the context of these moduli of regularity.

We refer to the extensive discussions in [45] for examples of mappings T where such a modulus can be readily
constructed.

8. APPLICATIONS TO THE MANN-TYPE PROXIMAL POINT ALGORITHM IN BANACH SPACES

For a second application, we work over a Banach space X with norm |-|| and dual space X*. Since the
seminal work by Rockafellar [67] and Martinet [55], the proximal point algorithm has been one of the most
influential algorithmic approaches to many problems in optimization.

We are here concerned with the previously mentioned work [36] for a combination of Mann’s iteration with
the proximal point algorithm (see again [77] for this kind of iteration in Hilbert space and e.g. [56] for related
iterations) for a monotone operator of the Banach space X in the sense of Browder [12]. Concretely, a set-valued
operator T' € X x X* is called monotone if

(x—y,z*—y*) >0

for all (z,x*), (y,y*) € T. For these monotone operators in Banach spaces, there are natural analogous for the
resolvent. Over a smooth Banach space with a (single-valued) duality map J and given a maximally monotone
operator T', one particular choice is the function J, : X — X defined by

Jex = (J+rT) ' Jx

for r > 0 and x € X (see also [3] for this and other variants of the resolvent in this context). Then, by combining
the aspects of Mann’s iteration and the proximal point point algorithm, Kamimura, Kohsaka and Takahashi
obtained the following result:

Theorem 8.1 ([36]). Let X be a uniformly smooth and uniformly convex Banach space whose duality map is
weakly sequentially continuous. Let T be a mazximally monotone operator and x,, defined by

Tpy1 = J oz, + (1 —an)JJ,, x,)
for zg € X and where (o) < [0,1], (rn) € R% satisfy

limsup a,, <1 and liminfr, > 0.
n—0o0 n—aw

If T=10 # J, then the sequence (x,) converges weakly to an element of T10.

Note that in this context of a uniformly smooth space, the mapping J is uniformly continuous on bounded
subsets.

Essential for the proof of weak convergence, and thus also for the convergence analysis, is establishing Fejér
monotonicity of this algorithm w.r.t. the previously discussed distance

d(a,y) = |l =z, Ty) + lyl®

for z,y € X. In that way, this fits into the general quantitative result established before and we apply this
result in the following to extract quantitative information on the above convergence from the proof. Recall for
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this in particular the previously derived moduli A, A and 8 for the distance ¢ in a uniformly convex and smooth
space with a non-decreasing modulus of uniform convexity 7:

E+1
O =

e
o[£ ) |

For the quantitative analysis, we again suppose M > ||z, || for all n and define Xo = B(0, M) as well as
F = zerT n Xy = FixJ,. n Xy (for any r > 0)

as well as

AFy, = {IEXO [z = Jpr x| < for allngk}.

1
kE+1

The result given in [36] relies on a particular result on the relation between the distance and the resolvents
of the operator from [47]:

Lemma 8.2 ([47]). Let X be smooth, strictly conver and reflexive and let T be mazimally monotone with
zerl # 5. Then

oz, Jry) + ¢(Jry,y) < ¢(x,y)
for any x € zerT and y € X.

Based on the approximations AF}, we get a quantitative version of this result. For this, we still need the
following preliminary bound on the norm of the resolvent:

Lemma 8.3. Let T' be maximally monotone and let d € Tc with C = ||c||, D = ||d||. Then for any r > 0 and
any r € X:
|Jrz|| < max{(1+ C)(b+ RD) + C,1} =: u(R,b)
where R =1 and b = ||z||.
Proof. By definition of the resolvent, we have for any » > 0 and any z € X:
(Jrz,r~ ' (Jz — JJ,2)) € T.
As d € Tc, we have by monotonicity of T" that
(Jpx — e, H(Jx — JJx) —d) = 0.
By linearity, we obtain
0<{Jpx —c,r Y (Jo — JJx) —d)
= (Joz, v Jr —dy — (T, v T Ty — (e, r ™ T x — dy + e, r T T )
and therefore we get
Tz ||® = (Jpa, JJpx) < (Jpa, Jo —rdy — (¢, Jx — rd) + (¢, JJ,z)
< 12l (2]l + D) + C(llz]| + rD) + C || Jr]| -
Suppose now that ||J.z|| > max{|z| + rD + C(||z|| + rD) + C,1}. Then by multiplying by ||J.z|| ", we get
17zl < ||zl + rD + ||J;z|| =" C(|l2|| +rD) + C
|z|| +rD + C(||z|| + rD) + C

from the above which is a contradiction. This gives the claim. O

<
<

Lemma 8.4. Let X be uniformly smooth and uniformly convex and let T be mazximally monotone. Let d € Tc
with C' = |||, D = ||d||. Let w(e,b) < e be a modulus of uniform continuity of J on bounded subsets, i.e.

