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Abstract. We provide quantitative convergence results for continuous-time dynamical sys-
tems in metric spaces that satisfy a continuous-time analog of quasi-Fejér monotonicity. More
precisely, we provide a (strong) convergence result for such dynamical systems over compact
metric spaces which is quantitatively outfitted with a continuous-time rate of metastability,
which moreover can be explicitly and effectively constructed in a very uniform way, only de-
pending on a few moduli representing quantitative witnesses to key properties of the dynamical
system and a measure for the compactness of the space. We further show how this convergence
result can be extended to non-compact spaces under a regularity assumption of the associ-
ated problem, where moreover rates of convergence can then be explicitly constructed which
are similarly uniform. In both cases, already the associated “infinitary” convergence result is
qualitatively novel in its present generality. Beyond this abstract quantitative theory for such
dynamical systems, we motivate how the presently studied continuous-time variant of quasi-
Fejér monotonicity naturally occurs as a unifying property of many dynamical systems and
differential equations and inclusions, and in that way can be used to provide a comprehen-
sive quantitative theory for many such dynamical systems. We illustrate this with three case
studies for both classical first- and second-order dynamical systems in Hilbert spaces as well as
(generalized) gradient flows and associated semigroups in nonlinear Hadamard spaces.
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1. Introduction

Fejér monotonicity is one of the most fundamental concepts in modern (convex) program-
ming. Traditionally formulated by

@n P N @z P F pdpxn`1, zq ď dpxn, zqq

for a sequence pxnq, say in some metric space pX, dq, it expresses that the sequence as a whole
descends towards a solution set F Ď X. This rather convenient property, or at least one of
its many extensions, is enjoyed by many, if not most, iterative methods in optimization, and
as such has considerably streamlined and unified the convergence analysis of such dynamical
systems, where next to establishing Fejér monotonicity, all that is required to prove a method
convergent is generally some mild approximation property of the sequence towards the solution
set. As such, Fejér monotonicity over time became one of the most central organisational
principles in the analysis of algorithms.

The notion itself has a rather long history already. The name Fejér monotonicity was coined
in [72], referring to a use of a similar concept made by Fejér in [49]. Subsequently, it has

Date: March 23, 2026.
1



2 A. FREUND AND N. PISCHKE

been heavily studied by the “Russian school” of convex programming, in particular Eremin
[44, 45] as well as Ermol’ev [46, 47, 48]. The modern appreciation of Fejér monotonicity as
a central unifying concept for many strands of convex programming is however centrally due
to Combettes and Bauschke, in particular due to the surveys and expositions of Combettes
[37, 38] and the central monograph [15].

This paper is devoted to a study of a continuous-time analog of Fejér monotonicity, as
formulated by

@t ě s ě 0 @z P F pdpxptq, zq ď dpxpsq, zqq

and an associated quasi-variant incorporating an error function e with limtěsÑ8 eps, tq “ 0,
that is

@t ě s ě 0 @z P F pdpxptq, zq ď dpxpsq, zq ` eps, tqq ,

now for a continuous-time dynamical system x : r0,8q Ñ X, still over some metric space pX, dq.
This property, and its extensions by perturbations of the metric or inclusions of error terms, is
intimately linked to differential inequalities for associated energy functionals as arising in the
context of Lyapunov analyses of differential equations and inclusions, but in particular allows
one to capture many further situations like flows and semigroups, also over nonlinear spaces (as
discussed in greater detail in Section 2). Nevertheless, this property is often left implicit, only
explicitly coming to the forefront in the proofs, if at all. A notable exception is the well-known
survey [79] by Peypouquet and Sorin, where the property is prominently isolated as a link
between continuous- and discrete-time settings (see in particular property (a3) therein). But
even in [79], the investigation is not centered around the above property but rather constructed
ad-hoc around the particular problem at hand, that is the first-order Cauchy problem for a
maximal monotone operator.

As such, the present paper is intended to illustrate how the above, more “sequential”, notion
naturally allows for a uniform study of such dynamical systems arising through differential
equations, and beyond. In particular, this more sequential character seems particularly suitable
for quantitative considerations, which are the main object of this paper.

Concretely, the first part of the present paper presents highly general and abstract con-
vergence theorems for dynamical systems subscribing to (a generalized version of) the above
continuous-time Fejér monotonicity property. These results fall into two categories:

(1) We provide a strong convergence result under a (relative) compactness assumption on
the space, utilizing only mild approximation assumptions on the dynamical systems.

(2) We provide a strong convergence result without any explicit compactness assumption,
but while imposing a certain rather general type of regularity for the associated problem.

In the former case, we in particular provide rates of metastability for the dynamical system x,
that is a function ∆pε, gq such that

@ε ą 0 @g : N Ñ N Dn ď ∆pε, gq @t, s P rn, n ` gpnqs pdpxptq, xpsqq ď εq .

These rates thereby represent a continuous-time analog of the usual rates of metastability
as coined by Tao [90, 91] for discrete-time sequences, and similar to that context present an
alternative phrasing of the Cauchy property of a dynamical system which allows for effective
quantitative information, contrary to usual rates of convergence which, due to results from
computability theory (see [86] as well as [76]) are generally non-computable.

Nevertheless, in the latter case, these rates of metastability can generally be upgraded to full
rates of convergence, that is we can even provide a function ρpεq such that

@ε ą 0 @t, s ě ρpεq pdpxptq, xpsqq ď εq .
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In either case, these rates can be explicitly constructed from some simple data representing
quantitative formulations of the main assumptions, and we provide these constructions in full
detail. In particular, the resulting rates are highly uniform, depending only on these data and
not on further auxiliary properties of the space or dynamical system.

The quantitative results pertaining to the first item in particular generalize related such
results for discrete-time Fejér monotone sequences presented in [59], while the latter generalize
similar such results given in [60] (see also [80]). In particular, our methods are quite similar,
and result in rates of a similar style and complexity, thereby highlighting how one can give
a unified treatment of continuous- and discrete-time systems, in particular for quantitative
questions, by following the more discrete reasoning to a large degree in the continuous context.
We regard this as another methodological contribution of the present paper, and regard our
paper in a similar spirit to the survey [79], which already heavily highlights such similarities,
also in various other parts of the analysis of continuous- and discrete-time systems.

Like the works mentioned above, also the present results are derived using methods from proof
mining, a subfield of mathematical logic which aims at utilizing tools from the foundations of
mathematics to provide additional computational information for ineffectively proven results
in mathematics. As such, it has found wide success in particular in the context of (nonlinear)
analysis and optimization. We refer to the seminal monograph [57] as well as the surveys [58, 61]
for further background on proof mining. However, regardless of this logical background, the
entire paper is formulated without explicit reference to logic, as typical for results arising in
the proof mining program, and in that way can be comprehended without any knowledge of
mathematical logic.

All these methodological aspects notwithstanding, we regard the actual applications of the
abstract results presented here as the key exponents of our paper. To illustrate this, we provide
three concrete case studies in this paper. The first presents a quantitative analysis of the work
[23] by Boţ and Csetnek for a first-order dynamical system over a nonexpansive operator and
the associated first-order continuous-time variant of the forward-backward scheme. The second
presents a quantitative analysis of the work [22] by Boţ and Csetnek for a second-order dynam-
ical system over a cocoercive operator, and its associated second-order continuous-time variant
of the forward-backward scheme. Both case studies are chosen due to their rather abstract pre-
sentation and in particular their generality, allowing for a uniform treatment of various other
preceding systems (as discussed in more detail in the respective introductions to the case studies
later on, but we already want to refer to the survey [42]). The second case study in particular
presents an example where our approach, even in the context of metric regularity assumptions,
cannot provide rates of convergence in general, as we can only provide a rate of metastability for
the respective error function in the quasi-Fejér monotonicity property, which presents a novel
structural reason for why no rates of convergence have appeared for that particular scheme, at
that level of generality. This should in particular be compared to more restrictive choices of pa-
rameter processes and operators, in particular covering the continuous-time forward-backward
method in the context of strongly monotone operators, where fast effective rates can never-
theless be constructed as illustrated in [25], which we partially extend in the present paper
to more general settings, again however following a quite different methodology motivated by
the discrete-time approach. The last case study is concerned with nonlinear semigroups on
nonpositively curved metric spaces, making use of the general metric setting of our results.
In particular, we consider the perhaps canonical example of the gradient flow semigroup as
studied in this context by Mayer [71] and later Bačák [16], and then further consider a related
nonlinear semigroup generated by a nonexpansive mapping as studied by Stojkovic [87] and
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later Bačák and Reich [18], which in particular allows for an abstract approach towards heat
flows in singular spaces (as further discussed later on).

At last, we think of our paper as laying the groundwork for quantitative studies of other
facets of continuous-time Fejér monotonicity, and can conceive of various natural successors to
the present work. Indeed, discrete-time Fejér monotonicity encompasses many variants, and
we think that also these variants can be quantitatively lifted to a continuous-time setting by
following the present methods. Initial examples of such variants include adaptations to varying
metrics [39] or to different distance functions like Bregman distances [14] or even broader
general classes of distances on metric spaces as considered in [81] (see also [75]). However, these
extensions would be rather routine. More interestingly, one could also generalize the present
results to continuous-time variants of the recently introduced Fejér˚ monotonicity [7, 19, 20]
as well as the rather general and extensive localized and relativized generalization of Fejér
monotonicity [63] (which was also introduced through a proof mining perspective), where then
the very interesting question arises whether natural dynamical systems fall under that regime,
with a natural contender being continuous-time variants of the method presented in [19]. Last
but not least, the present results naturally lend themselves to extensions into the stochastic
setting. In particular, the present results on rates of convergence under regularity assumptions
could be generalized in that way by combining the present approach with that of the recent
works [75, 83] on rates of convergence for discrete-time stochastically quasi-Fejér monotone
sequences under stochastic regularity assumptions, while the general constructions of rates
of metastability under a compactness assumption could be extended by instead following the
approach of the upcoming work [82]. The previously cited works rely on a quantitative theory
for discrete-time supermartingales, and extensions of these results would then require a similar
quantitative approach to continuous-time martingale theory, which would be interesting in its
own right. In particular, such results could then unlock quantitative treatment of associated
stochastic differential equations and inclusions, as to render them applicable to recent works in
that direction such as [30, 31, 66, 67, 69, 70].

Notation. Throughout, if not stated otherwise, we let pX, dq be a given metric space. We
denote closed balls in such spaces by

Brpxq :“ ty P X | dpx, yq ď ru.

Natural numbers N are throughout assumed to contain 0. The function r¨s is defined as usual,
that is by rxs :“ mintz P Z | z ě xu. Further, we define bounded subtraction on N via
n ´ m :“ maxtn ´ m, 0u. If we are given a function f : N Ñ N, we denote iteration of that
function by f piq, defined recursively by f p0q :“ Id and f pi`1q :“ f ˝ f piq.

2. Continuous-time Fejér and quasi-Fejér monotonicity

2.1. Definition and motivation. We begin with our notion of continuous-time quasi-Fejér
monotonicity, the central notion studied in the present paper. This notion, like all other variants
of Fejér monotonicity, refers to an underlying solution set which we in this paper take to be
given as the set of zeros

zerF :“ tx P X | F pxq “ 0u

for a given solution function F : X Ñ r0,`8s.

Definition 2.1 (Quasi-Fejér monotone dynamical system). Let F : X Ñ r0,`8s be a given
solution function and let G,H : r0,8q Ñ r0,8q be functions with a Ñ 0 whenever Hpaq Ñ 0
as well as Gpaq Ñ 0 whenever a Ñ 0.
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A dynamical system x : r0,`8q Ñ X is called pG,Hq-quasi-Fejér monotone w.r.t. F if

Hpdpxptq, yqq ď Gpdpxpsq, yqq ` eps, tq

for all t ě s and all y P zerF , where e is some error function with limtěsÑ8 eps, tq “ 0. If e ” 0,
then x is called pG,Hq-Fejér monotone w.r.t. F .

Motivated by their use in [59], the general perturbation functions G and H above allow for
quite a great variety of different notions of Fejér monotonicity familiar from the discrete-time
world to be encompassed by the above continuous notion.

As such, beyond the more “ordinary” quasi-Fejér monotonicity property

dpxptq, yq ď dpxpsq, yq ` eps, tq for all t ě s

derived by G “ H “ Id, which presents a continuous-time analog of quasi-Fejér monotonicity
of type I as considered by Combettes [37], they in particular encompass functions such as
G “ H “ p¨qp for p P p0,`8q, where the associated monotonicity property

dppxptq, yq ď dppxpsq, yq ` eps, tq for all t ě s

in particular presents a continuous-time analog of quasi-Fejér monotonicity of order p as dis-
cussed in [48]. In the case of p “ 2, this in particular presents a continuous-time analog of
quasi-Fejér monotonicity of type II as considered in [37].

A more or less immediate lift of the discrete-time notion of quasi-Fejér monotonicity, the
above notion nevertheless abstracts and unifies various scattered formulations and conditions
often associated with “continuous-time quasi-Fejér monotonicity”. These, while often distinct
in their use and analysis, commonly take the form of differential inequalities

d

dt
Eyptq ď eptq

for a given (family of) function(s) Eyptq “ ρpdpxptq, yqq over y P zerF , where xptq is a given
dynamical system, e P L1 is an error function and ρ again serves as a perturbation (commonly
taking the forms ρ “ Id or ρ “ p¨q2). Indeed, it is often already the stricter variant

d

dt
Eyptq ď 0,

formulated without an error function, which occurs. The perhaps canonical case for this that
we have in mind is the first-order Cauchy problem over a maximally monotone operator in
Hilbert spaces (already due to [33, 41, 64], see also [34, 40] and e.g. the survey [79]), that is

#

´ 9xptq P Apxptqq,

xp0q “ x0,

where A is a maximally monotone operator on a Hilbert space X and x0 P dompAq, in particular
generalizing the gradient flow equation 9x “ ∇fpxq to general inclusions. Now, any solution
x : r0,8q Ñ X to the above problem (that is x is an absolutely continuous function satisfying
xp0q “ x0 and ´ 9xptq P Apxptqq almost everywhere; in fact, there is a unique such solution, see
e.g. [79]) satisfies the differential inequality

d

dt

ˆ

1

2
}xptq ´ y}

2

˙

“ x 9xptq, xptq ´ yy ď 0

almost everywhere, where y P zerpAq is any zero of A, i.e. 0 P Apyq. Beyond this rather
immediate example, we further refer to [9, 13, 23, 28, 29, 43] for other instances of differential
inequalities such as the above, just to name a few.
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In any case, in the context of the above differential inequality, integration of that property
yields

ρpdpxptq, yqq ď ρpdpxpsq, yqq `

ż t

s

ēpτq dτ for all t ě s

for all y P zerF , so that the above family of differential inequalities results in the dynamical
system x being pρ, ρq-quasi-Fejér monotone in the sense of Definition 2.1, with errors eps, tq :“
şt

s
epτq dτ . In the special case of e ” 0 already mentioned above, we in particular get that x is

pρ, ρq-Fejér monotone.
Such a presentation of the errors via an integral, that is

eps, tq “

ż t

s

epτq dτ

for e P L1, is in a way the standard form of an error that we want to accommodate in the above
Definition 2.1. In this error form, the pG,Hq-quasi-Fejér monotonicity of a dynamical system x
can be even more directly recognised as a direct lift of the usual discrete-time pG,Hq-quasi-Fejér
monotonicity of a sequence pxnq (see e.g. Definition 6.2 in [59]), that is

Hpdpxn`m, yqq ď Gpdpxn, yqq `

n`m´1
ÿ

i“n

εi for all n ě m and y P zerF,

where pεiq is a nonnegative sequence of summable errors, to the continuous setting, with errors
taking the form of integrals instead of series.

However, similar as with the perturbation functions, the generality of the generic error func-
tion e compared to a specific representation such as the above allows to encompass even
more general situations. Namely, beyond such rather simple situations as detailed above,
many analyses of continuous-time dynamical systems do not rely on such simple functions
Eyptq “ ρpdpxptq, yqq as above but instead consider much more extensive (families of) so-called
energy functionals Eyptq, suitably chosen to allow for the analysis of the underlying dynamical
system xptq at hand, often in a rather ad-hoc way (see e.g. the survey [73]). Regardless, such
energy functions often decompose in special ways.

One such decomposition takes the form of

Eyptq “ ρpdpxptq, yqq ` E 1
ptq.

Indeed, such energy functions and associated differential inequalities are rather common, and
we refer to e.g. [1, 2, 6, 8, 22, 21, 24, 26, 27], just to name a few. Integration of the associated
differential inequality property yields

Eyptq ´ Eypsq ď

ż t

s

ēpτq dτ for all t ě s

as before and, in the case of the above decomposition Eyptq “ ρpdpxptq, yqq`E 1ptq, this inequality
immediately results in the monotonicity property

ρpdpxptq, yqq ď ρpdpxpsq, yqq ` E 1
psq ´ E 1

ptq `

ż t

s

ēpτq dτ

for all t ě s and y P zerF , so that in case the associated remainder E 1 satisfies E 1ptq Ñ 0 for
t Ñ 8, the dynamical system xptq is pρ, ρq-quasi-Fejér monotone in the above sense with a
generalized error function

eps, tq :“ E 1
psq ´ E 1

ptq `

ż t

s

ēpτq dτ.



EFFECTIVE RATES FOR QUASI-FEJÉR MONOTONE DYNAMICAL SYSTEMS 7

Another type of decomposition that sometimes occurs in linear spaces takes the form of

Eyptq “ ρp}xptq ´ y ` vptq}q

for some additional function vptq with limtÑ8 vptq “ 0. Such energy functions e.g. occur
in [3, 11, 12]. At least in situations where }xptq ´ y}, }xptq ´ y ` vptq} are bounded (as
can generally be established without great difficulty in such situations) and ρ is Lipschitz on
bounded sets (as is the case for e.g. ρ “ p¨q2), say with constant L ą 0 for a respective set
containing }xptq ´ y} and }xptq ´ y ` vptq}, we can use the associated differential inequality as
follows: Integration as before yields

ρp}xptq ´ y ` vptq}q ď ρp}xpsq ´ y ` vpsq}q `

ż t

s

epτq dτ.

Now, using the Lipschitz continuity of ρ on the respective (bounded) set yields

ρp}xptq ´ y}q ď ρp}xptq ´ y ` vptq}q ` L}vptq}

ď ρp}xpsq ´ y ` vpsq}q `

ż t

s

epτq dτ ` L}vptq}

ď ρp}xpsq ´ y}q `

ż t

s

epτq dτ ` Lp}vptq} ` }vpsq}q.

In that way, the dynamical system xptq then is pρ, ρq-quasi-Fejér monotone in the above sense
with a generalized error function

eps, tq :“

ż t

s

epτq dτ ` Lp}vptq} ` }vpsq}q.

Naturally, choosing such an energy function appropriately is quite difficult and lies at the
heart of a convergence analysis of various continuous time methods. We in that way do not at
all want to argue that the present results make such an approach obsolete but rather that once
such a suitable function with a corresponding differential inequality has been isolated, it allows
for a uniform quantitative analysis of the associated convergence results via the above notion
of quasi-Fejér monotonicity for continuous-time dynamical systems and it is that quantitative
perspective, as already discussed in the introduction, that justifies its use.

2.2. Quantitative results for differential inequalities. We have seen above how quasi-
Fejér monotonicity for continuous-time dynamical systems often comes in the guise of differen-
tial inequalites. These inequalities have various key asymptotic results attached to them that
are fundamental for most analyses in the literature. As such, we now discuss these results here,
and in particular provide quantitative variants, on which we later rely in the context of our
applications.

The main results with which we are concerned are the following fundamental lemmas (see
e.g. Lemmas 5.1 and 5.2 in [2]):

Lemma 2.2. Assume E : r0,8q Ñ R is locally absolutely continuous and bounded below such
that

d

dt
Eptq ď eptq

almost everywhere for some e P L1pr0,8qq. Then limtÑ8 Eptq exists.
If further E is nonnegative and E P Lppr0,8qq for p P r1,`8q, then limtÑ8 Eptq “ 0. In that

case, we may also have e P Lrpr0,8qq for r P r1,`8s.

We begin with an analysis of the first part of the above lemma:
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Lemma 2.3. Assume E : r0,8q Ñ R is locally absolutely continuous and bounded below with
Eptq ě b for all t P r0,8q and c ě Ep0q. Further assume we have

d

dt
Eptq ď eptq

almost everywhere for some e P L1pr0,8qq with }e}1 ď B. Then for all ε ą 0 and f : N Ñ N,
it holds that

Dn ď f̃ pωb,c,Bpεqq
p0q @s, t P rn, n ` fpnqs p|Epsq ´ Eptq| ď εq ,

where f̃pnq :“ n ` fpnq and

ωb,c,Bpεq :“

R

2B

ε

V

¨

R

c ` B ´ b

ε

V

.

Proof. By the proof of [2, Lemma 5.1], the map t ÞÑ Eptq ´
şt

0
epτq dτ is non-increasing with

Dptq :“ Eptq ´

ż t

0

epτq dτ P rb ´ B, cs for all t P r0,8q.

We define Hpmq “ f̃pr 2B
ε s¨mqp0q. It is clearly impossible for D to descend by more than ε{2 in

all intervals rHpmq, Hpm ` 1qs with m ă r2pc ` B ´ bq{εs. So for one of the indicated m, we
have

0 ď Dpsq ´ Dptq ď
ε

2
whenever Hpmq ď s ď t ď Hpm ` 1q.

On the other hand, the integral over |e| cannot exceed ε
2
on all intervals rf̃ piqpHpmqq, f̃ pi`1qpHpmqqs

with i ă
P

2B
ε

T

. For an i where the integral is bounded by ε
2
, we put

r “

R

2B

ε

V

¨ m ` i and n “ h̃prq
p0q.

Observe that we have

rn, n ` fpnqs “

”

f̃ prq
p0q, f̃ pr`1q

p0q

ı

“

”

f̃ piq
pHpmqq, f̃ pi`1q

pHpmqq

ı

Ď rHpmq, Hpm ` 1qs.

For n ď s ď t ď n ` fpnq, we thus get

|Epsq ´ Eptq| ď Dpsq ´ Dptq `

ż t

s

|Gpτq| dτ ď
ε

2
`
ε

2
“ ε,

as desired. □

We continue with an analysis of [2, Lemma 5.2]:

Lemma 2.4. Assume E P Lppr0,8qq is locally absolutely continuous and non-negative, with
1 ď p ă 8, and where c ě Ep0q. Further assume we have

d

dt
Eptq ď eptq

almost everywhere, for some e P Lrpr0,8qq with 1 ď r ď 8. Let }E}p ď A and }e}r ď B. Then
for all ε ą 0 and f : N Ñ N, it holds that

Dn ď f̃ 1
pϖc,A,Bpεqq

p0q @t P rn, n ` fpnqs pEptq ă εq ,

where f̃ 1pnq :“ n ` f 1pnq as before, with f 1pnq :“ maxtfpnq, rp3A{εqpsu, and

ϖc,A,Bpεq :“

R

2q`1qAq´1B

εqp2q ´ 1q

V

¨

R

2qpcq ` qAq´1Bq

εqp2q ´ 1q

V

with q “ 1 ` p ¨

ˆ

1 ´
1

r

˙

.
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Proof. Let ε ą 0 and f : N Ñ N be given. We first show that

Dn ď f̃ pϖc,A,Bpεqq
p0q @t P rn, n ` fpnqs pEptq ă εq

for f̃pnq :“ n` fpnq, if fpnq ą p2A{εqp for all n P N. Since r1 “
p

q´1
is conjugate to r and Eq´1

is in Lr1

pr0,8qq, Hölder’s inequality yields

}Eq´1
¨ e}1 ď Aq´1

¨ B.

Except on a null set, we have

d

dt
Eq

ptq “ q ¨ Eq´1
ptq ¨

d

dt
Eptq ď q ¨ Eq´1

ptq ¨ eptq.

As fpnq ą p2A{εqp for all n P N, Lemma 2.3 shows that

|Eq
psq ´ Eq

ptq| ď
εqp2q ´ 1q

2q
for all s, t P rn, n ` fpnqs

for some n ď f̃ pϖc,A,Bpεqqp0q as in the current lemma. Now there is some s0 P rn, n` fpnqs with
Eps0q ă ε{2, since we would otherwise get

Ap
ě

ż n`fpnq

n

Ep
ptq dt ě

εp

2p
¨ fpnq ą Ap.

We now show that Eptq ă ε holds for any t P rn, n ` fpnqs. If this was not true, we would get

|Eq
ps0q ´ Eq

ptq| ą εq ´
εq

2q
“
εqp2q ´ 1q

2q
,

against the above. If f : N Ñ N is now a general function, define f 1pnq :“ maxtfpnq, rp3A{εqpsu.
By definition f 1pnq ą p2A{εqp and so the above implies

Dn ď f̃ 1
pϖc,A,Bpεqq

p0q @t P rn, n ` f 1
pnqs pEptq ă εq .

The result now follows as fpnq ď f 1pnq and so rn, n ` fpnqs Ď rn, n ` f 1pnqs. □

Remark 2.5. In the above Lemmas 2.3 and 2.4, we have always quantitatively resolved inte-
grability assumptions via upper bounds on the involved p-norms, e.g. assuming for a given
e P L1pr0,8qq a bound B ě }e}1. It is clear from the proofs above that it actually suffices to
have rates of metastability for the integrals in question, e.g. in the case of e P L1pr0,8qq above
taking the form of a function ξpε, fq such that for all ε ą 0 and f : N Ñ N, one has

Dn ď ξpε, fq

˜

ż n`fpnq

n

|e| ă ε

¸

.

But then the results become combinatorially more involved. As one is commonly supplied with
such a norm upper bound, we keep the results at that generality.

3. A quantitative convergence theory for quasi-Fejér monotone dynamical
systems

We now turn to our main abstract results, presenting a quantitative theory of convergence
for quasi-Fejér monotone dynamical systems in continuous time. As discussed before, we will
be working over general metric spaces. Convergence results in these rather general contexts
commonly fall in two categories:

(1) Strong (metric) convergence results under a (local) compactness assumption, for general
problems zerF .
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(2) Strong (metric) convergence results in the absence of compactness, but for that under
an additional (local) regularity assumption on the problem zerF .

Weak convergence results, which are quite characteristic for Fejér monotonicity, in general are
not available for general metric spaces and require additional structure, commonly working
over Hilbert spaces or Hadamard spaces (complete geodesic spaces of nonpositive curvature).
In that way, these results shall not be our concern here, although the present work can be easily
adapted also to these cases.

In either case, the only other property next to the quasi-Fejér monotonicity that is required
to induce convergence is the rather weak approximation property that the sequence in question
contains arbitrarily good approximate solutions along its run.

We here consider quantitative variants of both items (1) and (2) above, extending the previous
seminal works in that regard [59] and [60] (see also [80]) from discrete time to continuous time.
We begin with the former.

3.1. Convergence under relative compactness assumptions. We recall the basic setup.
Let pX, dq be a given metric space and let F : X Ñ r0,`8s be a given function, so that
zerF :“ tx P X | F pxq “ 0u serves as an abstract representation of a solution set and so that
each sublevel set

levďεF :“ tx P X | F pxq ď εu,

with ε ą 0, serves as an abstract representation of a set of ε-approximate solutions.

We will be concerned with a quantitative convergence result for quasi-Fejér monotone dy-
namical systems in the context where X is totally bounded. To arrive at such a result, we
require three central ingredients.

The first is, as mentioned before, a (quantitative) approximation property for the sequence
in question that suffices to guarantee convergence.

Definition 3.1. Let x : r0,8q Ñ X be a dynamical system. We say that x has the lim inf-
property w.r.t. F if lim inftÑ8 F pxptqq “ 0. Quantitatively, we say that φ : p0,8q ˆ N Ñ N is
a lim inf-bound for x w.r.t. F if

@ε ą 0 @n P NDt P rn, φpε, nqs pF pxptqq ă εq .

Remark 3.2. We will later commonly assume that φ is monotone in the sense that φpε, nq ě

φpδ, nq whenever ε ď δ. This can actually be assumed without loss of generality as if a general
φpε, nq is given, we can define

pφpε, nq :“ maxtφp1{pk ` 1q, nq | k ď r1{εsu.

Indeed, then pφ is still a lim inf-bound as given ε ą 0 and n P N, we have

Dt P rn, φp1{pr1{εs ` 1q, nqs

ˆ

F pxptqq ă
1

r1{εs ` 1
ď ε

˙

and φp1{pr1{εs ` 1q, nq ď pφpε, nq, and if ε ď δ, then r1{εs ě r1{δs and so

pφpε, nq “ maxtφp1{pk ` 1q, nq | k ď r1{εsu ě maxtφp1{pk ` 1q, nq | k ď r1{δsu “ pφpδ, nq.

Hence pφ is also monotone in the above sense.

The second ingredient we will need is a uniform quantitative strengthening of the quasi-Fejér
property. For that, consider the property of pG,Hq-quasi-Fejér monotonicity unwound into its
logical structure:

@y P X p@δ ą 0py P levďδF q Ñ @ε ą 0 @s ď tpHpdpxptq, yqq ď Gpdpxpsq, yqq ` eps, tq ` εqq .



EFFECTIVE RATES FOR QUASI-FEJÉR MONOTONE DYNAMICAL SYSTEMS 11

With the quantifiers suitably prenexed (and rewriting @s ď t into @n,m P N @s ď t P rn, n`ms)
the above is equivalent to

@ε ą 0 @n,m P N @y P X Dδ ą 0py P levďδF

Ñ @s ď t P rn, n ` ms pHpdpxptq, yqq ď Gpdpxpsq, yqq ` eps, tq ` εqq.

We now call a sequence uniformly pG,Hq-quasi-Fejér monotone if we can bound (and hence
witness) the above δ in terms of ε, n,m, uniformly for all y P X:

Definition 3.3. Let x : r0,8q Ñ X be a dynamical system. We say that x is uniformly
pG,Hq-quasi-Fejér monotone w.r.t. F with modulus χ : p0,8q ˆ N2 Ñ p0,8q if

@ε ą 0 @n,m P N @y P levďχpε,n,mqF @s ď t P rn, n ` ms

pHpdpxptq, yqq ď Gpdpxpsq, yqq ` eps, tq ` εq

for some error function e with limtěsÑ8 eps, tq “ 0. If e ” 0, then we call x uniformly pG,Hq-
Fejér monotone w.r.t. F .

We have two remarks on this notion:

Remark 3.4. A standard compactness argument shows that if X is compact and F as well
as G,H are continuous, then any continuous dynamical system x which is pG,Hq-quasi-Fejér
monotone w.r.t. F and some continuous error function e is also already uniformly pG,Hq-quasi-
Fejér monotone w.r.t. F and that same error function.

Remark 3.5 (For logicians). As in the case of the associated notion of uniform pG,Hq-quasi-Fejér
monotonicity for discrete-time sequences given in [59] (see Remark 4.7 therein), the two notions
above, plain and uniform quasi-Fejér monotonicity for continuous-time sequences, can be proven
to be equivalent in theories for bounded metric spaces used in proof mining (see [55]) augmented
with a nonstandard uniform boundedness principle (see [56]). In particular, associated logical
metatheorems for these system due to Kohlenbach (recall the previous references and see further
[57]) in that way guarantee that such a modulus χ can be extracted from large classes of proofs of
the associated, weaker, quasi-Fejér monotonicity property, over bounded metric spaces, making
it particularly natural for applications.

The last central ingredient will be a quantitative rendering of the compactness assumption
on the space. Concretely, in the following we will work under a total boundedness assumption,
which we quantitatively resolve following the work of [51]:

Definition 3.6 (essentially [51]). Let A Ď X be nonempty. A function γ : p0,8q Ñ N is a
modulus of total boundedness for A if for any ε ą 0 and any sequence pxkq Ď A:

D0 ď i ă j ď γpεq pdpxi, xjq ď εq .

It follows rather immediately that a set is totally bounded if, and only if, it has a modulus
of total boundedness. We refer to [51] and [59] for further discussions of this property.

Besides these three central ingredients, we are left with quantitatively resolving the minor
assumptions around our sequence.

Let us first consider the perturbation functions G,H : r0,8q Ñ r0,8q. By assumption,
we have a Ñ 0 whenever Hpaq Ñ 0, and this is equivalent with assuming the existence of a
quantitative modulus h : p0,8q Ñ p0,8q such that

Hpaq ă hpεq Ñ a ă ε
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for all a ě 0 and ε ą 0. Similarly, the property that Gpaq Ñ 0 whenever a Ñ 0 is resolved by
considering as modulus g with

a ă gpεq Ñ Gpaq ă ε

for all a ě 0 and ε ą 0.
The last minor quantitative detail we need to resolve is the error property limtěsÑ8 eps, tq “ 0.

Most conveniently, we would resolve this assumption with a rate of convergence (similar to how
errors for quasi-Fejér monotone sequences are resolved in [59]), that is a function ηpεq such that

@ε ą 0 @t ě s ě ηpεq p|eps, tq| ď εq .

This assumption is particularly mild in cases where the errors are effectively composed of
parameters of a problem which can be freely chosen, so that such a rate can be readily supplied,
as is often the case.

However, this will crucially not be the case for some applications later where we will only be
able to derive a rate of metastability for the above limit, that is a function ηpε, fq such that

@ε ą 0 @f : N Ñ N Dn ď ηpε, fq @s ď t P rn, n ` fpnqs p|eps, tq| ď εq .

This generality however comes with the price of some added combinatorial complexity of the
final rate.

Combining all of these ingredients, we then get the following central quantitative result on
the convergence of quasi-Fejér monotone dynamical systems in totally bounded spaces.

Theorem 3.7. Let X be totally bounded with a modulus γ. Assume that G,H : r0,8q Ñ r0,8q

are such that we have moduli g, h with

Hpaq ă hpεq Ñ a ă ε and a ă gpεq Ñ Gpaq ă ε

for all a ě 0 and ε ą 0. Also, let eps, tq Ñ 0 as s ď t Ñ 8 with a rate of metastability η, i.e.

@ε ą 0 @f : N Ñ N Dn ď ηpε, fq @s ď t P rn, n ` fpnqs p|eps, tq| ă εq .

Lastly, let x : r0,8q Ñ X be a dynamical system such that

(1) x has the lim inf-property w.r.t. F with bound φ : p0,8q ˆ N Ñ N, i.e.
@ε ą 0 @n P N Dt P rn, φpε, nqs pF pxptqq ă εq .

Further, we assume (w.l.o.g.) that φ is monotone in the sense that φpε, nq ě φpδ, nq

whenever ε ď δ.
(2) x is uniformly pG,Hq-quasi-Fejér monotone w.r.t. F with error e and with modulus

χ : p0,8q ˆ N2 Ñ p0,8q, i.e.

@ε ą 0 @n,m P N @y P levďχpε,n,mqF @s ď t P rn, n ` ms

pHpdpxptq, yqq ď Gpdpxpsq, yqq ` eps, tq ` εq .

Then x is metastable in the sense that for all ε ą 0 and f : N Ñ N, it holds that
Dn ď ∆pε, fq @s, t P rn, n ` fpnqs pdpxpsq, xptqq ď εq ,

where moreover the bound ∆pε, fq can be explicitly described by

∆pε, fq :“ maxt∆pi, ε, fq | i ď P u ` 1

where P :“ γpgphpε{2q{3qq ` 1 and ∆p0, ε, fq :“ 0 as well as

∆pj, ε, fq :“ maxtφppεj, nq | n ď ηphpε{2q{3, fφ,pεjqu

with
pεj “ mintχM

f phpε{2q{3,∆pi, ε, fqq | i ă ju
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for j ě 1, where

χf pε, nq :“ χpε, n, fpn ` 1q ` 1q,

χM
f pε, nq :“ mintχf pε,mq | m ď nu,

as well as

fφ,εpnq :“ maxtm ` 1 ` fpm ` 1q | m ď φpε, nqu ´ n.

Proof. Let φ0 be a selection function for the lim inf-property which is bounded by φ, i.e. take
φ0 : p0,8q ˆ N Ñ r0,8q to be any function such that xpφ0pε, nqq P levďεF and φ0pε, nq P

rn, φpε, nqs for all ε ą 0 and n P N. Set t0 :“ 0 and n0 :“ 0. Then, given f : N Ñ N and ε ą 0,
recursively define

εj :“ mintχpgpε{2q{3, ttiu, fpttiu ` 1q ` 1q | i ă ju,

let nj ď ηphpε{2q{3, fφ,pεjq be such that

@s ď t P rnj, nj ` fφ,pεjpnjqs p|eps, tq| ď hpε{2q{3q ,

and set tj :“ φ0pεj, njq. We first note that εj ě pεj for j ą 0 as well as ∆pi, ε, fq ě ti for i ě 0,
which we show by induction. Clearly ∆p0, ε, fq “ 0 “ t0 and if ∆pi, ε, fq ě ti for all i ă j, then

pεj “ mintχM
f phpε{2q{3,∆pi, ε, fqq | i ă ju

ď mintχf phpε{2q{3, ttiuq | i ă ju “ εj

as ttiu ď ti ď ∆pi, ε, fq. Then we get

tj “ φ0pεj, njq ď φpεj, njq ď φppεj, njq ď maxtφppεj, nq | n ď ηphpε{2q{3, fφ,pεjqu “ ∆pj, ε, fq

as nj ď ηphpε{2q{3, fφ,pεjq.
Now, using the modulus of total boundedness γ for the sequence pxptjqq, we get indices

0 ă I ă J ď γpgphpε{2q{3qq ` 1

such that dpxptIq, xptJqq ď gphpε{2q{3q. By definition, as J ą 0 and J ą I, we have

xptJq P levďεJF Ď levďχphpε{2q{3,ttI u,fpttI u`1q`1qF.

Also, as I ą 0, we have tI ě nI . The former now implies

Hpdpxptq, xptJqqq ď Gpdpxpsq, xptJqqq ` eps, tq ` hpε{2q{3

for all s ď t P rttIu, ttIu ` 1 ` fpttIu ` 1qs. At the same time, we have

@s ď t P rnI , nI ` fφ,pεI pnIqs p|eps, tq| ď hpε{2q{3q .

Now, we have nI ď ttIu as nI ď tI and nI is a natural number, and so

nI ď ttIu ď tI ď ttIu ` 1 ď ttIu ` 1 ` fpttIu ` 1q

ď maxtm ` 1 ` fpm ` 1q | m ď φppεI , nIqu

ď nI ` fφ,pεI pnIq

as tI “ φ0pεI , nIq ď φpεI , nIq ď φppεI , nIq since pεI ď εI . Thus, in the above, we may pick s “ tI
to get

Hpdpxptq, xptJqqq ď GpdpxptIq, xptJqqq ` eptI , tq ` hpε{2q{3 and |eptI , tq| ď hpε{2q{3

for all t P rttIu ` 1, ttIu ` 1` fpttIu ` 1qs (as then also t ě tI). As dpxptIq, xptJqq ď gphpε{2q{3q,
we have GpdpxptIq, xptJqqq ď hpε{2q{3 and so

Hpdpxptq, xptJqqq ď |eptI , tq| ` 2hpε{2q{3 ď hpε{2q
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for all such t. This implies dpxptq, xptJqq ď ε{2 for all t P rn, n ` fpnqs with n “ ttIu ` 1, so
that we obtain the result by the triangle inequality.

As seen above, we in particular have ∆pi, ε, fq ě ttiu so that ∆pε, fq ě ∆pI, ε, fq ` 1 ě

ttiu ` 1 “ n as I ď P . □

The above result extends Theorem 6.4 in [59], the analogous result for discrete-time sequences,
and in fact closely follows the proof strategy given there.