Vz,we X, beNye > 0(||z]], [|w]| b A ||z —w| Sw(e,b) = ||Jz — Jw|| <¢).

Then for anye >0, x,y € X and r,s > 0, if x and s are such that

€
le — Jsz|| < w (E,max{b,u(s,b)})
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for b= |zl lyll, we have
o(@, Jry) + o(Jry,y) < d(2,y) + €
where
E = max{2(u(r,b) + b), 2rs~  (u(r,b) + (s, b))}
with v as in Lemma 8.3.
Proof. 1t is known that
o(x,y) = oz, ry) + o(Jry,y) + 2Xx — Jpy, JJry — Jy)
= ¢z, Jry) + 6(Jry,y) + 2r(x = Jpy, —Ary).
Now, we also immediately have (using monotonicity of T'):
(& = Jry, —Ary) = (& — Jox, —Apy) + (s — Jry, —Ary)
= (x — Jox,— Ay + (Jex — Joy, s (Jx — JJsx) — Apy) + (Jsx — Joy, —s  (Jz — JJz))
> (x — Jox, — Ay + s Jx — Juy, J I — Jx)
> — o — Jsz|| | Ayl — 57" | Jsz = Jpy|l | T sz — Jz|
=l = Tsall = (Tl + ylh) = s~ (sl + 1 eyl 1 Tsw — T
Thus, using the previous Lemma 8.3, we have
$(x,y) = ¢(x, Jy) + ¢(Jry,y) = 2r |z — x| v~ ([ Tyl + yl) — s~ 2r (| szl + [ Tyl) | T Tsz — T
= ¢, Jry) + o(Jry, y) — |z — Joxl| 2(u(r, [lyl)) + llyl)
= 2rs™H(u(r [lyll) + n(s, [|zID) 1 Jsa — Jz|
= ¢z, Jry) + o(Jry,y) — E(llz — Jsal| + [T Jsz — Jz|))

and therefore, for x such that

Vv

\Y

€
_ < _—
lo — Jsz|| < w (QE,max{b,u(s,b)}) )
we get that
o(@,y) = oz, ry) + (Jry,y) — €
which is the claim. (|
Remark 8.5. If w: N x N — N is a modulus of uniform continuity of J in the sense that
1 1
— <——— > ||Jz—Juw|| < ——
Iz = wll w(k,b) +1 172 wl k+1
for all k € N and all z,w € B(0,b), then it holds that
1
< I
o2, oy) + 0(Jryy) < D@, y) + =

for any k,be N, z,y € X and r, s > 0 whenever
1
wE(k+1)+1,B+1)+1

e — Jox| <

for B = ||z||.

Using this, we can give a quantitative version (in the sense of a modulus of uniform ¢-Fejér monotonicity
as introduced before) of the “Fejér monotonicity”-type result implicitly shown in the course of the proof of
Theorem 3.1 in [36].

Lemma 8.6. Let X be uniformly smooth and uniformly convex and let T be mazimally monotone. Let d € Tc
with C = ||c||, D = ||d|| and let w : Nx N — N be a modulus of uniform continuity of J. Then for all r,n,m € N:

1
Vze AFx(n,m,r)VZ <m <¢(27xn+l) < ¢(Z,5L’n) + ’/’-I—l) s

where
x(n,m,r) = max{n,w(2E) ,, ((r + 1)(m = 1) =1+ 1) + 1, M + 1)}
as well as
E} = max{2(u(Fn,m, M) + M), 2Fn vy (1P, M) + (1, M)},
where Fp, pm = max{r; | i <n+m = 1}.
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Proof. We get
P2, Tn11) < nd(z,20) + (1 — an)d(z, Jr, 0).
as in the proof of Theorem 3.1 in [36]. Now, since z € AF, (5, n,r), We have
1
wRE) L ((r+1)(m=1)=1+1)+1,M+1)+1