If F is uniformly continuous, then the above result can be further upgraded to also effectively
guarantee that the dynamical system consists of approximate solutions.1

Theorem 3.8. Under the assumptions of Theorem 3.7, assume that F is uniformly continuous
with a modulus ω, that is |F pxq ´ F pyq| ď ε for all x, y P X with dpx, yq ď ωpεq.

Then for all ε ą 0 and f : N Ñ N, it holds that
Dn ď ∆pmintε, ωpε{2qu, fq @s, t P rn, n ` fpnqs pdpxpsq, xptqq ď ε and F pxptqq ď εq ,

where moreover the bound ∆pε, fq can be explicitly described as in Theorem 3.7, except using
pχεpδ, n,mq :“ mintε{2, χpδ, n,mqu in place of χ.

Proof. Note that pχε is also a modulus of uniform pG,Hq-quasi-Fejér monotonicity. Now follow
the proof of Theorem 3.7 with the respective bound. Writing ε0 :“ mintε, ωpε{2qu, as therein
we then derive dpxptq, xptJqq ď ε0{2 for all t P rn, n ` fpnqs with n “ ttIu ` 1, where

xptJq P levďpχεphpε0{2q{3,ttI u,fpttI u`1q`1qF Ď levďε{2F.

The former gives dpxptq, xpsqq ď ε for all s, t P rn, n ` fpnqs as before, and additionally that
dpxptq, xptJqq ď ε0{2 ď ωpε{2q. We hence have |F pxptqq ´ F pxptJqq| ď ε{2. Now, the latter
yields F pxptJqq ď ε{2, so that we have

F pxptqq ď F pxptJqq ` |F pxptqq ´ F pxptJqq| ď ε

for all t P rn, n ` fpnqs. □

If we are supplied with a rate of convergence for the error function e, or the errors disappear
altogether, then the above construction becomes considerably simpler, which we record in the
following theorem.

Theorem 3.9. Under the assumptions of Theorem 3.7, assume that eps, tq Ñ 0 as s ď t Ñ 8

with a rate of convergence η, i.e.

@ε ą 0 @t ě s ě ηpεq p|eps, tq| ă εq .

Then x is metastable in the sense that for all ε ą 0 and f : N Ñ N, it holds that
Dn ď ∆pε, fq @s, t P rn, n ` fpnqs pdpxpsq, xptqq ď εq ,

where moreover the bound ∆pε, fq can be explicitly described by

∆pε, fq :“ maxt∆pi, ε, fq | i ď P u ` 1

with P :“ γpgphpε{2q{3qq ` 1 and ∆p0, ε, fq :“ 0 as well as

∆pj, ε, fq :“ maxtφppεj, nq | n ď ηphpε{2q{3qu

where pεj for j ě 1 is as in Theorem 3.7.

1In fact, Theorem 3.8 can be established under the milder quantitative condition that zerF is uniformly
closed w.r.t. the level sets levďεF in the sense of [59], that is using moduli ω and δ such that for any x, y P X,
dpx, yq ď ωpεq and F pxq ď δpεq implies F pyq ď ε. For simplicity, and since it suffices for all our applications,
we here restrict ourselves to the stronger assumption that F is uniformly continuous.
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If e ” 0, then it suffices that x has the approximate F -point property (instead of the lim inf-
property w.r.t. F ), that is

@ε ą 0 Dt ď φpεq pF pxptqq ă εq

with a monotone bound φ : p0,8q Ñ N, where ∆ can be defined similar to above, with
∆p0, ε, fq :“ 0 and ∆pj, ε, fq :“ φppεjq.

Lastly, if in any of the above cases F is uniformly continuous with a modulus ω, then for all
ε ą 0 and f : N Ñ N, it holds that

Dn ď ∆pmintε, ωpε{2qu, fq @s, t P rn, n ` fpnqs pdpxpsq, xptqq ď ε and F pxptqq ď εq ,

where the bound ∆pε, fq is constructed as above, except using pχεpδ, n,mq :“ mintε{2, χpδ, n,mqu

in place of χ.

Proof. As η is a rate of convergence, it follows immediately that pηpε, fq :“ ηpεq is also a
rate of metastability. If the errors are constantly 0, then η ” 0 is a corresponding rate of
convergence. In any case, we can apply Theorem 3.7 to derive the above rates. That, in the
case of vanishing errors, an approximate F -point bound suffices immediately follows from the
proof of Theorem 3.7. The extensions for approximate solutions in the context of a uniformly
continuous F can be accounted for as in the proof of Theorem 3.8. □

Moreover, the above quantitative result trivially implies the following “usual” (that is, non-
quantitative) convergence result for quasi-Fejér monotone dynamical systems in compact spaces.

Theorem 3.10. Let X be compact and let F : X Ñ r0,`8s be continuous. Assume that
G,H : r0,8q Ñ r0,8q are continuous such that a Ñ 0 whenever Hpaq Ñ 0 and Gpaq Ñ 0
whenever a Ñ 0. Let x : r0,8q Ñ X be a continuous dynamical system such that x has the
lim inf-property w.r.t. F and which is pG,Hq-quasi-Fejér monotone w.r.t. F and a continuous
error function.

Then x converges to some point in zerF .

Proof. All the present assumptions trivially (but nonconstructively) entail their quantitative
variant. In particular, as X is compact, x is uniformly pG,Hq-quasi-Fejér monotone w.r.t. F
(recall Remark 3.4). Hence, Theorem 3.7 guarantees that x is metastable, i.e.

@ε ą 0 @f : N Ñ N Dn P N @s, t P rn, n ` fpnqs pdpxpsq, xptqq ď εq .

Trivially, but noneffectively, this is equivalent to xptq being Cauchy for t Ñ 8. Indeed, suppose
for a contradiction that there is an ε ą 0 such that for all n P N, there is an m P N with

Ds, t P rn, n ` ms pdpxpsq, xptqq ą εq .

Define fpnq :“ m for such an m. Then we have found an f such that

@n P N Ds, t P rn, n ` fpnqs pdpxpsq, xptqq ą εq .

This contradicts the above property. As x is Cauchy and X is compact, and hence complete, it
has a limit z. We now show that z P zerF . For that, note that F pzq “ limtÑ8 F pxptqq as F is
continuous and since x has the lim inf-property w.r.t. F , we get lim inftÑ8 F pxptqq “ 0. Hence
F pzq “ 0. □

Remark 3.11. Assume that G is inverse bounded, i.e.

Gpaq ď b Ñ a ď g1
pbq

for all a ě 0 and b ą 0 and additionally that

eM :“ sup
tě0

ep0, tq ă 8.
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Then if x is pG,Hq-quasi-Fejér monotone, we have

Gpdpxptq, zqq ď Hpdpxp0q, zqq ` ep0, tq

for all t ě 0 and so Gpdpxptq, zqq and hence xptq is bounded with dpxptq, zq ď g1pb0 ` eMq for
b0 ě Hpdpxp0q, zqq. A particular case where G is inverse bounded is for example when G is
strictly increasing and continuous, where then g1 is simply the inverse of G. The assumption
that suptě0 ep0, tq ă 8 is classically satisfied when e is of standard form, i.e. eps, tq “

şt

s
epτq dτ

for e P L1, but further easily true in many other situations, such as those later discussed in this
paper. In any case, in the context where the dynamical system is bounded, it of course thereby
suffices that X is only proper in the above Theorem 3.10.

Remark 3.12. If one has asymptotic regularity w.r.t. F , that is limtÑ8 F pxptqq “ 0, and for
simplicity assuming that e ” 0, then the above qualitative theorem can be directly derived
from the associated result for discrete-time dynamical systems (see e.g. Proposition 4.3 in [59]):
Indeed, xptq converges to some point z P zerF for t Ñ 8 if, and only if, xptnq converges to z for
any (increasing) sequence ptnq with tn Ñ 8 for n Ñ 8. Using the asymptotic regularity w.r.t.
F , we get that any such sequence has approximate F -points and pG,Hq-Fejér monotonicity
w.r.t. F for x transfers onto the respective sequence xptnq. The convergence of xptnq now
follows from the associated discrete-time result (recall Proposition 4.3 in [59]). This extends
suitably to error sequences, using the lim inf-property w.r.t. F instead.

Exactly this usual reduction to the discrete-time setting under asymptotic regularity seems to
be the reason why a qualitative theory for continuous-time Fejér monotone dynamical systems
has received relatively little attention. However, this reduction proves to be problematic quan-
titatively, as one cannot immediately transfer rates of metastability for the resulting Cauchy
property from the discrete-time subsequences to the full continuous-time sequence (as the re-
spective point of metastability might move out further and further, and moreover, the resulting
regions might not overlap).

Instead, the only quantitative approach known to us is to essentially redo the quantitative
approach to discrete-time dynamical systems given in [59] for the continuous setting, and the
proof for the above result essentially implements this argument, with various optimisations
built in. However, while for metastability there seems to be no efficient way of bootstrapping
the quantitative theory of continuous-time dynamical systems onto discrete-time dynamical
systems, at least not in the generality of Theorem 3.7, we will later discuss how results on rates
of convergence under regularity assumptions can indeed be transferred from the discrete to the
continuous, at least in special cases.

3.2. Convergence under metric regularity assumptions. We will now be concerned with
(quantitative) convergence results in the absence of compactness. Naturally, such results in
turn require additional restrictions on the problem formulation given by F .

Such “regularity” conditions take various forms in the literature, and to cover these in a
uniform manner that is moreover amenable to our quantitative pursuits, we follow the approach
of the fundamental work of Kohlenbach, Lopéz-Acedo and Nicolae [60] and consider the rather
broad notion of a modulus of regularity introduced therein.

Definition 3.13 (essentially [60]). Let z P zerF and r ą 0. A modulus of regularity for F
w.r.t. Brpzq is a function τ : p0,8q Ñ p0,8q such that

F pxq ă τpεq Ñ distpx, zerF q ă ε

for all ε ą 0 and all x P Brpzq.
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Note that such a function τ always exists when X is proper and F is continuous (see Propo-
sition 3.3 in [60]), although the description of τ is generally noneffective in this case.

Indeed, this notion is quite broad and, for various types of problems, covers a variety of
different notions usually considered in the literature to induce (strong) convergence of Fejér
monotone sequences, with simple moduli. We give a brief overview in the following examples
as it pertains to our present work:

Example 3.14 ([60]). Let pX, dq be a metric space and T : X Ñ X be a given mapping.
We are interested in the problem of finding a fixed point Tx “ x of T . This problem can
be equivalently expressed as a zero problem by setting F pxq :“ dpx, Txq, where we then have
zerF “ FixT , which we assume to be non-empty.

Situations under which we then can obtain a particularly simple and explicit moduli of
regularity for the above F in particular include the following:

(1) Let T be a quasi-contraction, i.e. for some z P FixT and c P r0, 1q it holds that

dpTx, zq ď cdpx, zq

for all x P X. Then τpεq :“ p1´cqε is a modulus of regularity (and in fact of uniqueness)
for F w.r.t. Brpzq, for any r ą 0.

(2) Let T be a continuous orbital contraction, i.e. T is continuous and there is a c P r0, 1q

such that
dpTx, T 2xq ď cdpx, Txq

for all x P X. Then τpεq :“ p1 ´ cqε is a modulus of regularity for F w.r.t. Brpzq, for
any r ą 0 and z P FixT . In particular, there are examples of orbital contractions that
do not have unique fixed points (see [60]).

(3) Let T : X Ñ C Ď X be a retraction. Then τpεq “ ε is a modulus of regularity for F
w.r.t. Brpzq, for any r ą 0 and z P FixT .

Example 3.15 ([60]). Let pX, } ¨ }q be a Banach space and A : X Ñ 2X be a given set-valued
operator with

distp0, Axq “ 0 Ñ x P zerA

for all x P X (such as when A is closed, which is e.g. the case if A is m-accretive). We are
interested in the problem of solving the inclusion 0 P Ax for A. Due to the above assumption,
this problem can be equivalently expressed as a zero problem by setting F pxq :“ distp0, Axq,
where we then have zerF “ zerA, which we assume to be non-empty.

Situations under which we then can obtain a modulus of regularity for the above F in
particular include the following:

(1) Let A be a τ -strongly accretive operator, i.e.

xx ´ y, u ´ vy` ě τp}x ´ y}q}x ´ y}

for all px, uq, py, vq P A, where τ is strictly increasing and τp0q “ 0, and with

xx, yy` :“ maxtjpyq | j P Jpxqu

where J is the normalized duality mapping of X (see e.g. [89]). Then τ is a modulus of
regularity for F w.r.t. Brpzq, for any r ą 0 and z P zerA.

This in particular includes the case of β-strongly accretive operators, i.e. operators A
where

xx ´ y, u ´ vy` ě β}x ´ y}
2

for all px, uq, py, vq P A for some β ą 0, in which case the modulus takes the form of
τpεq :“ βε.
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(2) Let A be metrically subregular at z P zerA, i.e. there are k, r ą 0 such that

distpx, zerAq ď kdistp0, Apxqq

for all x P Brpzq. Then τpεq “ ε{k is a modulus of regularity for F w.r.t. Brpzq.

Example 3.16 ([60]). Let pX, dq be a metric space and ϕ : X Ñ p´8,`8s be a given function.
We are interested in the problem of finding a minimizer of ϕ. Assuming that µ :“ infxPX ϕpxq

exists, this problem can be equivalently expressed as a zero problem by setting F pxq :“ ϕpxq´µ
where we then have zerF “ argminϕ, which we assume to be non-empty.

Situations under which we then can obtain a modulus of regularity for the above F in
particular include functions ϕ that have τ -global weak sharp minima, i.e. where it holds that

ϕpxq ě m ` τpdistpx, argminϕqq

for all x P X, where τ : r0,8q Ñ r0,8q is strictly increasing with τp0q “ 0. Then τ is also
a modulus of regularity for F w.r.t. Brpzq, for any r ą 0 and z P argminϕ. This notion of
weak sharp minima is intimately related to the notion of error bounds (see e.g. the discussion
in [60]).

A particular situation where a function ϕ has weak sharp minima is if it is also uniformly
quasiconvex. For this, let X be a uniquely geodesic metric space and, given x, y P X and
λ P r0, 1s, write λx ‘ p1 ´ λqy for the unique point z on the geodesic connecting x and y that
satisfies dpx, zq “ λdpx, yq and dpy, zq “ p1 ´ λqdpx, yq. Assuming that ϕ satisfies

ϕpλx ‘ p1 ´ λqyq ď maxtϕpxq, ϕpyqu ´ λp1 ´ λqψpdpx, yqq

for all x, y P X and λ P r0, 1s for a τ as above, one derives

µ ď ϕ

ˆ

1

2
x ‘

1

2
z

˙

ď maxtϕpxq, ϕpzqu ´
1

4
ψpdpx, zqq ď ϕpxq ´

1

4
τpdpx, zqq

for z P argminϕ and x P X, which implies that ϕ has 1
4
τ -global weak sharp minimas. In the

case of a strongly quasiconvex function, i.e. where

ϕpλx ‘ p1 ´ λqyq ď maxtϕpxq, ϕpyqu ´ λp1 ´ λq
ρ

2
dpx, yq

2,

we simply have τpεq :“ ρ
2
ε2.

Beyond these examples, the general formulation via a function F further accommodates
various other problems (see [60]). In particular, as also illustrated by the above examples,
the above moduli of regularity generalize quantitative renderings of uniqueness of solutions,
so-called moduli of uniqueness, to situations with multiple solutions.

Next to the regularity of the problem and the quasi-Fejér monotonicity of the dynamical
system, the only further property needed to induce convergence is the lim inf-property, as
before. In that context, a modulus of regularity carries further benefits than just removing an
otherwise necessary compactness assumption: it in principle allows for the construction of rates
of convergence, not just rates of metastability, for the dynamical system.

However, we say “in principle” here as such a construction is only possible if all involved
data also already come equipped with strong enough quantitative data. In the general case
considered in Theorem 3.7 above, where the convergence of the error function e was resolved
only with a rate of metastability, we will not be able to derive a rate of convergence, just a rate
of metastability, even under the assumption of a modulus of regularity. We nevertheless begin
with this case since, as mentioned before, for some applications later we will only be able to
derive a rate of metastability for the errors.

In that way, we arrive at the following first quantitative convergence result.
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Theorem 3.17. Let x : r0,8q Ñ X be a dynamical system and assume that F has a modulus
of regularity τ w.r.t. Bbpzq, where z P zerF and b ě dpxptq, zq for all t ě 0. Assume that
G,H : r0,8q Ñ r0,8q are such that we have moduli g, h with

a ă gpεq Ñ Gpaq ă ε and Hpaq ă hpεq Ñ a ă ε

for all a ě 0 and ε ą 0. Assume that x has the lim inf-property w.r.t. F with bound φ :
p0,8q ˆ N Ñ N, i.e.

@ε ą 0 @n P NDt P rn, φpε, nqs pF pxptqq ă εq ,

and further that x is pG,Hq-quasi-Fejér monotone w.r.t. F , i.e.

@y P zerF @t ě s pHpdpxptq, yqq ď Gpdpxpsq, yqq ` eps, tqq .

Lastly, let eps, tq Ñ 0 as s ď t Ñ 8 with a rate of metastability η, i.e.

@ε ą 0 @f : N Ñ N Dn ď ηpε, fq @s ď t P rn, n ` fpnqs p|eps, tq| ă εq .

Then x satisfies

@ε ą 0 @f : N Ñ N Dn ď ρpε, fq @t P rn, n ` fpnqs pdistpxptq, zerF q ă εq

and further x is Cauchy with

@ε ą 0 @f : N Ñ N Dn ď ρpε{2, fq @s, t P rn, n ` fpnqs pdpxptq, xpsqq ă εq .

Here, ρ is defined by

ρpε, fq :“ maxtφpτpgphpεq{2qq, nq | n ď ηphpεq{2, fφ,hpεqqu ` 1

where
fφ,δpnq “ maxtm ` 1 ` fpm ` 1q | m ď φpτpgphpεq{2qq, nqu ´ n.

Proof. Let n0 ď ηphpεq{2, fφ,hpεqq be such that

@s ď t P rn0, n0 ` fφ,hpεqpn0qs p|eps, tq| ă hpεq{2q .

Take now t0 P rn0, φpτpfphpεq{2qq, n0qs such that F pxpt0qq ă τpgphpεq{2qq. Define n “ tt0u
and note that n0 ď n as n0 ď t0 and n0 is a natural number. Further, we have n ď t0 ď

φpτpgphpεq{2qq, n0q and so

n ` 1 ` fpn ` 1q ď n0 ` fφ,hpεqpn0q.

Thus, we have |eps, tq| ă hpεq{2 for all

s ď t P rn, n ` 1 ` fpn ` 1qs Ď rn0, n0 ` fφ,hpεqpn0qs.

Using that τ is a modulus of regularity over Bbpzq, which contains x, we have distpxpt0q, zerF q ă

gphpεq{2q. Thus, there exists a y P zerF such that dpxpt0q, yq ă gphpεq{2q and so we have
Gpdpxpt0q, yqq ă hpεq{2. Using the quasi-Fejér monotonicity, we have

Hpdpxptq, yqq ď Gpdpxpt0q, yqq ` ept0, tq ă hpεq{2 ` |ept0, tq|

for all t ě t0 ě tt0u “ n. Thus, we get Hpdpxptq, yqq ă hpεq and so

distpxptq, zerF q ď dpxptq, yq ă ε

for all t P rn` 1, n` 1` fpn` 1qs. This yields the first claim. For the second, note simply that
choosing ε{2 instead of ε in the above then yields dpxptq, yq ă ε{2 and so

dpxptq, xpsqq ď dpxptq, yq ` dpxpsq, yq ă ε

for all t, s P rn ` 1, n ` 1 ` fpn ` 1qs. □
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The above result extends (parts of) Theorem 4.1 in [60] as well as Theorem 4.1 in [80], the
analogous results for discrete-time sequences without and with errors, respectively, and in fact
closely follows the proof strategy given there.

The following result now improves the conclusion of the above to a full rate of convergence,
provided e already comes equipped with one.

Theorem 3.18. Under the assumptions of Theorem 3.17, assume that eps, tq Ñ 0 as s ď t Ñ 8

with a rate of convergence η, i.e.

@ε ą 0 @t ě s ě ηpεq p|eps, tq| ă εq .

Then x satisfies
@ε ą 0 @t ě ρpεq pdistpxptq, zerF q ă εq

and further x is Cauchy with

@ε ą 0 @s, t ě ρpε{2q pdpxptq, xpsqq ă εq ,

where ρ is now defined by ρpεq :“ φpτpgphpεq{2qq, ηphpεq{2qq ` 1.
If e ” 0, then it suffices that x has the approximate F -point property with bound φ : p0,8q Ñ

N, i.e.
@ε ą 0 Dt ď φpεq pF pxptqq ă εq ,

where then ρpεq :“ φpτpgphpεqqqq ` 1 suffices for the above claims.
Lastly, if X is complete and zerF is closed, then in each of the above cases, xptq converges

to some point in zerF with rate ρpε{2q, with the respective ρ above.

Proof. As η is a rate of convergence, it follows immediately that pηpε, fq :“ ηpεq is also a rate
of metastability. Theorem 3.17 then yields a rate of metastability of the form

ρpε, fq :“ maxtφpτpgphpεq{2qq, nq | n ď ηphpεq{2qu ` 1.

As ρ is independent of f , it follows that the resulting function is also a rate of conver-
gence in both cases (see e.g. Proposition 2.6 in [62]). That the above optimized rate ρpεq :“
φpτpgphpεq{2qq, ηphpεq{2qq `1, which dispenses of the maximum, is already sufficient follows by
a simple inspection of the proof of Theorem 3.17.

If the errors are constantly 0, then η ” 0 is a corresponding rate of convergence. The result
again follows from Theorem 3.17 as above. That, in the case of vanishing errors, an approximate
F -point bound suffices immediately follows from the proof of Theorem 3.17, as does the fact
that the above optimized rate ρpεq :“ φpτpgphpεqqqq ` 1, which dispenses of the division by 2,
suffices. The last claim is immediate. □

We could have similarly slightly optimized the bounds in Theorem 3.9 as we have done for
the above Theorem 3.18, but have chosen to only carry this out in the context of rates of
convergence where optimality is much more critical.

We also here want to remind of Remark 3.11, where it is discussed how the boundedness
assumption featuring in Theorem 3.17 can be derived from the pG,Hq-quasi-Fejér monotonicity
under suitable assumptions.

We now want to recall Remark 3.12, were the relationship between quantitative results for
the discrete-time setting and the continuous-time setting have been discussed before. Contrary
to the previous general results on rates of metastability, at least parts of the present results on
rates of convergence under regularity assumptions can indeed be derived from corresponding
results for rates of convergence in the discrete-time setting as given in [60] (see also [80]), at
least under additional assumptions (such as suitable, e.g. vanishing, errors or in the context of
rates of asymptotic regularity w.r.t. F ).
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As all these alternative proofs nevertheless retain a certain amount of pre- and postprocessing,
which makes them practically not much more optimal than the tailored arguments presented
above, we do not spell this out in detail for the previous theorems, and instead focus on one
particular additional result for fast rates of convergence that we can derive in that way, which
will be useful for our applications later.

Lemma 3.19 (essentially Theorem 4.5 in [60]). Let pxnq be a sequence in X and assume that F
has a modulus of regularity τpεq “ kε for k ą 0 w.r.t. Bbpzq, where z P zerF and b ě dpx0, zq.
Assume further

@y P zerF @n P N pdppxn`1, yq ď dppxn, yq ´ βpF pxn`1qq
p
q .

Then

distpxn, zerF q ď cndistpx0, zerF q and dpxn, xn`kq ď 2cndistpx0, zerF q

for all n, k P N, where c :“ p1 ` βkpq´1{p P p0, 1q.

Note that the above result is slightly different to Theorem 4.5 presented in [60], which features
βpF pxnqqp instead of βpF pxn`1qqp. By inspecting the proof given in [60], it can however easily
be seen that the above Lemma holds true as well.

In any way, a lift to the continuous setting yields the following:

Theorem 3.20. Let x : r0,`8q Ñ X be a dynamical system and assume that F has a modulus
of regularity τpεq “ kε for k ą 0 w.r.t. Bbpzq, where z P zerF and b ě dpxp0q, zq. Assume
further

@y P zerF @n P N pdppxpn ` 1q, yq ď dppxpnq, yq ´ βpF pxpn ` 1qqq
p
q

and that x is Fejér monotone w.r.t. F . Then

distpxptq, zerF q ď cttudistpx0, zerF q and dpxptq, xpt ` sqq ď 2cttudistpx0, zerF q

for all t, s ě 0, where c :“ p1 ` βkpq´1{p P p0, 1q.

Proof. The above Lemma 3.19 in combination with the first assumption in particular yields
distpxpnq, zerF q ď cndistpxp0q, zerF q for all n P N. Now, for arbitrary y P zerF , the Fejér
monotonicity yields

distpxptq, zerF q ď dpxptq, yq ď dpxpttuq, yq,

so that

distpxptq, zerF q ď distpxpttuq, zerF q ď cttudistpxp0q, zerF q.

Further, we now also have

dpxptq, xpt ` sqq ď dpxptq, yq ` dpxpt ` sq, yq ď 2dpxptq, yq

and so get

dpxptq, xpt ` sqq ď 2distpxptq, zerF q ď 2cttudistpxp0q, zerF q. □

The above result can also be extended to incorporate sufficiently fastly decreasing errors, in
which case it can no longer be lifted from the discrete-time results but has to be re-derived.
We do not spell this out here any further.
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4. Applications to dynamical systems

To illustrate the breadth of the above rather general approach, we are now concerned with
applying the previous results to concrete dynamical systems from the literature.

Two examples will focus on dynamical systems over Hilbert spaces. The first presents a
quantitative analysis of the work [23] by Boţ and Csetnek for a first-order dynamical system
over a nonexpansive operator. In particular, we derive rates of convergence under a metric
regularity in that case, which in the special case of a continuous variant of a forward-backward
scheme extend those derived in [25] using quite different methods to a broader setting. The
second presents a quantitative analysis of the work [22] by Boţ and Csetnek for a second-order
dynamical system over a cocoercive operator. In particular, this system presents an example
where our approach, even in the context of metric regularity assumptions, cannot provide rates
of convergence as we can only provide a rate of metastability for the respective error function.
This, we think, in particular presents a novel structural reason for why no rates of convergence
have appeared for that particular scheme, at that level of generality, which provides deeper
insight into the nature of the scheme presented in [22]. In particular, the present rates of
metastability seem to be the first structural quantitative results for the method presented
in [22]. To illustrate the metric generality, our last case study is concerned with (generalized)
gradient flows and associated semigroups in Hadamard spaces, that is geodesic metric spaces of
nonpositive curvature. In particular, we study both the classical example of the gradient flow
semigroup in these spaces, following the well-known work of Mayer [71] and Bačák [16], and
then further provide a first quantitative study of a related nonlinear semigroup generated by a
nonexpansive mapping due to Stojkovic [87] and later studied by Bačák and Reich [18]. In both
cases, the quantitative results we provide are either completely novel, in particular relating to
general rates of metastability, or extend previously known results on rates of convergence from
specific ad-hoc assumption to broader metric regularity conditions.

4.1. First-order systems over nonexpansive operators. We begin with the essential setup
from [23]. Let X be a Hilbert space with norm } ¨ } and inner product x¨, ¨y and let T : X Ñ X
be a nonexpansive map. For a Lebesgue measurable function λ : r0,`8q Ñ r0, 1s and x0 P X,
we consider the dynamical system

p˚q1

#

9xptq “ λptq pT pxptqq ´ xptqq ,

xp0q “ x0.

This system is motivated by the first-order dynamical system

9x ` x “ proxµf px ´ µBpxqq

for a given proper, convex and lower-semicontinuous function f , where proxµf is the corre-
sponding proximal map, and a cocoercive operator B, as studied by Abbas and Attouch [1]
(and in fact captures that system, if extended appropriately to averaged maps). This system
in turn arose as an abstraction of the first-order dynamical system

9x ` x “ PCpx ´ µ∇ϕpxqq

for a given closed convex nonempty set C and a convex C1 function ϕ, first studied by Bolte
[32] (see also [6]), and indeed captures an even more general continuous-time variant of the
forward-backward method as discussed later. We refer to the survey [42] for further discussions
along these lines.

Following [23] (see Definition 2 therein), we call a dynamical system x : r0,`8q Ñ X
a strong global solution of p˚q1 if x satisfies the respective equation almost everywhere on
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r0,`8q and x is absolutely continuous on each interval r0, bs with b P p0,8q. The asymptotic
behavior of such strong global solutions is studied in [23] (see Theorem 6 therein), in particular
establishing a continuous form of asymptotic regularity of the dynamical system together with
weak convergence towards a fixed point of T . In this section, we want to study these results
from a quantitative perspective.

As discussed in Remark 8 in [23], a discretization of the above equation w.r.t. the time
variable in particular yields the well-known Krasnosel’skii-Mann method [65, 68] (see also [15]).
Also, the above system immediately allows for extensions to averaged mappings (see Corollary
9 in [23] and the surrounding discussions).

At first, it follows from the above assumptions that the system p˚q1 has a unique strong global
solution (see the discussion given in Section 2 in [23]). Further, that solution is immediately
bounded (see item (i) of [23, Theorem 6]). We recall that result here, and in particular provide
a more quantitative perspective on it in the following lemma:

Lemma 4.1. Let y P FixT and let b P N with }x0 ´ y} ď b. Let x be the unique strong global
solution to p˚q1. Then x is bounded with }xptq ´ y} ď b.

Proof. As in [23], Eq. (8), we have

d

dt
}xptq ´ y}

2
` λptqp1 ´ λptqq}T pxptqq ´ xptq}

2
` } 9xptq}

2
ď 0

so that, as λptqp1 ´ λptqq}T pxptqq ´ xptq}2 and } 9xptq}2 are nonnegative, we have

d

dt
}xptq ´ y}

2
ď 0

so that t ÞÑ }xptq ´ y} is decreasing. In particular, we have

}xptq ´ y} ď }xp0q ´ y} ď b

for all t ě 0. □

To capture the corresponding fixed point problem in the setup of the previous sections, we
set X0 “ Bbpyq and

F pzq “

#

}z ´ Tz} if z P X0,

`8 otherwise,

for a fixed solution y P FixT so that zerF “ FixT X X0 and

levďεF “ tz P X0 | }z ´ Tz} ď εu.

We now turn to the asymptotic regularity of the dynamical system, that is the property that

lim
tÑ8

}T pxptqq ´ xptq} “ 0.

A quantitative version of that property given in the following will in particular ensure that the
dynamical system x has approximate F -points for the F defined above, so that in particular
our previous general and abstract results apply to it. Generally of course, results of the above
form and their quantitative renderings are also of independent interest, and rates of asymptotic
regularity for the dynamical system x as above in particular provide continuous-time analogs
of respective rates for the so-called T -asymptotic regularity of the Krasnosel’skii-Mann method
pxnq, that is rates for the respective limit limnÑ8 }Txn ´ xn} “ 0 (see e.g. [53, 54]). Further,
note that by x solving the equations p˚q1, we in particular always get

} 9xptq} ď }T pxptqq ´ xptq},

so that any quantitative rendering of the latter also provides a similar such result for the former.
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In [23] (see item (ii) of Theorem 6 therein), this result is now established under two different
(and in fact independent [23, Remark 7]) conditions:

ż 8

0

λptqp1 ´ λptqqdt “ `8 and inf
tě0

λptq ą 0.

We now provide quantitative versions of these results by giving rates of convergence in each
case. We begin with the former assumption:

Lemma 4.2. Let y P FixT and let b P N with }x0 ´ y} ď b. Let further
ş`8

0
λptqp1 ´ λptqq dt “

`8 with a corresponding divergence modulus η : p0,8q Ñ N, i.e. where
ż r

0

λptqp1 ´ λptqq dt ě K

for any r ě ηpKq and K ą 0. Then x is T -asymptotically regular, i.e.

@ε ą 0 @t ě φpεq p}T pxptqq ´ xptq} ď εq

with rate φpεq :“ ηpb2{ε2q. In particular, x has approximate F -points with modulus φ.

Proof. As in [23], Eq. (8), we have

d

dt
}xptq ´ y}

2
` λptqp1 ´ λptqq}T pxptqq ´ xptq}

2
` } 9xptq}

2
ď 0.

This yields, as } 9xptq}2 is nonnegative, that

λptqp1 ´ λptqq}T pxptqq ´ xptq}
2

ď ´
d

dt
}xptq ´ y}

2

and so that
ż r

0

λptqp1 ´ λptqq}T pxptqq ´ xptq}
2 dt ď ´

ż r

0

d

dt
}xptq ´ y}

2 dt

“ }xp0q ´ y}
2

´ }xprq ´ y}
2

ď }xp0q ´ y}
2

ď b2

for r ě 0. As t ÞÑ }T pxptqq ´ xptq}2 is nonincreasing, we get

}T pxprqq ´ xprq}
2

ż r

0

λptqp1 ´ λptqq dt ď

ż r

0

λptqp1 ´ λptqq}T pxptqq ´ xptq}
2 dt ď b2.

For r ě ηpb2{ε2q “ φpεq, we get

}T pxprqq ´ xprq}
2

¨
b2

ε2
ď }T pxprqq ´ xprq}

2

ż r

0

λptqp1 ´ λptqq dt ď b2

and so }T pxprqq ´ xprq} ď ε. That x has approximate zeros w.r.t. F with the same modulus
follows from Lemma 4.1. □

A particular assumption under which not only
ş`8

0
λptqp1´λptqq dt “ `8 can be guaranteed

but where a corresponding divergence modulus η can be explicitly constructed is if

τ “ inf
tě0

λptqp1 ´ λptqq ą 0.

Then ηpKq :“ K
τ
is a corresponding divergence modulus. In particular, the above Lemma 4.2

yields

}T pxptqq ´ xptq} ď
b

?
τt
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for any t ě 0 and any b ě }x0 ´ y}. In particular, for b “ }x0 ´ y}, and taking the infimum
over y, we obtain

}T pxptqq ´ xptq} ď
dpx0,FixT q

?
τt

,

which was already obtained as Theorem 10 in [23]. In fact, Boţ and Csetnek afterwards show
that the convergence can be improved to op 1?

t
q (see Theorem 11 in [23]), but we will not be

concerned with this further here.
We now turn to the alternative assumption inftě0 λptq ą 0 for the asymptotic regularity of

the dynamical system, which thereby essentially presents itself as a weakening of the above
property.

Lemma 4.3. Let y P FixT and let b P N with }x0 ´ y} ď b. Let further inftě0 λptq ą 0 with a
corresponding witness λ ą 0, i.e. where

λptq ě λ for all t P r0,8q.

Then x is T -asymptotically regular, i.e.

@ε ą 0 @t ě φpεq p}T pxptqq ´ xptq} ď εq

with rate φpεq :“ 4b4{λ2ε2. In particular, x has approximate F -points with modulus φ.

Proof. Completely parallel to the first part of the proof of Lemma 4.2, we get
ż 8

0

} 9xptq} dt ď b2.

Given that x is the unique global solution of p˚q1, this yields
ż 8

0

1

2
}T pxptqq ´ xptq}

2 dt “

ż 8

0

} 9xptq}2

2λptq2
dt ď

b2

2λ2
.

As in the proof of Theorem 6 in [23], for almost all t we also have

d

dt

ˆ

1

2
}T pxptqq ´ xptq}

2

˙

ď 0.

For any ε ą 0 and with f ” 0, we can now apply Lemma 2.4 to get

Dn ď f̃ 1
pϖpεqq

p0q

ˆ

1

2
}T pxpnqq ´ xpnq}

2
ă
ε2

2

˙

,

where f̃ 1pnq :“ n `
P

3b2{2λ2ε
T

as f ” 0, and ϖpεq :“ rb2{εs. In particular, we have

f̃ 1
pϖpεqq

p0q “ ϖpεq

R

3b2

2λ2ε

V

ď
2b2

ε
¨
2b2

λ2ε
“

4b4

λ2ε2
.

As t ÞÑ }T pxptqq ´ xptq}2 is nonincreasing, the latter even holds for all t ě n, which yields the
result. □

Fejér monotonicity of the unique strong global solution x to the system p˚q1 w.r.t. F now
comes to pass in exactly the way discussed in Section 2, through a differential inequality with
an associated energy functional. Indeed, in [23] (see eq. (8) therein), it is established that

d

dt
}xptq ´ y}

2
ď 0 for all y P FixT,

so that the inequality here is even of the most simple form discussed in Section 2. We now
analyse the proof of this inequality as given in [23] to establish the associated uniform Fejér
monotonicity and extract an associated modulus. Indeed, the following result now provides
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a quantitative variant of the above differential inequality, relating approximate solutions to
approximate inequalities.

Lemma 4.4. Let y P FixT and let b P N with }x0 ´ y} ď b. For any ε ą 0, if z P levďε{4bF ,

then d
dt

}xptq ´ z}2 ď ε for all t ě 0.

Proof. Take z P levďε{4bF . Analogous to the proof of Theorem 6 in [23], we have

d

dt
}xptq ´ z}

2
“ 2x 9xptq, xptq ´ zy

“ } 9xptq ` xptq ´ z}
2

´ }xptq ´ z}
2

´ } 9xptq}
2

ď }λptq pTxptq ´ zq ` p1 ´ λptqq pxptq ´ zq }
2

´ }xptq ´ z}
2

ď }Txptq ´ z}
2

´ }xptq ´ z}
2

“ p}Txptq ´ z} ´ }xptq ´ z}qp}Txptq ´ z} ` }xptq ´ z}q.

As z P X0, we have

}xptq ´ z} ď }xptq ´ z} ` }z ´ y} ď }x0 ´ z} ` }z ´ y} ď 2b

as well as

}Txptq ´ z} ď }Txptq ´ y} ` }z ´ y} ď }xptq ´ y} ` }z ´ y} ď }x0 ´ z} ` }z ´ y} ď 2b

using the nonexpansivity of T and Lemma 4.1. Thus, we have

d

dt
}xptq ´ z}

2
ď p}Txptq ´ z} ´ }xptq ´ z}q4b

ď p}Txptq ´ Tz} ` }Tz ´ z} ´ }xptq ´ z}q4b

ď }Tz ´ z}4b ď ε

as }Tz ´ z} ď ε{4b. □

An approximate differential inequality like the above then yields a modulus of uniform Fejér
monotonicity (with G “ H “ p¨q2) via the mean value theorem:

Lemma 4.5. Let y P FixT and let b P N with }x0 ´ y} ď b. Then x is uniformly pG,Hq-Fejér
monotone w.r.t. F and with G “ H “ p¨q2, i.e.

@ε ą 0 @n,m P N @z P levďχpε,n,mqF @s ď t P rn, n ` ms
`

}xptq ´ z}
2

ď }xpsq ´ z}
2

` ε
˘

,

where χpε, n,mq :“ ε{p4bmq.

Proof. Fix ε, n,m as well as z P levďχpε,n,mqF and s, t P rn, n ` ms. If s “ t, the result is clear.
If s ă t, then the mean value theorem yields an r P ps, tq such that

d

dt
}xprq ´ z}

2
“

}xptq ´ z}2 ´ }xpsq ´ z}2

t ´ s
.