Iz = Jr, 2]l <

and by Lemma 8.4 (see also Remark 8.5), this implies
1
(r+1)(m=1)=1+1

¢(z7 Jrnxn) < ¢(Zaxn) +

and by induction, combined with the above, we get

1 n+m-=1
(2, 0nt1) < Pz, 20) + CrDm=1) Z (1= oan)
m =1
< ¢z, 2n) + G+D)m=1)

1
< yn +—
#(z n) r+1

for any I < m since ||z||, ||z;|| < M for all i as well as
Ep = max{2(pu(Fnm, M) + M), 275 vy (1P, M) + pu(rn, M)}
where 7, ,, = max{r; |1 <n-+m = 1}. O
Next, we will obtain an approximate F-point bound from the asymptotic regularity result
O (Yn,xn) — 0 for n — ©
established in the proof of Theorem 3.1 from [36]. For this, we first collect a few preliminary results.

Lemma 8.7. If (a,,) < [0,0] and ant1 < ap, for all n, then
b
Ve > 03n < QLW (agn — agny1 < €).

Proof. Suppose not. Then
b
apg>¢ec+ag>--- >2L:w5+a2{b] =>b
which is a contradiction. O

Lemma 8.8 ([36]). Let z € zerT. Then for any n: ¢(z,2n+1) < ¢(2,2y) as well as

oy, an) 2T = OCtnst)

Lemma 8.9. Let z € zerT, let a be such that 1 > & > «, for all n and let 7 be such that r, = 7 > 0 for all n.
Let b = ¢(z, ). Then

b
Vedn < 2L(1—o¢)] (A(Jry, T2n, T2n) < €).
Proof. The claim follows from the previous lemmas. ]

Lemma 8.10. Let z € zerT, let & be such that 1 > & > a,, for all n and let 7 be such that r, =7 > 0 for all
n. Let b > ¢(z,x0). Then
Vk € NIn < ®(k) (v2, € AFy)
with
(Mw(2EL(AM(k)) +1,M + 1)) +1)b
1—a

O(k) = 2[
as well as
B} = max{2(u(Fx, M) + M), 27, (7 (7, M) + max{(1 + C) (7'M + D) + C,7 '}}

where 7, = max{r; | i < k}.
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Proof. By Lemma 8.9 and the properties of A\, we have

Vk e Nan < ®(k) (||Jr2nx2n — Zon|| <

By Lemma 8.4, we then in particular obtain that

¢($2n7 Jm$2n) < (b(xQnaxQn) +

for all 4 < k. This in particular holds since

1
w2EL(A(k)) + 1, M + 1) + 1) '

Ak)+1

+1

B} = max{2(u(Fr, M) + M), 27 (7 (7, M) + max{(1 + C)(7*M + D) + C,7 '}}
> max{2(p(Fx, M) + M), 27 (F L u(Fr, M) + r5,F max{(1 + C)(M + rq,, D) + C, 1}}
> max{2(u(7x, M) + M), 27k (7 (T, M) + 13 1720, M)}
> max{2(u(Fy, M) + M), 2715, (1(Fr, M) + p(ran, M))}
where 7, = max{r; | i < k}. Thus ||z2, — Jp, Zon| < 1/(k + 1) for all 4 < k. O

The combination of the previous modulus of uniform Fejér monotonicity with the above approximate F-point
bound then yields the following rate of metastability as an application of Theorem 4.25.

Theorem 8.11. Let X be a uniformly convex and uniformly smooth Banach space and let n : (0,2] —

(0,1] be

a non-decreasing modulus of uniform convexity for X. Assume that Xo as defined before is totally bounded with
a modulus of total boundedness y. Let z € zerT, let & be such that 1 > a > «,, for all n and let ¥ be such that

rn =7 >0 foralln. Let b= ¢(z,20). Let d e Tc with C = ||c||, D =

Id]] and let w : N x N — N be a modulus

of uniform continuity of J. Then (x,) is Cauchy and for all k € N and all g : N — N:

IN < T(AK),

with U (k, g) = U(ko, g) where

G¥irj € [Ni NV + g(N)] (na:i ol <

P and x; eAFk)

ko = max {k, \(wr(k))}
where W(k,g) = 2Wo(P, k, g) with P = v(A(160(k) + 15)) and ¥, defined by