Thus, as z P levďχpε,n,mqF , we have

}xptq ´ z}
2

´ }xpsq ´ z}
2

ď
ε

m
pt ´ sq ď

ε

m
¨ m “ ε

by Lemma 4.4. □

A direct application of Theorem 3.9 now yields the following quantitative result on the behav-
ior of the solution x to p˚q1 under a finite-dimensionality (that is, local compactness) assumption
on X, giving a rate of metastability for the convergence result established in Theorem 6 of [23]
in that case:
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Theorem 4.6. Let X be a finite-dimensional Hilbert space with dimension d and let T : X Ñ X
be a nonexpansive map. Let y P FixT and let b P N with }x0 ´ y} ď b. Further, assume that
λ : r0,`8q Ñ r0, 1s is Lebesgue measurable and fix x0 P X. Let x be the unique strong global
solution to p˚q1. Assume either:

(1)
ş`8

0
λptqp1´λptqq dt “ `8 with a divergence modulus η : p0,8q Ñ N with ηpKq ě ηpLq

for K ě L, in which case we set φpεq :“ ηpb2{ε2q.
(2) inftě0 λptq ą 0 with a witness λ ą 0, in which case we set φpεq :“ 4b4{λ2ε2.

Then, in either case, x is metastable in the sense that for all ε ą 0 and f : N Ñ N, it holds
that

Dn ď ∆pε{4, fq @s, t P rn, n ` fpnqs p}xpsq ´ xptq} ď ε and }xptq ´ T pxptqq} ď εq ,

where moreover the bound ∆pε, fq can be explicitly described by

∆pε, fq :“ maxt∆pi, ε, fq | i ď P u ` 1

where P :“
P

2p
P?

12ε´1
T

` 1q
?
db

Td
` 1 and ∆p0, ε, fq :“ 0 and ∆pj, ε, fq :“ φppεjq with

pεj “ min

"

ε

2
,

ε2{12

4bpfpm ` 1q ` 1q

ˇ

ˇ

ˇ
m ď ∆pi, ε, fq, i ă j

*

for j ě 1.

Proof. The result immediately follows by instantiating Theorem 3.9 over X0 “ Bbpyq and
simplifying the resulting bound (recall that xptq P X0 for all t ě 0 by Lemma 4.1). In particular,
we set G :“ H :“ p¨q2 as well as hpεq :“ ε2 and gpεq :“

?
ε. That x is uniformly pG,Hq-Fejér

monotone w.r.t. F follows by Lemma 4.5, which in particular yields that χpε, n,mq :“ ε{p4bmq is
an associated modulus. The definition of pεj is a resulting simplification. As we do not deal with
errors, it suffices that x has the approximate F -point property. The above assumptions (1) and
(2) guarantee that with respective bounds, using Lemmas 4.2 and 4.3. Note that the respective
φ is immediately monotone under our assumptions. Also, note that X0 is totally bounded with

a modulus γpεq :“
P

2prε´1s ` 1q
?
db

Td
by Example 2.8 of [59]. Lastly, note that F is uniformly

continuous on X0 with modulus ωpεq :“ ε{2, since we have |}z ´ Tz} ´ }z1 ´ Tz1}| ď 2}z ´ z1}

using the nonexpansivity of T . □

Further, a direct application of Theorem 3.18 yields the following general construction of a
rate of convergence under a regularity assumption on the mapping T and its associated fixed
point set FixT :

Theorem 4.7. Let X be a Hilbert space and let T : X Ñ X be a nonexpansive map. Let
y P FixT and let b P N with }x0 ´ y} ď b. Assume that F has a modulus of regularity τ w.r.t.
Bbpyq. Further, assume that λ : r0,`8q Ñ r0, 1s is Lebesgue measurable and fix x0 P X. Let x
be the unique strong global solution to p˚q1. Assume either:

(1)
ş`8

0
λptqp1´λptqq dt “ `8 with a divergence modulus η : p0,8q Ñ N with ηpKq ě ηpLq

for K ě L, in which case we set φpεq :“ ηpb2{ε2q.
(2) inftě0 λptq ą 0 with a witness λ ą 0, in which case we set φpεq :“ 4b4{λ2ε2.

Then, in either case, x satisfies

@ε ą 0 @t ě ρpεq pdistpxptq,FixT q ă εq

and further x is Cauchy with

@ε ą 0 @s, t ě ρpε{2q p}xptq ´ xpsq} ă εq ,
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where ρ is defined by ρpεq :“ φpτpεq{2q ` 1. In particular, x converges to some fixed point of T
with that rate.

Proof. The result immediately follows by instantiating Theorem 3.18 and simplifying the re-
sulting bound. In particular, we set G :“ H :“ p¨q2 as well as hpεq :“ ε2 and gpεq :“

?
ε. That

x is pG,Hq-Fejér monotone w.r.t. F follows by eq. (8) in [23] (recall also Lemma 4.5). As we
do not deal with errors, it suffices that x has the approximate F -point property. The above
assumptions (1) and (2) guarantee that with respective bounds φpε{2q, using Lemmas 4.2 and
4.3 as before. □

In the special case of operators T with linear moduli of regularity, we can further employ the
previous Theorem 3.20 to derive exponentially fast rates of convergence for the solution of p˚q1:

Theorem 4.8. Let X be a Hilbert space and let T : X Ñ X be a nonexpansive map. Let
y P FixT and let b P N with }x0 ´ y} ď b. Further, assume that λ : r0,`8q Ñ r0, 1s is
Lebesgue measurable and fix x0 P X. Let x be the unique strong global solution to p˚q1. Assume
that F has a modulus of regularity τpεq “ kε for k ą 0 w.r.t. Bbpyq and further assume that
τ “ inftě0 λptqp1 ´ λptqq ą 0.

Then

distpxptq,FixT q ď cttudistpx0,FixT q and dpxptq, xpt ` sqq ď 2cttudistpx0,FixT q

for all t, s ě 0, where c :“ p1 ` τkpq´1{p P p0, 1q.

Proof. As in [23] (see eq. (12) therein), for an arbitrary y P FixT , we can derive

d

dt
}xptq ´ y}

2
` λptqp1 ´ λptqq}T pxptqq ´ xptq}

2
ď 0

for all t ě 0. As before, this yields the Fejér monotonicity of x, but also integrating from n to
n ` 1 yields

}xpn ` 1q ´ y}
2

ď }xpnq ´ y}
2

´ τ

ż n`1

n

}T pxpτqq ´ xpτq}
2 dτ.

As established in the proof of Theorem 6 in [23], }T pxpτqq ´ xpτq}2 is decreasing. Thus, we
have

}xpn ` 1q ´ y}
2

ď }xpnq ´ y}
2

´ τ

ż n`1

n

}T pxpτqq ´ xpτq}
2 dτ

ď }xpnq ´ y}
2

´ τ}T pxpn ` 1qq ´ xpn ` 1q}
2

ď }xpnq ´ y}
2

´ τpF pxpn ` 1qqq
2.

Using Theorem 3.20, we get the result. □

Combined with Example 3.14, the above result immediately allows for the construction of
fast rates of convergence in the case where T is a quasi-contraction or a continuous orbital-
contraction. However, the above is certainly not limited to that.

Let us now consider a particular instance of the system p˚q1 to which the above results apply:
the continuous-time variant of the forward-backward method. We first recall the method from
[23]: Over a Hilbert space X, consider a maximally monotone set-valued operator A : X Ñ 2X

and a single-valued map B : X Ñ X which is β-cocoercive, for some β ą 0. For γ P p0, 2βq

and δ :“ mint1, β{γu ` 1{2 as well as a Lebesgue measurable function λ : r0,`8q Ñ r0, δs and
a starting point x0 P X, we consider the dynamical system

p˚q1
1

#

9xptq “ λptq pJγApxptq ´ γBpxptqqq ´ xptqq ,

xp0q “ x0,
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where JγA :“ pId ` γAq´1 is the (single-valued and total) resolvent of γA. Indeed, the above
system can be conceived of as an instantiation of the system p˚q1 using the map T :“ JγA ˝

pId ´ γBq. As in the proof of Theorem 12 in [23], one can show that T is in fact 1
δ
-averaged,

that is by definition that there is a nonexpansive operator R such that

T “

ˆ

1 ´
1

δ

˙

Id `
1

δ
R.

Thereby, the system p˚q1
1 is further an instantiation of p˚q1 using the map R and the parameter

sequence 1
δ
λ instead of λ (see also the proof of Corollary 9 in [23]). Note also that FixT “

zerpA ` Bq.
In that way, we immediately obtain the following result on the quantitative asymptotic be-

havior of the associated solution under a finite-dimensionality assumption on X, a quantitative
variant of parts of Theorem 12 in [23]:

Theorem 4.9. Let X be a finite-dimensional Hilbert space with dimension d and let A : X Ñ

2X be maximally monotone and B : X Ñ X be β-cocoercive for β ą 0. Let γ P p0, 2βq and
write δ :“ mint1, β{γu ` 1{2. Let y P zerpA ` Bq and let b P N with }x0 ´ y} ď b. Further,
assume that λ : r0,`8q Ñ r0, δs is Lebesgue measurable and fix x0 P X. Let x be the unique
strong global solution to p˚q1

1. Assume either:

(1)
ş`8

0
λptqpδ´λptqq dt “ `8 with a divergence modulus η : p0,8q Ñ N with ηpKq ě ηpLq

for K ě L, in which case we set φpεq :“ ηpδb2{ε2q.
(2) inftě0 λptq ą 0 with a witness λ ą 0, in which case we set φpεq :“ 4b4δ2{λ2ε2.

Then, in either case, x is metastable in the sense that for all ε ą 0 and f : N Ñ N, it holds
that

Dn ď ∆pε{4, fq @s, t P rn, n ` fpnqs p}xpsq ´ xptq} ď ε and }xptq ´ T pxptqq} ď εq ,

where moreover the bound ∆pε, fq can be explicitly described as in Theorem 4.6, using the above
φ in either case.

Remark 4.10. Note that since T pxq :“ JγApx´γBpxqq, we have x´γBpxq P T pxq`γApT pxqq by
definition of the resolvent. In particular, we have γ´1px´ T pxqq ´Bpxq P ApT pxqq. Combined,
we hence obtain

γ´1
px ´ T pxqq ` BpT pxqq ´ Bpxq P pA ` BqpT pxqq.

Write w :“ γ´1px ´ T pxqq ` BpT pxqq ´ Bpxq and v :“ T pxq, so that the above translates to
w P pA`Bqpvq. Hence, if }x´T pxq} ď mintε, ε{pγ´1 `β´1qu, we get }x´ v} “ }x´T pxq} ď ε
as well as

}w} “ }γ´1
px ´ T pxqq ` BpT pxqq ´ Bpxq}

ď γ´1
}x ´ T pxq} ` }BpT pxqq ´ Bpxq}

ď
`

γ´1
` β´1

˘

}x ´ T pxq} ď ε

using that B is 1
β
-cocoercive. As such, if the above Theorem 4.9 is applied with mintε, ε{pγ´1 `

β´1qu in place of ε, so that the property }xptq ´T pxptqq} ď mintε, ε{pγ´1 `β´1qu is maintained
along the region of metastability, the dynamical system x in particular contains approximate
zeros of A ` B in the above sense in that region, that is for any t P rn, n ` fpnqs, there are
w P pA`Bqpvq such that }xptq ´ v}, }w} ď ε. This argument already appears abstractly in [50]
in the context of the discrete-time forward-backward method.
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As is well-studied in the context of “ordinary” splitting methods, strong convergence can
be guaranteed under a uniform monotonicity assumption for either of the operators A or B,
in which case rates can also be extracted. For discrete-time dynamical systems, construc-
tions of such rates were recently studied in very general situations in the work of Treusch and
Kohlenbach [92]. For continuous-time dynamical systems, rates are presented under a strong
monotonicity assumption in [25]. We here can obtain a result on rates of convergence un-
der a uniform monotonicity assumption in a similar generality as the recent work [92], and in
particular following their arguments.

First, we derive a quantitative result on the asymptotic behavior of Bpxptqq. As such, we
rely on the following key inequality also used again later:

Lemma 4.11. Let X be a Hilbert space and let A : X Ñ 2X be maximally monotone and
B : X Ñ X be β-cocoercive for β ą 0. Fix γ ą 0 and define T :“ JγA ˝ pId ´ γBq. For any
x P zerpA ` Bq and z P X:

γβ}Bz ´ Bx}
2

ď

ˆ

1 `
γ

β

˙

}z ´ x}}Tz ´ z}.

Proof. We proceed similar to the proof of Theorem 26.14 in [15], abstracting the proof of eq.
(26.56) therein: For any y P X, define y´ :“ y ´ γBy. Note that Ty “ JγAy

´. By assumption,
we also have x “ Tx “ JγAx

´. We then have

xTz ´ x, z ´ Tz ´ γpBz ´ Bxqy

“ xTz ´ x, z´Tz ` x ´ x´
y

“ xJγAz
´

´ JγAx
´, pId ´ JγAqz´

´ pId ´ JγAqx´
qy ě 0,

where the inequality follows from the monotonicity of A and the definition of the resolvent.
Using the nonexpansivity of T and the β-cocoercivity of B, we in particular have that

}z ´ x}}Tz ´ z} ě }Tz ´ x}}Tz ´ z}

ě xTz ´ x, z ´ Tzy

ě γxTz ´ x,Bz ´ Bxy

“ γ pxTz ´ z, Bz ´ Bxy ` xz ´ x,Bz ´ Bxyq

ě ´γ}Tz ´ z}}Bz ´ Bx} ` γβ}Bz ´ Bx}
2

ě ´
γ

β
}Tz ´ z}}z ´ x} ` γβ}Bz ´ Bx}

2,

where we have used the preceding inequality in the third line and in the last line in particular
used that B is also 1

β
-Lipschitz. Rearranging the above inequality yields the result. □

We then have the following result (cf. Theorem 3.3 in [92] for the discrete-time case, whose
arguments we follows):

Proposition 4.12. Let X be a Hilbert space and let A : X Ñ 2X be maximally monotone and
B : X Ñ X be β-cocoercive for β ą 0. Let γ P p0, 2βq and write δ :“ mint1, β{γu ` 1{2. Let
y P zerpA ` Bq and let b P N with }x0 ´ y} ď b. Further, assume that λ : r0,`8q Ñ r0, δs is
Lebesgue measurable and fix x0 P X. Let x be the unique strong global solution to p˚q1

1. Assume
either:

(1)
ş`8

0
λptqpδ´λptqq dt “ `8 with a divergence modulus η : p0,8q Ñ N with ηpKq ě ηpLq

for K ě L, in which case we set φpεq :“ ηpδb2{ε2q.
(2) inftě0 λptq ą 0 with a witness λ ą 0, in which case we set φpεq :“ 4b4δ2{λ2ε2.
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Then, in either case, limtÑ8 Bpxptqq “ Bpyq with

@ε ą 0 @s, t ě ψpεq p}Bpxptqq ´ Bpyq} ď εq ,

where ψpεq :“ φpγβε2{3bq in either case.

Proof. By Lemma 4.11 and γ ď 2{β, we obtain

γβ}Bpxptqq ´ Bpyq}
2

ď 3}xptq ´ y}}T pxptqq ´ xptq}.

Lemma 4.1 then yields

}Bpxptqq ´ Bpyq}
2

ď
3b

γβ
}T pxptqq ´ xptq}

which implies the results using Lemmas 4.2 and 4.3. □

The above result is obtained in [23] (see Theorem 12 therein) using quite a different argument,
only under the assumption that inftě0 λptq ą 0 and in particular without any rates.

We now obtain a result on rates of convergence in the context of a uniform monotonicity
assumption. Indeed, recall that a set-valued operatorM : X Ñ 2X is called uniformly monotone
if

xx ´ y, u ´ vy ě ϕp}x ´ y}q

for all px, uq, py, vq P A, where ϕ : r0,8q Ñ r0,8q is an increasing function which vanishes only
at 0. Modelled after Theorem 3.4 in [92], the resulting construction of a rate of convergence
relies on the following well-known result, which we only present here in the abstract as we reuse
it later:2

Lemma 4.13. Let X be a Hilbert space and let A : X Ñ 2X be maximally monotone and
B : X Ñ X be β-cocoercive for β ą 0. Let γ P p0, 2βq and let x P X and y P zerpA ` Bq with
b P N such that }x ´ y} ď b. Let ε ą 0 be arbitrary.

(i) If A is uniformly monotone with function ϕ and

}x ´ T pxq} ď min

"

γϕpε{2q

2b
,
ε

2

*

and }Bpxq ´ Bpyq} ď
ϕpε{2q

2b
,

then }x ´ y} ď ε.
(ii) If B is uniformly monotone with function ϕ and

}Bpxq ´ Bpyq} ď
ϕpεq

b
,

then }x ´ y} ď ε.

Proof. For the case where A is uniformly monotone with function ϕ, note first that using
Cauchy-Schwarz, and the nonexpansivity of T , we have

xT pxq ´ y, γ´1
px ´ T pxqq ´ Bpxq ` Bpyqy

ď }T pxq ´ y}pγ´1
}x ´ T pxq} ` }Bpxq ´ Bpyq}q

ď
b

γ
}xptq ´ T pxq} ` b}Bpxq ´ Bpyq}.

As we have

}x ´ T pxq} ď min

"

γϕpε{2q

2b
,
ε

2

*

and }Bpxq ´ Bpyq} ď
ϕpε{2q

2b

2Note that Theorem 3.4 in [92] is formulated using a so-called modulus of uniform monotonicity, which we
chose to avoid in the presentation of this paper.
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by assumption, we get

xT pxq ´ y, γ´1
px ´ T pxqq ´ Bpxq ` Bpyqy ď ϕpε{2q.

Now note that ´Bpyq P Apyq as y P zerpA ` Bq and that

γ´1
px ´ T pxqq ´ Bpxq P ApT pxqq

so that we get

ϕp}T pxq ´ y}q ď xT pxq ´ y, γ´1
px ´ T pxqq ´ Bpxq ` Bpyqy ď ϕpε{2q.

As ϕ is increasing, we get }T pxq ´ y} ď ε{2. Finally, we get

}x ´ y} ď }x ´ T pxq} ` }T pxq ´ y} ď ε.

For the case where B is uniformly monotone with function ϕ, simply note that using Cauchy-
Schwarz, we have

xx ´ y,Bpxq ´ Bpyqy ď }x ´ y}}Bpxq ´ Bpyq}

so that using the uniform monotonicity of B, we get

ϕp}x ´ y}q ď xx ´ y,Bpxq ´ Bpyqy ď b}Bpxq ´ Bpyq} ď ϕpεq

since }Bpxq ´ Bpyq} ď ϕpεq{b. As ϕ is increasing, the result follows. □

Combined with the above, this immediately yields the following rates of convergence:

Theorem 4.14. Let X be a Hilbert space and let A : X Ñ 2X be maximally monotone and
B : X Ñ X be β-cocoercive for β ą 0. Let γ P p0, 2βq and write δ :“ mint1, β{γu ` 1{2. Let
y P zerpA ` Bq and let b P N with }x0 ´ y} ď b. Further, assume that λ : r0,`8q Ñ r0, δs is
Lebesgue measurable and fix x0 P X. Let x be the unique strong global solution to p˚q1

1. Assume
either:

(1)
ş`8

0
λptqpδ´λptqq dt “ `8 with a divergence modulus η : p0,8q Ñ N with ηpKq ě ηpLq

for K ě L, in which case we set φpεq :“ ηpδb2{ε2q and ψ as in Proposition 4.12.
(2) inftě0 λptq ą 0 with a witness λ ą 0, in which case we set φpεq :“ 4b4δ2{λ2ε2 and ψ as

in Proposition 4.12.

Then, if either A or B is uniformly monotone with function ϕ, and in either case (1) or (2)
above, x converges to y. Further, we have the rates

@ε ą 0 @t ě ρpεq p}xptq ´ y} ď εq ,

where ρ is defined as follows:

(i) If A is uniformly monotone with function ϕ, then

ρpεq :“ min

"

φ

ˆ

min

"

γϕpε{2q

2b
,
ε

2

*˙

, ψ

ˆ

ϕpε{2q

2b

˙*

.

(ii) If B is uniformly monotone with function ϕ, then

ρpεq :“ ψ

ˆ

ϕpεq

b

˙

.

Proof. For item (i), given t ě ρpεq, we have

}xptq ´ T pxptqq} ď min

"

γϕpε{2q

2b
,
ε

2

*

and }Bpxptqq ´ Bpyq} ď
ϕpε{2q

2b

using Lemmas 4.2 or 4.3, respectively, and Proposition 4.12. Noting Lemma 4.1, we get }xptq ´

y} ď ε for any t ě ρpεq by Lemma 4.13. Item (ii) is similarly a combination of Proposition
4.12, Lemma 4.1 and Lemma 4.13. □
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If A or B are strongly monotone, that is

xx ´ y, u ´ vy ě ρ}x ´ y}
2

for some ρ ą 0 and all px, uq, py, vq P A, or similarly for B, then they are immediately uniformly
monotone with function ϕpεq :“ ρε2. In particular, the above rates apply in that case, comple-
menting the rates given in [25]. Moreover, using the previous result on fast rates for p˚q1 given
by Theorem 4.8, we can also derive exponentially fast rates under special parameter selections
in that case. In particular, our result is slightly different from that given in [25], working over
a slightly stronger (yet still canonical) assumption on the operators but for that following the
traditional argument known from the discrete-time setting, leveraging the previous results of
this section instead of relying on arguments related to differential inequalities:

Theorem 4.15. Let X be a Hilbert space and let A : X Ñ 2X be maximally monotone and
B : X Ñ X be β-cocoercive for β ą 0. Let γ P p0, 2βq and write δ :“ mint1, β{γu ` 1{2.
Further, assume that λ : r0,`8q Ñ r0, δs is Lebesgue measurable and fix x0 P X. Let x be the
unique strong global solution to p˚q1

1. Further assume that τ “ inftě0 λptqpδ´λptqq ą 0 and that
A is strongly monotone with constant α.

Then, for the unique point y P zerpA ` Bq, we have

dpxptq, yq ď cttudpxp0q, yq

for all t ě 0, where c :“ p1 ` τkpq´1{p P p0, 1q and k :“ 1{pαγ ` 1q.

Proof. It is well-known (see e.g. the proof of Proposition 26.16 in [15]) that under the present
assumptions, the map T :“ JγA ˝ pId ´ γBq is a strict contraction with parameter k P r0, 1q.
The result now follows from Theorem 4.8. □

Following Remark 15 in [23], also we want to remark here that in the same way as the Dou-
glas–Rachford splitting method arises as an instantiation of the Krasnosel’skii-Mann method
in discrete-time contexts, the above system p˚q1 gives rise to a continuous-time variant. This
dynamical system can hence be studied using the present results, and we think that it is more-
over quite likely that, following a similar approach as in [92], one can also obtain particularly
broad and uniform rates in that case.

4.2. Second-order dynamical systems for cocoercive operators. We again begin with
the essential setup, now from [22]. Let X be a Hilbert space with norm } ¨ } and inner product
x¨, ¨y and let B : X Ñ X be β-cocoercive, i.e. β}Bx´By}2 ď xx´ y,Bx´Byy for all x, y P X.
We write ZerB :“ tx P X | Bpxq “ 0u. Further, let λ, γ : r0,`8q Ñ r0,`8q be Lebesgue
measurable and u0, v0 P X be given. For these data, we consider the dynamical system

p˚q2

#

:xptq ` γptq 9xptq ` λptqBpxptqq “ 0,

xp0q “ u0, 9xp0q “ v0.

This system arises naturally as an extension of the second-order dynamical system

:x ` γ 9x ` x ´ Tx “ 0

formulated for a nonexpansive operator T : X Ñ X as considered in [8], extending previous
work on a gradient-projection second-order dynamical system

:x ` γ 9x ` x ´ PCpx ´ η∇fpxqq “ 0

studied by Antipin [6] in Euclidean spaces and by Attouch and Alvarez [8] in general Hilbert
spaces, which in turn is motivated by a study of the heavy ball with friction dynamical system

:x ` γ 9x ` ∇fpxq “ 0
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studied by various authors (see e.g. [4, 6, 10, 52], among others). We again refer to the survey
[42] for further discussions along these lines.

Similar to before (see also Definition 3 in [22]), we call a dynamical system x : r0,`8q Ñ X a
strong global solution of p˚q2 if x satisfies the respective equation almost everywhere on r0,`8q

and x is absolutely continuous on each interval r0, bs with b P p0,8q. By Theorem 4 in [22], the
system p˚q2 has a unique strong global solution under the assumptions above, provided that
additionally λ, γ P L1pr0, bsq for every b ą 0.
As discussed in [22], we also here want to highlight that a discretization of the above equation

w.r.t. the time variable leads to methods which include inertia terms, that is which make use of
the distance between the previous two iterates, which commonly yields accelerated schemas (we
refer e.g. to [4, 5, 74] for works explicitly discussing this in connection to dynamical systems,
as well as to the further references provided in [22]).

Similar to before, we are now interested in providing a quantitative account of the results
given in [22] (see Theorem 8 therein) on the asymptotic behavior of such strong global solutions.
For that, following [22] (see assumption (A1) therein), we now throughout assume further that
λ and γ are locally absolutely continuous and that there exists a θ ą 0 such that

9γptq ď 0 ď 9λptq and
γ2ptq

λptq
ě

1 ` θ

β

for almost every t P r0,`8q. In particular, there are 0 ă λ, γ, λ, γ such that λ ď λptq ď λ
and γ ď γptq ď γ. We refer to [22] for further motivation and discussion on these conditions,
including natural examples of parameters satisfying them, and here just note that in such a
case the solution to the above system p˚q2 is a C2-function (see p. 1427 in [22]).

We now begin with the boundedness of both the solution dynamical system as well as the
associated derivatives and the image under B (as established in item (i) of [22, Theorem 8]).
We begin with the boundedness of the dynamical system itself:

Lemma 4.16. Let z P ZerB and let b, c P N with }u0 ´z} ď b and }v0} ď c. Let x be the unique

strong global solution to p˚q2. Then x is bounded with }xptq ´ z} ď

b

b2 ` 2γ´1M , where we set

M :“ bc `
γ
2
b2 ` βγλ´1c2.

Proof. Write hptq “ 1
2
}xptq ´ z}2. As in the proof of [22, Theorem 8], we have 9hptq “ xxptq ´

z, 9xptqy and it follows from Eq. (13) therein that

9hptq ` γptqhptq ` β
γptq

λptq
} 9xptq}

2
ď 9hp0q ` γp0qhp0q ` β

γp0q

λp0q
} 9xp0q}

2

ď }u0 ´ z}}v0} `
γ

2
}u0 ´ z}

2
` βγλ´1

}v0}
2

ď bc `
γ

2
b2 ` βγλ´1c2 “ M.

In particular, we have 9hptq ` γptqhptq ď K. Continuing as in the proof of [22, Theorem 8] until
Eq. (14), we get that

hpT q ď hp0q expp´γT q ` Mγ´1
p1 ´ expp´γT qq

for all T ą 0, and so

hptq ď
1

2
b2 ` γ´1M.

In particular, we have

}xptq ´ z} ď

b

b2 ` 2γ´1M. □
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Before we carry on with the boundedness of the derivative, we require the following simple
lemma on real inequalities:

Lemma 4.17. Let a, b, c ą 0 be given. For any x ě 0, if ax2 ď bx ` c, then x ď r b`c
a

s.

Proof. Suppose for a contradiction that x ą r b`c
a

s ě 1. Then

ax2 ď bx ` c ď pb ` cqx

and so ax ď b ` c. But this is a contradiction as then b ` c ď ar b`c
a

s ă ax ď b ` c. □

The boundedness of the first derivative is now readily derived:

Lemma 4.18. Let z P ZerB and let b, c P N with }u0 ´ z} ď b and }v0} ď c. Let x be the

unique strong global solution to p˚q2. Then 9x is bounded with } 9xptq} ď

R

K`M

βγλ
´1

V

, where we set

M :“ bc `
γ
2
b2 ` βγλ´1c2 and K :“

b

b2 ` 2γ´1M .

Proof. As in the proof of [22, Theorem 8] (see the last equation before Eq. (16)), we derive

xxptq ´ z, 9xptqy ` βγλ
´1

} 9xptq}
2

ď M

and so
βγλ

´1
} 9xptq}

2
ď M ` }xptq ´ z}} 9xptq} ď M ` K} 9xptq}

by Lemma 4.16. Lemma 4.17 yields

} 9xptq} ď

S

K ` M

βγλ
´1

W

as claimed. □

We now turn to the L2-boundedness of the derivatives and the image under the operator B:

Lemma 4.19. Let z P ZerB and let b, c P N with }u0 ´ z} ď b and }v0} ď c. Let x be the
unique strong global solution to p˚q2. Then

} 9x}2 ď

c

KL

θ
, }:x}2 ď

d

KL

βλ
´1 , }Bx}2 ď λ´1

p}:x}2 ` γ} 9x}2q

where we set M :“ bc `
γ
2
b2 ` βγλ´1c2, K :“

b

b2 ` 2γ´1M and L :“
Q

pK ` Mqβγλ
´1

U

.

Proof. Write hptq “ 1
2
}xptq ´ z}2 and recall 9hptq “ xxptq ´ z, 9xptqy. As in Eq. (12) in the proof

of [22, Theorem 8], we derive

:hptq `
d

dt
pγhqptq ` β

d

dt

ˆ

γptq

λptq
} 9xptq}

2

˙

` θ} 9xptq}
2

` βλ
´1

}:xptq}
2

ď 0

so that integration yields

θ

ż t

0

} 9xpsq}
2 ds ` βλ

´1
ż t

0

}:xpsq}
2 ds ď | 9hptq| ď }xptq ´ z}} 9xptq} ď KL

for all t ě 0. This yields the bounds on the L2-norms for 9x and :x. For Bx, note that as x
satisfies the equation p˚q2, we have

λ}Bx}2 ď }λBx}2 ď }:x}2 ` }γ 9x}2 ď }:x}2 ` γ} 9x}2

using Minkowski’s inequality, which yields the claim. □
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To capture the corresponding problem in the setup of the previous sections, we set X0 “

BKpzq and

F px˚
q “

#

}Bpx˚q} if x˚ P X0,

`8 otherwise,

for a fixed solution z P ZerB, and where K is as in Lemma 4.18. In particular, we have
zerF “ ZerB X X0 and

levďεF “ tx˚
P X0 | }Bpx˚

q} ď εu.

Our next step is a quantitative result on the asymptotic regularity of the dynamical system.
Concretely, in item (ii) of Theorem 8 in [22], it is established that

lim
tÑ8

} 9xptq} “ lim
tÑ8

}:xptq} “ lim
tÑ8

}Bpxptqq} “ 0.

We now provide quantitative versions of these results by giving rates of metastability for each
case. Our quantitative rendering of the limit limtÑ8 Bpxptqq “ 0 then in particular allows us
to derive the lim inf-property w.r.t. the above F for the dynamical system x, together with a
respective bound for it.

Lemma 4.20. Let z P ZerB and let b, c, d P N with }u0 ´ z} ď b, }v0} ď c and }Bpu0q} ď d.
Let x be the unique strong global solution to p˚q2. Then

lim
tÑ8

9xptq “ lim
tÑ8

:xptq “ lim
tÑ8

Bpxptqq “ 0

where further, for any f : N Ñ N and ε ą 0, we have

Dn ď Λpε, fq @t P rn, n ` fpnqs p} 9xptq}, }Bpxptqq} ă εq

as well as

Dn ď Λpε{2maxtγ, λu, fq @t P rn, n ` fpnqs p}:xptq} ă εq .

Here, Λpε, fq :“ f̃ 1
pϖC,A,Bpεqq

p0q where ϖC,A,B is defined via

ϖC,A,Bpεq :“

R

16AB

3ε2

V

¨

R

4pC2 ` 2ABq

3ε2

V

,

where f̃ 1pnq :“ n ` f 1pnq as before, with f 1pnq :“ maxtfpnq, rp3A{εq2su, and where we set

M :“ bc `
γ
2
b2 ` βγλ´1c2, K :“

b

b2 ` 2γ´1M and L :“
Q

pK ` Mqβγλ
´1

U

as well as a0 :“

a

KL{θ, a1 :“

b

KL{βλ
´1

and a2 :“ λ´1
pa1 ` γa0q together with A “ 1

2
maxta0, a2u, B “

1
2
maxta0 ` a1, a2 ` 1

β2a0u and C “ 1
2
maxtc, du.

In particular, x has the lim inf-property w.r.t. F with bound

φpε, nq :“ ϖC,A,Bpεqmaxtn,
P

p3A{εq2
T

u.

Proof. Note that as in the proof of item (ii) of Theorem 8 in [22], we have

d

dt

ˆ

1

2
} 9xptq}

2

˙

ď
1

2
} 9xptq}

2
`

1

2
}:xptq}

2

as well as
d

dt

ˆ

1

2
}Bpxptqq}

2

˙

ď
1

2
}Bpxptqq}

2
`

1

2β2
} 9xptq}

2.
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Lemma 4.19 now in particular yields } 9x}2 ď a0, }:x}2 ď a1 and }Bx}2 ď a2. The two respective
rates for limtÑ8 9xptq “ limtÑ8 Bpxptqq “ 0 now follow from Lemma 2.4. For the rate for :x,
note similar to before that x satisfies the equation p˚q2 and so we have

}:xptq} ď γ} 9xptq} ` λ}Bpxptqq}.

We obtain the lim inf-property by setting f :” n for a given n P N in the above rate of
metastability for limtÑ8 Bpxptqq “ 0. □

In similarity to the previous application, we now also obtain the quasi-Fejér monotonicity of
the unique strong global solution x to the system p˚q2 w.r.t. F . Again, this follows the pattern
discussed in Section 2, that is through a differential inequality for a suitable energy functional
which decomposes in the right way. Indeed, in [22] (see eq. (12) therein), it is established that

:hptq `
d

dt
pγhqptq ` β

d

dt

ˆ

γptq

λptq
} 9xptq}

2

˙

ď 0,

where again hptq “ 1
2
}xptq ´ z}2 for a solution z P ZerB. In that way, distinct from the

previous application, this inequality is no longer of the most simple form discussed in Section
2. Nevertheless, it fits into another pattern discussed therein, whereby the energy functional
additively decomposes into a distance to a solution as well as associated errors terms. We now
analyse the proof of this inequality as given in [22] to establish the associated uniform quasi-
Fejér monotonicity and extract an associated modulus. The following result first provides a
quantitative variant of the above differential inequality:

Lemma 4.21. Let z P ZerB and let b, c P N with }u0 ´ z} ď b and }v0} ď c. Let x be the
unique strong global solution to p˚q2. For any ε ą 0, if x˚ P levďε{pλ4KqF , then

:hptq `
d

dt
pγhqptq ` β

d

dt

ˆ

γptq

λptq
} 9xptq}

2

˙

ď ε

for all t ě 0, where hptq :“ 1
2
}xptq ´ x˚}2. Here M :“ bc `

γ
2
b2 ` βγλ´1c2 and K :“

b

b2 ` 2γ´1M .

Proof. Given x˚ P levďrpεqF , write hptq “ 1
2
}xptq ´ x˚}2. As in the proof of item (i) of Theorem

8 in [22], we get
:hptq ` γptq 9hptq ` λptqxxptq ´ x˚, Bpxptqqy “ } 9xptq}

2.

In particular, we have

:hptq ` γptq 9hptq ` λptqxxptq ´ x˚, Bpxptqq ´ Bpx˚
qy ` λptqxxptq ´ x˚, Bpx˚

qy “ } 9xptq}
2

and so, using the cocoercivity of B and Lemma 4.16, we get

:hptq ` γptq 9hptq ` λptqβ}Bpxptqq ´ Bpx˚
q}

2
ď } 9xptq}

2
` λ2K}Bpx˚

q}.

Further, using the reverse triangle inequality, we have

:hptq ` γptq 9hptq ` λptqβ}Bpxptqq}
2

ď } 9xptq}
2

` λ2K}Bpx˚
q} ` 2λptqβ}Bpxptqq}}Bpx˚

q}.

As B is 1
β
-Lipschitz and as z is a zero of B, we get

}Bpxptqq} “ }Bpxptqq ´ Bpzq} ď
1

β
}xptq ´ z} ď

K

β

using Lemma 4.16. In particular, we have

:hptq ` γptq 9hptq ` λptqβ}Bpxptqq}
2

ď } 9xptq}
2

` λ4K}Bpx˚
q}.
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Proceeding as in the proof of item (i) of Theorem 8 in [22], we get

:hptq `
d

dt
pγhqptq ` β

d

dt

ˆ

γptq

λptq
} 9xptq}

2

˙

ď λ4K}Bpx˚
q}

which yields the claim. □

Again, an application of the mean value theorem allows us to derive a modulus of uniform
pG,Hq-quasi-Fejér monotonicity (with H “ p¨q2 and G “ γγ´1p¨q2) from the above approximate
differential inequality.

Lemma 4.22. Let z P ZerB and let b, c P N with }u0 ´ z} ď b and }v0} ď c. Let x be the
unique strong global solution to p˚q2. Then x is uniformly pG,Hq-quasi-Fejér monotone w.r.t.
zerF and F and with H “ p¨q2 and G “ γγ´1p¨q2, i.e.

@ε ą 0 @n,m P N @x˚
P levďχpε,n,mqF @s, t P rn, n ` ms

`

s ď t Ñ }xptq ´ x˚
}
2

ď γγ´1
}xpsq ´ x˚

}
2

` εps, tq ` ε
˘

,

where χpε, n,mq :“ pγεq{pmλ8Kq and

εps, tq “ 2βγ´1γ

λ
} 9xpsq}

2
` 2γ´1K} 9xpsq} ` 2γ´1K} 9xptq}.

Here M :“ bc `
γ
2
b2 ` βγλ´1c2 and K :“

b

b2 ` 2γ´1M .

Proof. Fix ε, n,m as well as x˚ P levďχpε,n,mqF and s, t P rn, n`ms. If s “ t, the result is clear.

If s ă t, then since 9hptq ` γptqhptq ` β γptq
λptq

} 9xptq}2 is locally absolutely continuous, the mean

value theorem yields an r P ps, tq such that

:hprq `
d

dt
pγhqprq ` β

d

dt

ˆ

γprq

λprq
} 9xprq}

2

˙

“
d

dt

ˆ

9hprq ` γprqhprq ` β
γprq

λprq
} 9xprq}

2

˙

“

9hptq ` γptqhptq ` β γptq
λptq

} 9xptq}2 ´ p 9hpsq ` γpsqhpsq ` β γpsq

λpsq
} 9xpsq}2q

t ´ s
.

Thus, as x˚ P levďχpε,n,mqF , we have

γptqhptq ´ γpsqhpsq ď β
γpsq

λpsq
} 9xpsq}

2
´ β

γptq

λptq
} 9xptq}

2
` 9hpsq ´ 9hptq ` ε

ď β
γ

λ
} 9xpsq}

2
` K} 9xpsq} ` K} 9xptq} ` γ

ε

2

by Lemma 4.4. In particular, we get

hptq ď γγ´1hpsq ` βγ´1γ

λ
} 9xpsq}

2
` γ´1K} 9xpsq} ` γ´1K} 9xptq} `

ε

2

which yields the claim. □

Another direct application of Theorem 3.9 now yields the following quantitative result on the
behavior of the solution x to p˚q2, again under a finite-dimensionality assumption on X, giving
a rate of metastability for the convergence result established in Theorem 8 of [22] in that case:
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Theorem 4.23. Let X be a finite-dimensional Hilbert space with dimension d and let B : X Ñ

X be β-cocoercive. Let u0, v0 P X be given and z P ZerB and let b, c, d P N with }u0 ´ z} ď b,
}v0} ď c and }Bpu0q} ď d. Further, let λ, γ : r0,`8q Ñ r0,`8q be Lebesgue measurable and
locally absolutely continuous and assume that there exists a θ ą 0 such that

9γptq ď 0 ď 9λptq and
γ2ptq

λptq
ě

1 ` θ

β

for almost every t P r0,`8q. Let 0 ă λ, γ, λ, γ such that λ ď λptq ď λ and γ ď γptq ď γ. Let
x be the unique strong global solution to p˚q2.