\IJ()(O?kag) = 0)
\Ijo(n + 17kag)

where

Alk) =

[16L

(M +1) ’

0~ (0 (ortem) |

(M +1)2 (” (8(

W)H o

as well as

o(k) = 2[
k} and where
Uk(”a T)

and ®M (k) = max{®(j) | j <
with
= max{n,w(?Eg
Xk(n,m,r)
Xi(n,m,7)

C(na m, T) =

x(n,m,r)

m((r +1)(m

= maX{5F(k)7X(n7m7T)}7

Aw2EL(A(k)) +1,M + 1)) + 1)b}
1-a

= maX{X;c,g (nv 7‘), gg (n7 T‘), 6(”? T)}

=1)=1+1)+1,M+1)},

= xk(2n,2m, ),
x(2n,2m + 1,7),
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as well as 5(n,7) = x (f(n),n — f(n),4r +3)},
o) = i ([ 2272 ].r).
Conm) = ¢ (n \“Z”’Jf) ‘
for

E} = max{2(u(Fn,m, M) + M), 275 vy (1P, M) + (1, M)},
B} = max{2(u(Fr, M) + M), 27 (7 (7, M) + max{(1 + C)(7*M + D) + C,7 '}},
where 7, = max{r; | i <k} and #y,,, = max{r; | i <n+m =1} as well as
p(R,b) = max{(1+ C)(b+ RD) + C, 1}.

If we have a modulus of regularity for the operator in the sense of the following definition, then an application
of Theorem 6.6 even allows for the derivation of a rate of convergence.

Definition 8.12. Let S € X be a set. A function p: R¥ — R is a modulus of regularity for the (generalized)
prozimal point algorithm w.r.t. S if for all e > 0 and x € S:

lx — Jiz|| < p(e) implies dist(x, Fix J;) < e.

Theorem 8.13. Let X be a uniformly conver and uniformly smooth Banach space and let n : (0,2] — (0,1]
be a modulus of uniform convexity for X. Let w(e,b) < & be a modulus of uniform continuity of J on bounded
subsets, i.e.
Vz,we X, beNje > 0(||z], lw]| b A ||z —w| <w(e,b) = ||Jz — Jw|| <¢).
Let Xq be defined as before. Let z € zerT and let b = ¢(z,x0). Let & be such that 1 > & > «, for all n and let
7 be such that r,, =7 >0 for all n. Let p be a modulus of regularity for the proximal point algorithm w.r.t. Xq.
Then (x,,) is Cauchy and
V8§ > 0Vn,m = p(d)(||xn — zm] < 90)

with
(o (2)
and where
Ae) = T61= (M n 1)
Ae) = M +1)2 < >
9(5) NG
p'(e) = (~(€/2))-
and where
T(e) =2 - b
Mo(GR M) a-a
with

E = max{2(u(1, M) + M),2(F " (1, M) + max{(1 + C) (7'M + D) + C,7'}}
as well as u(R,b) = max{(1 + C)(b+ RD) + C, 1}.

Proof. By Lemma 8.9, we have

e(l—a)

Thus, we get that there exists an n < 7(¢) such that

NG
lx2n — Jry, Tonll < w <2(E)’M> .

} (A(Jry,, T2n, T2n) < €).
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By Lemma 8.4, we have
d(z2n, Jl-TZn) < (,25(1‘2”,:62") + A(E) = >\(5)

and we thus have ||zg, — Jiz2,|| < e. For this, note that

E = max{2(u(1, M) + M),2(F (1, M) + max{(1 + C)(F*M + D) + C, 7 '}}
> max{2(u(1, M) + M), 2(F*u(1, M) + r3, max{(1 + C)(M + r9,D) + C, 1}}
> ma{2(u(1, M) + M), 27 (1, M) + 5 (ram, M)}

A\

max{2(u(L, 220 ) + lw2nll), 22 (1(1, |22 ) + 1720, [2201))}-

Thus 7 confines to the properties of Theorem 6.6 and this result consequently implies the present theorem. [J

Similar to before, as already discussed in Remark 6.5, also here the strong convergence in particular holds
without any additional compactness assumptions in the context of these moduli of regularity.

Again, we refer to [45] for the discussion of examples of concrete moduli of regularity for resolvents of mono-
tone operators in Hilbert spaces which can be easily transformed into corresponding moduli of regularity for
resolvents of monotone operators in Banach spaces in the above sense.
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