Then x is metastable in the sense that for all ε ą 0 and f : N Ñ N, it holds that
Dn ď ∆pmintε, βε{2u, fq @s, t P rn, n ` fpnqs p}xpsq ´ xptq} ď ε and }Bpxptqq} ď εq ,

where moreover the bound ∆pε, fq can be explicitly described by

∆pε, fq :“ maxt∆pi, ε, fq | i ď P u ` 1

where ∆p0, ε, fq :“ 0 as well as

∆pj, ε, fq :“ maxtφppεj, nq | n ď ηpε2{12, fφ,pεjqu

with
pεj “ mintε{2, pγε2q{12ppfpm ` 1q ` 1qλ8Kq | m ď ∆pi, ε, fq, i ă ju

for j ě 1 as well as

fφ,εpnq :“ maxtm ` 1 ` fpm ` 1q | m ď φpε, nqu ´ n

and

P :“

R

2

ˆR

´

ε{
b

12γγ´1
¯´1

V

` 1

˙

?
db

Vd

` 1

as well as

ηpε, fq :“ Λ

¨

˝min

$

&

%

ε

6γ´1K
,

d

ε

6βγ´1 γ
λ

,

.

-

, f

˛

‚ and φpε, nq :“ ϖC,A,Bpεqmaxtn,
P

p3A{εq2
T

u.

Here, Λpε, fq :“ f̃ 1
pϖC,A,Bpεqq

p0q and ϖC,A,B as well as the other constants are defined as in
Lemma 4.20.

Proof. The result immediately follows by instantiating Theorem 3.8 over X0 “ BKpzq and
simplifying the resulting bound (recall that xptq P X0 for all t ě 0 by Lemma 4.16). In

particular, we set H :“ p¨q2 and G :“ γγ´1p¨q2 as well as hpεq :“ ε2 and gpεq :“
b

ε{γγ´1.

That x is uniformly pG,Hq-quasi-Fejér monotone w.r.t. F and errors

εps, tq “ 2βγ´1γ

λ
} 9xpsq}

2
` 2γ´1K} 9xpsq} ` 2γ´1K} 9xptq}

follows by Lemma 4.22, which in particular yields that χpε, n,mq :“ pγεq{pmλ8Kq is an as-
sociated modulus. The definition of pεj is a resulting simplification. The errors in partic-
ular satisfy εps, tq Ñ 0 as s ď t Ñ 8 with a rate of metastability η as defined above
by Lemma 4.20. Also by Lemma 4.20, x has the lim inf-property w.r.t. F with a bound
φpε, nq :“ ϖC,A,Bpεqmaxtn, rp3A{εq2su, which can immediately be seen to be suitably mono-

tone. As before, X0 is totally bounded with a modulus γpεq :“
P

2prε´1s ` 1q
?
db

Td
by Example

2.8 of [59]. Lastly, note that F is uniformly continuous on X0 with modulus ωpεq :“ βε, since
we have |}Bpxq} ´ }Bpyq}| ď 1

β
}x ´ y} using the fact that B is 1

β
-Lipschitz. □
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In the preceding application, Theorem 3.18 yielded rather general constructions for rates of
convergence under a regularity assumption. While Theorem 3.18 can similarly be applied to
the present case study to yield quantitative convergence guarantees for the strong convergence
of the dynamical system under a regularity assumption, it does not yield rates in this general
case.

This is due to the fact that we cannot supply the respective errors in the quasi-Fejér mono-
tonicity property for the dynamical system at hand with a rate of convergence, but only with
a rate of metastability. While this does not rule out constructions of rates of convergence for
problem p˚q2 under regularity assumptions, it perhaps provides a structural reason for why such
rates seem to be currently absent from the literature (to the best of our knowledge) at this
level of generality. This issue seems to persist already for special cases of the above system
p˚q2, such as the gradient-projection second-order dynamical system [8, 6] or its extensions to
general nonexpansive mappings as discussed at the beginning of this subsection (indeed, the
paper [22] uses essentially the same approach as [8], appropriately extended to its more general
setting).

By comparison, Boţ and Csetnek [25] derive exponentially fast rates for the second-order
forward-backward scheme, arising from the above by instantiating B appropriately and dis-
cussed in more detail in the following, under a strong monotonicity assumption on either of the
involved operators and under suitable restrictions of the other parameters. Indeed, their argu-
ment essentially proceeds by utilizing the extremely strong premise of strong monotonicity to
derive an alternative differential inequality that dispenses of the error induced by } 9xptq} above.
However, this inequality is then already so strong that it allows one to immediately derive
exponential rates, so that no additional arguments beyond that are necessary. While it can be
rather immediately seen that these arguments can be slightly generalized to the setting of p˚q2
for general B which are strict contractions, we do not record this here as no new arguments
from this paper would be required for that. Instead, we focus on the general case of p˚q2 which
however then restricts us to metastability.

Of course, by the modularity of our approach, if one would be supplied by such a rate by
any other means, then Theorem 3.18 could be immediately used to derive corresponding rates
for the strong convergence of the dynamical system under a regularity assumption. Outside
of assumptions guaranteeing this however, the following theorem is the best we can currently
provide.

Theorem 4.24. Let X be a Hilbert space and let B : X Ñ X be β-cocoercive. Let u0, v0 P X be
given and z P ZerB and let b, c, d P N with }u0 ´z} ď b, }v0} ď c and }Bpu0q} ď d. Assume that
F has a modulus of regularity τ w.r.t. BKpzq. Further, let λ, γ : r0,`8q Ñ r0,`8q be Lebesgue
measurable and locally absolutely continuous and assume that there exists a θ ą 0 such that

9γptq ď 0 ď 9λptq and
γ2ptq

λptq
ě

1 ` θ

β

for almost every t P r0,`8q. Let 0 ă λ, γ, λ, γ such that λ ď λptq ď λ and γ ď γptq ď γ. Let
x be the unique strong global solution to p˚q2.

Then x satisfies

@ε ą 0 @f : N Ñ N Dn ď ρpε, fq @t P rn, n ` fpnqs pdistpxptq,ZerBq ă εq

and further x is Cauchy with

@ε ą 0 @f : N Ñ N Dn ď ρpε{2, fq @t P rn, n ` fpnqs p}xptq ´ xpsq} ă εq .
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Here, ρ is defined by

ρpε, fq :“ max
!

φ
´

τ
´

ε{
b

2γγ´1
¯

, n
¯

| n ď ηpε2, fφ,ε2q

)

` 1

where

fφ,δpnq “ max
!

m ` 1 ` fpm ` 1q
ˇ

ˇ m ď φ
´

τ
´

ε{
b

2γγ´1
¯

, n
¯)

´ n

with

ηpε, fq :“ Λ

¨

˝min

$

&

%

ε

6γ´1K
,

d

ε

6βγ´1 γ
λ

,

.

-

, f

˛

‚ and φpε, nq :“ ϖC,A,Bpεqmaxtn,
P

p3A{εq2
T

u.

Here, Λpε, fq :“ f̃ 1
pϖC,A,Bpεqq

p0q and ϖC,A,B as well as the other constants are defined as in
Lemma 4.20.

Proof. The result immediately follows by instantiating Theorem 3.17 and simplifying the re-
sulting bound. In particular, we set H :“ p¨q2 and G :“ γγ´1p¨q2 as well as hpεq :“ ε2 and

gpεq :“
b

ε{γγ´1. That x is pG,Hq-quasi-Fejér monotone w.r.t. F follows by Lemma 4.22.

That x has the lim inf-property w.r.t. F with φ as the respective bound follows from Lemma
4.20. The rate of metastability η for the errors likewise follows from that lemma as before. □

Similar to before, we here want to also study a particular instance of the system p˚q2 to which
the above results apply. For that consider a continuous-time variant of the forward-backward
method, this time defined via a second order equation as in p˚q2, as considered already in
[22]. Let us recall the setup: Assume we are given a maximally monotone set-valued operator
A : X Ñ 2X and a single-valued map B : X Ñ X which is β-cocoercive, for some β ą 0,
such that zerpA ` Bq ‰ H. For η P p0, 2βq (following the notation of [22]) and δ :“ 4β´η

2β
,

let λ, γ : r0,`8q Ñ p0,`8q be Lebesgue measurable functions which are locally absolutely
continuous and satisfy

9γptq ď 0 ď 9λptq and
γ2ptq

λptq
ě

2p1 ` θq

δ

almost everywhere, for some θ ą 0. For initial values u0, v0 P X, we then consider the dynamical
system

p˚q1
2

#

:xptq ` γptq 9xptq ` λptq rxptq ´ JηA pxptq ´ ηBpxptqqqs “ 0,

xp0q “ u0, 9xp0q “ v0.

In analogy to before, this system can be conceived of as an instantiation of the system p˚q2
using the map T :“ JηA ˝ pId ´ ηBq, which is 1

δ
-averaged and satisfies FixT “ zerpA ` Bq as

before (see the beginning of the proof of Theorem 12 in [22]). So writing

T “

ˆ

1 ´
1

δ

˙

Id `
1

δ
R

with R nonexpansive, p˚q1
2 is an instantiation of p˚q2 using the map R and the parameter

sequence 1
δ
λ instead of λ (see also the proof of Corollary 11 in [22]).

We immediately obtain the following result on the quantitative asymptotic behavior of the
associated solution under a finite-dimensionality assumption on X, a quantitative variant of
parts of Theorem 12 in [22]:
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Theorem 4.25. Let X be a finite-dimensional Hilbert space with dimension d and let A : X Ñ

2X be maximally monotone and B : X Ñ X be β-cocoercive for β ą 0. For η P p0, 2βq and
δ :“ 4β´η

2β
, let λ, γ : r0,`8q Ñ p0,`8q be Lebesgue measurable functions which are locally

absolutely continuous and satisfy

9γptq ď 0 ď 9λptq and
γ2ptq

λptq
ě

2p1 ` θq

δ

almost everywhere, for some θ ą 0. Fix u0, v0 P X and let y P zerpA ` Bq with b, c, d P N such
that }u0 ´ y} ď b, }v0} ď c and }u0 ´ T pu0q} ď d. Let x be the unique strong global solution to
p˚q1

2.
Then x is metastable in the sense that for all ε ą 0 and f : N Ñ N, it holds that
Dn ď ∆pmintε, βε{2u, fq @s, t P rn, n ` fpnqs p}xpsq ´ xptq} ď ε and }xptq ´ T pxptqq} ď εq ,

where moreover the bound ∆pε, fq can be explicitly described as in Theorem 4.23.

Remark 4.26. Akin to Remark 4.10, if Theorem 4.25 is applied with mintε, ε{pγ´1 ` β´1qu in
place of ε, then for any t P rn, n ` fpnqs with the respective n, there are w P pA ` Bqpvq such
that }xptq ´ v}, }w} ď ε.

We now move to the associated strong convergence result for p˚q1
2 under a uniform mono-

tonicity assumption for either of the operators A or B, again in similarity to before.
First, we have the following quantitative rendering of the associated limit limtÑ8 Bpxptqq “

Bpx˚q for x˚ P zerpA ` Bq as established in item (iv) of Theorem 12 in [22]:

Proposition 4.27. Let X be a Hilbert space and let A : X Ñ 2X be maximally monotone and
B : X Ñ X be β-cocoercive for β ą 0. For η P p0, 2βq and δ :“ 4β´η

2β
, let λ, γ : r0,`8q Ñ

p0,`8q be Lebesgue measurable functions which are locally absolutely continuous and satisfy

9γptq ď 0 ď 9λptq and
γ2ptq

λptq
ě

2p1 ` θq

δ

almost everywhere, for some θ ą 0. Fix u0, v0 P X and let y P zerpA ` Bq with b, c, d P N such
that }u0 ´ y} ď b, }v0} ď c and }u0 ´ T pu0q} ď d. Let x be the unique strong global solution to
p˚q1

2. Then limtÑ8 Bpxptqq “ Bpyq and for any f : N Ñ N and ε ą 0, we have

Dn ď Λpε2ηβ{3K, fq @t P rn, n ` fpnqs p}Bpxptqq ´ Bpyq} ă εq

where Λ is defined as in Lemma 4.20 and M :“ bc `
γ
2
b2 ` βγλ´1c2 and K :“

b

b2 ` 2γ´1M .

Proof. Using Lemmas 4.11 and 4.16, we again obtain

ηβ}Bpxptqq ´ Bpyq}
2

ď

ˆ

1 `
η

β

˙

}xptq ´ y}}T pxptqq ´ xptq} ď

ˆ

1 `
η

β

˙

K}T pxptqq ´ xptq}

and so, using η ď 2β, we have

}Bpxptqq ´ Bpyq} ď

d

3K

ηβ

a

}T pxptqq ´ xptq}.

Lemma 4.20 now yields the result. □

Remark 4.28. As in the case of the preceding case study on the first-order dynamical system,
also here our approach towards the convergence of Bpxptqq to Bpyq for a solution y P zerpA`Bq

deviates from the argument given in the respective paper that we analyze, that is [22] in this
case. This is purely for reasons of simplicity, and we could have just as well analyzed the
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concrete proof of this fact given in [22] (see the proof of item (iv) of Theorem 12 in [22]), which
proceeds via a long chain of inequalities to establish the following key inequality (see the end
of p. 1433 in [22]):

βλ

2

ż T

0

}Bpxptqq ´ Bpyq}
2 dt `

1

η

´

9hpT q ´ 9hp0q ` γpT qhpT q ´ γp0qhp0q

¯

ď
1

η

ż T

0

} 9xptq} dt,

where hptq :“ 1
2
}xptq ´ y}2. By this, it follows in particular that

βλ

2

ż T

0

}Bpxptqq ´ Bpyq}
2 dt ď

1

η

ˆ
ż T

0

} 9xptq} dt ` | 9hpT q| ` | 9hp0q| ` γp0qhp0q

˙

which can be used to calculate an explicit bound on the L2-norm of the dynamical system
}Bpxptqq ´Bpyq}2, using in particular Lemmas 4.16 and 4.18 to bound | 9hpT q| and Lemma 4.19
for a bound on the L2-norm of } 9xptq}. Using the differential inequality

d

dt

ˆ

1

2
}Bpxptqq ´ Bpyq}

2

˙

ď
1

2
}Bpxptqq ´ Bpyq}

2
`

1

2β
} 9xptq}

2

established in [22] (see the first displayed equation on p. 1434 therein), the convergence of
Bpxptqq to Bpyq follows. However, an analysis of this argument also “only” yields a rate of
metastability as we apply Lemma 2.4, which generally only comes furnished with a rate of
metastability, to exploit the above inequality with the respective bounds. In particular, it will
be presumably of quite similar complexity as the rate presented in the preceding Lemma 4.12.

We now obtain a result on rates of metastability in the context of a uniform monotonicity
assumption, being a quantitative rendering of item (v) from Theorem 12 in [22]:

Theorem 4.29. Let X be a Hilbert space and let A : X Ñ 2X be maximally monotone and B :
X Ñ X be β-cocoercive for β ą 0. For η P p0, 2βq and δ :“ 4β´η

2β
, let λ, γ : r0,`8q Ñ p0,`8q

be Lebesgue measurable functions which are locally absolutely continuous and satisfy

9γptq ď 0 ď 9λptq and
γ2ptq

λptq
ě

2p1 ` θq

δ

almost everywhere, for some θ ą 0. Fix u0, v0 P X and let y P zerpA ` Bq with b, c, d P N such
that }u0 ´ y} ď b, }v0} ď c and }u0 ´ T pu0q} ď d. Let x be the unique strong global solution to
p˚q1

2.
Then, if either A or B is uniformly monotone with function ϕ, x converges to y and for any

f : N Ñ N and ε ą 0, we have

Dn ď Θpε, fq @t P rn, n ` fpnqs p}xptq ´ y} ă εq

where Θpε, fq is defined as follows:

(i) If A is uniformly monotone with function ϕ, then

Θpε, fq :“ Λ

˜

min

#

ˆ

ϕpε{2q

2K

˙2

ηβ{3K,
ηϕpε{2q

2K
,
ε

2

+

, f

¸

.

(ii) If B is uniformly monotone with function ϕ, then

Θpε, fq :“ Λ

˜

ˆ

ϕpεq

K

˙2

ηβ{3K, f

¸

.

Here, Λ is defined as in Lemma 4.20 and M :“ bc `
γ
2
b2 ` βγλ´1c2 and K :“

b

b2 ` 2γ´1M .
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Proof. Items (i) and (ii) follow by a combination of Lemmas 4.13 as well as 4.16 and 4.20
together with Proposition 4.27. □

4.3. (Generalized) gradient flows in Hadamard spaces. We now move to the topic of
flows and associated semigroups in Hadamard spaces, and in particular to our applications
to the classic gradient flow semigroup [16, 71] as well as nonlinear semigroup generated by a
nonexpansive mapping [18, 87]. Throughout, if not stated otherwise, let X be a Hadamard
space with metric d, that is pX, dq is a complete geodesic metric space of nonpositive curvature
in the sense of Alexandrov. We refer to [17, 35] for further information on these spaces, and
here just note that Hadamard spaces are uniquely geodesic. In particular, given x, y P X and
λ P r0, 1s, we write p1 ´ λqx ‘ λy for the unique point z on the geodesic connecting x and y
satisfying dpx, zq “ λdpx, yq and dpy, zq “ p1 ´ λqdpx, yq.

To motivate our case studies, recall the inclusion
#

´ 9xptq P Apxptqq,

xp0q “ x0,

where A is a maximally monotone operator on a Hilbert space X and x0 P dompAq, as already
discussed in Section 2 before. This inclusion problem not only generalizes the gradient flow
equation 9x “ ∇ϕpxq but also captures the parabolic problem ´ 9x P Bϕpxq associated with a
convex lower-semicontinuous (lsc) function ϕ : X Ñ p´8,`8s. By the well-known Crandall-
Liggett theorem [40] (see also the preceding work [34, 41, 64]), the solutions of this problem
induce a nonexpansive semigroup Stpx0q and this semigroup can moreover be explicitly de-
scribed by the exponential formula Stpx0q :“ limnÑ8pJt{nqpnqpx0q, where Jλpxq :“ pId`λAq´1x
is the resolvent of of A. This formula moreover generally produces a semigroup, even out-
side the solvability of the above problem. The study of the asymptotic behavior of solutions
to the above problem can hence be addressed through general theory for these nonexpansive
semigroups.

In particular, the above access to the inclusion problem via the exponential formula allows
for an extension to the nonlinear context of Hadamard spaces. Given a Hadamard space X
and a convex lsc function ϕ : X Ñ p´8,`8s, a nonlinear version of the above gradient flow
semigroup can be defined via

Stpxq :“ lim
nÑ8

`

Jt{n
˘pnq

pxq

for t ě 0 and x P domϕ for domϕ :“ tx P X | ϕpxq ă `8u. Here, Jtpxq is now the resolvent of
ϕ defined by

Jtpxq :“ argmin
yPX

ˆ

ϕpyq `
1

2t
d2px, yq

˙

.

for t ą 0 (and via Jtpxq :“ x for t “ 0). The study of this limit and the nonexpansive
semigroup it generates in particular goes back to the work of Mayer [71] and was later extended
by Bačák [16]. In particular, this semigroup essentially represents a continuous-time analog of
the proximal point algorithm in Hadamard spaces (see [16]).

Another instance of the previous inclusion problem in Hilbert spaces is given by considering
a monotone operator A :“ Id ´ F defined via a nonexpansive map F : X Ñ X. A nonlinear
variant of the resulting semigroup was subsequently considered by Stojkovic [87]: For a non-
expansive map F : X Ñ X on a Hadamard space X and given x P X as well as t ą 0, let
Gx,t : X Ñ X be defined by

Gx,tpyq :“
1

1 ` t
x ‘

t

1 ` t
F pyq.
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It can be easily seen that Gx,t is a strict contraction, and so it has a unique fixed point Rtpxq.
One calls Rt : X Ñ X the resolvent of F . For t P r0,8q and x P X, the resulting exponential
formula

Ttpxq :“ lim
nÑ8

`

Rt{n

˘pnq
pxq.

similarly induces a nonexpansive semigroup on X (see [87]). Similar definitions were already
studied by Reich and Shafrir [85] for coaccretive operators on hyperbolic spaces, and the as-
ymptotic study of the semigroup was in particular further developed by Bačák and Reich [18],
extending previous results restricted to the Hilbert ball by Reich [84]. A practical use of the
above semigroup is in particular illustrated in [18], where it is used to provide a novel access
to the Hadamard-space-valued version of the L2-Dirichlet problem on measure spaces with a
symmetric Markov kernel as pioneered in the seminal work of Sturm [88] (see also [71] for
related results).

The case studies here should be understood to be indicative, and we expect that other
semigroups and flows on nonlinear spaces can be quantitatively approached in a similar manner.
In particular we want to highlight the recent work of Chaipunya, Kohsaka and Kumam [36],
where the notion of a monotone vector field known from Hadamard manifolds is extended to
Hadamard spaces. Such fields carry a natural notion of a resolvent, and associated semigroups
generated via an exponential formula are already discussed in [36]. Studying this semigroup
could in particular provide a uniform (quantitative) study of both special cases studied in the
present work, next to the associated monotone inclusions on Hilbert spaces and Hadamard
manifolds, and beyond. We here however decided to only focus on the works [16, 71] and
[18, 87] as they provide classic nontrivial examples that illustrate our metric generality without
requiring too much new theory, in particular as the asymptotic study of the general semigroups
from [36] is still a bit underdeveloped. We hence leave this for future work, as we do the study
of flows in different geometric contexts, such as heat flows on Finsler manifolds as in [78] or
gradient flows on Wasserstein spaces as in [77].

4.3.1. The gradient flow of a convex function. We first study the classical gradient flow over a
Hadamard space as in [16, 71]. As before, we assume that X is a Hadamard space with metric
d and we further fix a convex lsc ϕ : X Ñ p´8,`8s, for which denote the associated gradient
flow semigroup, defined as above, by Stpxq. Throughout, we assume that argminϕ ‰ H and
write µ :“ minxPX ϕpxq.
The asymptotic behavior of these semigroups is studied in [71, 16]. In particular, strong

convergence towards a minimizer of ϕ in proper Hadamard spaces is established in [71] (see
Theorem 2.41 therein), together with strong convergence under a uniform convexity assumption
on ϕ but for that over general Hadamard spaces (see Theorem 2.42 therein). Weak convergence
towards a minimizer of ϕ was subsequently shown in [16] (see Theorem 1.5 therein). We now
study these results from a quantitative perspective.

The key result that establishes both the continuous Fejér monotonicity of the semigroup as
well as the associated approximation property is the following inequality:

Lemma 4.30 (Lemma 2.37 in [71]). For any x P domϕ, z P X and t ě s ě 0:

d2pStpxq, zq ď d2pSspxq, zq ´ 2pt ´ sqpϕpStpxqq ´ ϕpzqq.

Immediately, as S0pxq :“ x, this yields the boundedness of the semigroup.

Lemma 4.31. Let y P argminϕ, x P domϕ and let b P N with dpx, yq ď b. Then Stpxq is
bounded with dpStpxq, yq ď b.
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To capture the corresponding minimization problem in the setup of the previous sections, we
set X0 :“ Bbpyq X domϕ and

F pzq “

#

ϕpzq ´ µ if z P X0,

`8 otherwise,

for a fixed solution y P argminϕ so that zerF “ argminϕ X X0 and

levďεF “ tz P X0 | ϕpzq ´ µ ď εu.

Mayer’s inequality in particular also yields a modulus of uniform Fejér monotonicity (with
G “ H “ p¨q2):

Lemma 4.32. Let y P argminϕ, x P domϕ and let b P N with dpx, yq ď b. Then Stpxq is
uniformly pG,Hq-Fejér monotone w.r.t. F and with G “ H “ p¨q2, i.e.

@ε ą 0 @n,m P N @z P levďχpε,n,mqF @s ď t P rn, n ` ms
`

d2pStpxq, zq ď d2pSspxq, zq ` ε
˘

,

where χpε, n,mq :“ ε{2m.

Proof. Fix ε, n,m and let z P levďχpε,n,mqF , i.e. z P X0 with ϕpzq ´ µ ď χpε, n,mq ď ε{2m.
Lemma 4.30 yields for s ď t P rn, n ` ms that

d2pStpxq, zq ď d2pSspxq, zq ´ 2pt ´ sq
`

ϕpStpxqq ´ ϕpzq
˘

ď d2pSspxq, zq ´ 2m
`

µ ´ ϕpzq
˘

ď d2pSspxq, zq ` ε. □

Also, we get the following approximation property from Mayer’s inequality:

Lemma 4.33. Let y P argminϕ, x P domϕ and let b P N with dpx, yq ď b. Then

@ε ą 0 @t ě φpεq pϕpStpxqq ´ µ ă εq

with rate φpεq :“ rb2{εs. In particular, Stpxq has approximate F -points with modulus φ.

Proof. For t ě 0, Lemma 4.30 yields

0 ď d2pStpxq, yq ď d2px, yq ´ 2t pϕpStpxqq ´ µq ď b2 ´ 2t pϕpStpxqq ´ µq ,

so that we get

ϕpStpxqq ´ µ ď
b2

2t
for all t ą 0.

In particular, for t ě rb2{εs, we have

ϕpStpxqq ´ µ ď
b2

2rb2{εs
ď
ε

2
ă ε. □

Combined, we can hence give the following result on the quantitative asymptotic behavior
of the semigroup in the context of proper Hadamard spaces, a quantitative version of Theorem
2.41 in [71].

Theorem 4.34. Consider an Hadamard space X and a convex lsc function ϕ : X Ñ p´8,`8s.
Let y P argminϕ, x P domϕ and let b P N with dpx, yq ď b. Define X0 :“ Bbpyq X domϕ and
assume that γ is a modulus of total boundedness for X0.
Then Stpxq is metastable in the sense that for all ε ą 0 and all nondecreasing f : N Ñ N, it

holds that

Dn ď ∆pε, fq @s, t P rn, n ` fpnqs pdpStpxq, Sspxqq ď εq ,
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where moreover the bound ∆pε, fq can be explicitly described by ∆pε, fq :“ ∆pγpε{
?
12q `

1, ε, fq ` 1 with ∆p0, ε, fq :“ 0 and

∆pj ` 1, ε, fq :“
P

24b2
`

fp∆pj, ε, fq ` 1q ` 1
˘

{ε2
T

.

for j ě 1.

Proof. The result immediately follows by instantiating Theorem 3.9 over the given X0 and
simplifying the resulting bound (recall that Stpxq P X0 for all t ě 0 by Lemma 4.1 and since
Stpxq P domϕ). In particular, we set G :“ H :“ p¨q2 as well as hpεq :“ ε2 and gpεq :“

?
ε. That

Stpxq is uniformly pG,Hq-Fejér monotone w.r.t. F follows by Lemma 4.32, which in particular
yields that χpε, n,mq :“ ε{2m is an associated modulus. As we do not deal with errors, it
suffices that Stpxq has the approximate F -point property, which follows by Lemma 4.33 with a
respective bound φpεq :“ rb2{εs that is immediately monotone under our assumptions. □

If we assume that ϕ is uniformly continuous with a respective modulus, then this continuity
property transfers to F , so that using Theorem 3.9 we can moreover provide a bound that
guarantees that ϕpStpxqq ´ µ ď ε holds along the region of metastability. We do not spell this
out here any further.

Further, we can give the following result on rates of convergence under regularity assumptions
in general Hadamard spaces.

Theorem 4.35. Consider an Hadamard space X and a convex lsc function ϕ : X Ñ p´8,`8s.
Let y P argminϕ, x P domϕ and let b P N with dpx, yq ď b. Assume that F has a modulus of
regularity τ w.r.t. Bbpyq.
Then Stpxq satisfies

@ε ą 0 @t ě ρpεq pdistpStpxq, argminϕq ă εq

and further Stpxq is Cauchy with

@ε ą 0 @t, s ě ρpε{2q pdpStpxq, Sspxqq ă εq ,

where ρ is defined by ρpεq :“ rb2{τpεqs ` 1. In particular, Stpxq converges to a minimizer of ϕ
with that rate.

Proof. The result immediately follows by instantiating Theorem 3.18 and simplifying the re-
sulting bound. In particular, we set G :“ H :“ p¨q2 as well as hpεq :“ ε2 and gpεq :“

?
ε.

That Stpxq is pG,Hq-Fejér monotone w.r.t. F follows from the fact that Stpxq is a nonexpansive
semigroup (recall also Lemma 2.37 in [71] and Lemma 4.32). As we do not deal with errors,
it suffices that Stpxq has the approximate F -point property which, with a respective bound
φpεq :“ rb2{εs follows using Lemma 4.33 as before. □

The above in particular applies to functions ϕ with weak sharp minima (recall Example
3.16), and hence in particular yields a the strong convergence of the semigroup, together with
an associated rate, when the function ϕ is uniformly convex. While derived here using our
general methodology, such a rate of convergence for the uniformly convex case can in fact be
easily read off from the convergence proof tailored to this special case in [16]. Concretely, a
more direct inspection of the proof given in [16] gives a rate of convergence 2b2{τpεq, where τ
is the modulus of uniform convexity, which is virtually the same as the rate r4b2{τpε{2qs ` 1
derived from the above result.
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4.3.2. A class of nonlinear semigroups for a nonexpansive mapping. We now move on to the
semigroup generated by a nonexpansive map as in [87, 18]. As before, let X be a Hadamard
space with metric d and now fix a nonexpansive map F : X Ñ X. Define the associated function
Gx,tpyq and is fixed point selection Rtpxq as before, and denote the semigroup associated with
Rtpxq by Ttpxq. Throughout, we assume that FixF ‰ H.

The asymptotic behavior of these semigroups is studied in [18, 87]. In particular, it is
established in [18] (see Theorem 1.6 therein) that Ttpxq converges (in general weakly) to a
fixed point of F , for any starting point x P X. We now study this result from a quantitative
perspective.

We begin with the boundedness of the semigroup.

Lemma 4.36. Let y P FixF , x P X and let b P N with dpx, yq ď b. Then Ttpxq is bounded with
dpTtpxq, yq ď b.

Proof. Note that since y P FixF , we also have Ttpyq :“ y. Further, Ttpxq is a nonexpansive
semigroup (see Theorem 3.10 in [87] for both). Combined, we get

dpTtpxq, yq “ dpTtpxq, Ttpyqq ď dpx, yq ď b. □

To capture the corresponding fixed point problem in the setup of the previous sections, we
set X0 :“ Bbpyq and

F̄ pzq “

#

dpz, F pzqq if z P X0,

`8 otherwise,

for a fixed solution y P argmin f so that zerF̄ “ FixF X X0 and

levďεF̄ “ tz P X0 | dpz, F pzqq ď εu.

We now first derive the following approximation property:

Lemma 4.37. Let y P FixF , x P X and let b P N with dpx, yq ď b. Then Ttpxq has appproximate
F̄ -points with modulus φ, i.e.

@ε ą 0 Dt ď φpεq pdpTtpxq, F pTtpxqqq ă εq ,

where we have φpεq :“
P

p4b{εq ¨ e4b{ε
T

.

Proof. As F pyq “ pyq entails Ttpyq “ pyq, the claim is immediate for x “ y. In the following,
we may thus assume b ą 0 and hence h :“ 4b{ε ą 0. Due to the semigroup property and since
Tt is nonexpansive, we have

dpTt`hpxq, Ttpxqq “ dpTtpThpxqq, Ttpxqq ď dpThpxq, xq.

As in [18] (see the fourth equation on page 197 therein), we can hence derive

dpTtpxq, F pTtpxqqq ď
dpThpxq, xq

h
`

peh ´ 1q
`

dpTtx, FTtxq ´ dpTt`hpxq, F pTt`hpxqqq
˘

h
.

In view of Thpyq “ y and since Th is nonexpansive, we have

dpThpxq, xq

h
ď
dpThpxq, Thpyqq ` dpy, xq

h
ď

2b

h
“
ε

2
.

So to complete the proof, it is enough to show that there is a t ď φpεq with

peh ´ 1q
`

dpTtpxq, F pTtpxqqq ´ dpTt`hpxq, F pTt`hpxqqq
˘

h
ă
ε

2
.
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Towards a contradiction, we assume that all t ď φpεq validate

dpTtpxq, F pTtpxqqq ´ dpTt`hpxq, F pTt`hpxqqq ě
ε

2
¨

h

eh ´ 1
“

2b

eh ´ 1
.

Observe that we have

pN ´ 1qh ď φpεq for N :“
P

eh
T

.

Via a telescoping sum, we obtain

dpT0pxq, F pT0pxqqq ´ dpTN ¨hpxq, F pTN ¨hpxqqq ě N ¨
2b

eh ´ 1
ą 2b.

But we also have

dpT0pxq, F pT0pxqqq “ dpx, F pxqq ď dpx, yq ` dpF pyq, F pxqq ď 2b,

which yields the desired contradiction. □

Our next goal is (a quantitative version of) Fejér monotonicity for the semigroup Ttpxq. In
a preparatory lemma, we first provide a quantitative version of the fact that fixed points of F
are also fixed points of the semigroup.

Lemma 4.38. For any x P X and t, δ ą 0, if dpx, F pxqq ď δ, then dpx, Ttpxqq ď δ ¨ e2t´1
2

.

Proof. Write xk “ pRλqpkqpxq. Assuming dpx, F pxqq ď δ, we shall establish

dpxn, xn`1q ď λp1 ` 2λq
n

¨ δ

Lemma 3.4 in [87] (see also Lemma 2.2 in [18]) yields that

dpz, Rλpzqq ď λdpz, F pzqq

for all z P X and λ ą 0, so that the above estimate reduces to

dpxn, F pxnqq ď p1 ` 2λq
n

¨ δ.

For n “ 0, this holds by assumption. Using that F is nonexpansive, we inductively get

dpxn`1, F pxn`1qq ď dpxn`1, xnq ` dpxn, F pxnqq ` dpF pxnq, F pxn`1qq

ď 2λp1 ` 2λq
n

¨ δ ` p1 ` 2λq
n

¨ δ “ p1 ` 2λq
n`1

¨ δ.

Let us now infer

dpx, xnq ď

n´1
ÿ

k“0

dpxk, xk`1q ď λ ¨ δ ¨

n´1
ÿ

k“0

p1 ` 2λq
k

“ δ ¨
p1 ` 2λqn ´ 1

2
.

As Ttpxq is defined as the limit of pRt{nqpnqpxq for n Ñ 8, we specialize to λ “ t{n and obtain

dpx, Ttpxqq “ lim
nÑ8

d
`

x, pRt{nq
pnq

pxq
˘

ď lim
nÑ8

δ

2
¨

ˆˆ

1 `
2t

n

˙n

´ 1

˙

“ δ ¨
e2t ´ 1

2
,

just like the lemma claims. □

We can now derive the following quantitative result on the Fejér monotonicity of Ttpxq.

Lemma 4.39. Let y P FixF , x P X and let b P N with dpx, yq ď b. Then Ttpxq is uniformly
pG,Hq-Fejér monotone w.r.t. F̄ and with G “ H “ Id, i.e.

@ε ą 0 @n,m P N @z P levďχpε,n,mqF̄ @s ď t P rn, n ` ms pdpTtpxq, zq ď dpTspxq, zq ` εq ,

where χpε, n,mq :“ 2ε{pe2m ´ 1q.
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Proof. Let ε, n,m be given and let z P levďχpε,n,mq. Using Lemma 4.38 with δ “ 2ε{pe2m ´ 1q,
we get dpTt´spzq, zq ď ε. Using that Ttpxq is a nonexpansive semigroup, we get

dpTtpxq, zq ď dpTt´spTspxqq, Tt´spzqq ` dpTt´spzq, zq ď dpTspxq, zq ` ε. □

We can now give the following result on the quantitative asymptotic behavior of the semigroup
in the context of proper Hadamard spaces, a quantitative version of (parts of) Theorem 1.6 in
[18].

Theorem 4.40. Consider an Hadamard space X and a nonexpansive mapping F : X Ñ X.
Let y P FixF , x P X and let b P N with dpx, yq ď b. Define X0 :“ Bbpyq and assume that γ is
a modulus of total boundedness for X0.

Then Ttpxq is metastable in the sense that for all ε ą 0 and all nondecreasing f : N Ñ N, it
holds that

Dn ď ∆pε, fq @s, t P rn, n ` fpnqs pdpTtpxq, Tspxqq ď εq ,

where moreover the bound ∆pε, fq can be explicitly described by ∆pε, fq :“ φ ppεP q for P :“
γ pε{6q ` 1 with pε1 :“ χf pε{6, 0q and

pεj :“ χf

´ε

6
, φ ppεj´1q

¯

for j ě 1, where

φpεq :“

R

4r

ε
¨ e4r{ε

V

and χf pε, nq :“
2ε

e2pfpn`1q`1q ´ 1
.

Proof. The result immediately follows by instantiating Theorem 3.9 over the given X0 and
simplifying the resulting bound (recall that Ttpxq P X0 for all t ě 0 by Lemma 4.1). In
particular, we set G :“ H :“ Id as well as h :“ g :“ Id. That Ttpxq is uniformly pG,Hq-
Fejér monotone w.r.t. F̄ follows by Lemma 4.39, which in particular yields that χpε, n,mq :“
2ε{pe2m ´ 1q is an associated modulus. As we do not deal with errors, it suffices that Ttpxq

has the approximate F̄ -point property, which follows by Lemma 4.37 with a respective bound
φpεq :“

P

p4b{εq ¨ e4b{ε
T

that is immediately monotone under our assumptions. □

We also derive a quantitative result under regularity and without total boundedness.

Theorem 4.41. Consider an Hadamard space X and a nonexpansive mapping F : X Ñ X.
Let y P FixF , x P X and let b P N with dpx, yq ď b. Assume that F̄ has a modulus of regularity
τ w.r.t. Bbpyq.
Then Ttpxq satisfies

@ε ą 0 @t ě ρpεq pdistpTtpxq,FixF q ă εq

and further Ttpxq is Cauchy with

@ε ą 0 @t, s ě ρpε{2q pdpTtpxq, Tspxqq ă εq ,

where ρ is defined by ρpεq :“
P

p4b{τpεqq ¨ e4b{τpεq
T

` 1. wIn particular, Ttpxq converges to a fixed
point of F with that rate.

Proof. The result immediately follows by instantiating Theorem 3.18 and simplifying the re-
sulting bound. In particular, we set G :“ H :“ Id as well as h :“ g :“ Id. That Ttpxq is
pG,Hq-Fejér monotone w.r.t. F̄ follows from the fact that Ttpxq is a nonexpansive semigroup
(recall also Lemma 4.39). As we do not deal with errors, it suffices that Ttpxq has the approx-
imate F̄ -point property which, with a respective bound φpεq :“

P

p4b{εq ¨ e4b{ε
T

follows using
Lemma 4.37 as before. □
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