
DUALITY, FRÉCHET DIFFERENTIABILITY AND BREGMAN
DISTANCES IN HYPERBOLIC SPACES

NICHOLAS PISCHKE

Department of Mathematics, Technische Universität Darmstadt,
Schlossgartenstraße 7, 64289 Darmstadt, Germany,

E-mail: pischke@mathematik.tu-darmstadt.de

Abstract. For general hyperbolic metric spaces, we introduce a new notion of a dual system
(extending the influential notion from the context of normed linear spaces) that allows for a
uniform study of different notions of duality for these nonlinear spaces. Using this abstract
notion of duality, we lift various notions from convex analysis into this nonlinear setting, in-
cluding Fréchet differentiability and Bregman distances. Further, we introduce a notion of a
monotone operator relative to a given dual system and, using the new Fréchet derivatives, we
study corresponding resolvents relative to a given gradient, generalizing the seminal notion of
Eckstein from the linear setting. These resolvents are then related to corresponding notions
of Bregman nonexpansive mappings which are introduced relative to this generalization of the
classical Bregman distance and we prove a convergence result of an analogue of the proximal
point algorithm. For that, using methods from proof mining, we even provide quantitative
results on its convergence in very general settings.
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1. Introduction

In the context of CATp0q-spaces, one of the most influential classes of nonlinear spaces, a few
approaches for providing a sensible definition for a dual space of such a nonlinear space have
been investigated in the recent years (see e.g. [18, 22, 24] among others). Besides of the general
intellectual interest of extending the duality theory of linear spaces, one of the cornerstones
of functional analysis, to this nonlinear context, one could hope that such a notion would in
general also provide the theoretical basis for lifting some of the many influential applied notions
from e.g. convex analysis and optimization to such a nonlinear setting and open up new areas
and methods for applications. As such, in [18, 24] for example, monotone operators in the sense
of Browder [10, 11] have been extended from a linear to this nonlinear setting of CATp0q-spaces
and this, together with a corresponding extended notion of a resolvent as given in [24], gave
rise to new fixed point iterations modeled in analogy of the famous proximal point algorithm
(originally due to Rockafellar [55] and Martinet [42]) in these nonlinear contexts. Further,
these objects provided a new medium by which, for example, the influential notion of proximal
mappings as introduced by Jost [21] can be studied (see the discussion in [24]).

However, many of the influential concepts from convex analysis still lack a proper analogue
in the context of these duality notions. The prime example is that of the Fréchet derivative
of a convex function, as one would thus hope that a suitable lift of this notion would then in
particular also allow for the generalization of many of the influential notions associated with
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it, such as e.g. Bregman distances, to be portable to this nonlinear setting.

In this paper, we at first introduce the notion of a dual system for hyperbolic spaces. These
dual systems are inspired by the classical notion of dual systems from topological vector spaces
(see e.g. [56] for a standard reference) and allow for a uniform and abstract study of duality in
this nonlinear context. In particular, these dual systems also provide a uniform way to study the
different notions of dual spaces proposed for CATp0q-spaces mentioned before. In the context of
such a dual system, we then introduce a notion of (uniform) Fréchet differentiability that allows
for a wide range of the associated theory from convex analysis over linear spaces (we refer to
standard references [54, 61]) to be carried out in these nonlinear spaces. As a prime example,
we use this notion of a Fréchet derivative to extend the influential Bregman distance [9] to this
hyperbolic context. This seems to be the first notion of a Bregman distance in this nonlinear
context and we use it to further generalize corresponding notions from fixed point theory like
various notions of Bregman nonexpansive maps (see e.g. [35, 36, 39, 40, 41, 48, 49, 50, 51]).
Further, we introduce a notion of monotone operator relative to a dual system, generalizing the
notion from CATp0q-spaces introduced in [24]. In the context of these operators, we use our
new notion of Fréchet derivatives to define resolvents relative to a convex function f and its
gradient, extending the influential definition from the normed case as introduced by Eckstein
[17] and generalizing the previous resolvents for monotone operators on CATp0q-spaces from
[24]. We then use these relativized resolvents to study a proximal point type method for which
we prove a “strong” (i.e. in the sense of the metric) convergence theorem in proper hyperbolic
spaces and, under a regularity assumption, even such a convergence theorem in the absence
of any compactness assumptions. Further, these convergence results are actually derived from
more general quantitative results that we establish first which even provide (quasi-)rates for
these convergences. The convergence proof for this method uses that the iteration thus defined
is in particular Fejér monotone w.r.t. these new Bregman distances. As such, these iterations
therefore fit into the recent abstract framework developed for the convergence of generalized
Fejér monotone sequences [45] which in particular allows for the treatment of sequences with
Fejér-type properties formulated using distance functions which are not metrics and which do
not operate in the context of a normed setting (thereby generalizing many of the abstract works
on convergence of Fejér methods, see e.g. [4, 33, 34]). Throughout, we show how these abstract
notions, all formulated relative to a given dual system, instantiate in the context of the most
influential dual space notion in CATp0q-spaces introduced in [22].

For all of these results, we want to note that the paper stems from recent insights [46] into
the logical properties of all these notions from convex analysis in the context of normed spaces
together with recent applications [47], as facilitated by the so-called proof mining program, a
program in mathematical logic going back to Georg Kreisel’s unwinding of proofs [37, 38] and
brought to maturity by U. Kohlenbach and his collaborators, that aims to classify and extract
the computational content of prima facie ‘non-computational’ proofs (see [29] for a comprehen-
sive monograph on the subject and [31, 32] for surveys). While this logical background was
instrumental for deriving the notions and results given here, the paper itself does not require
any knowledge of logic or proof mining and we only comment on logical aspects in small re-
marks. We however want to emphasize that, in that way, the present paper, further illustrates
the usefulness of analyses of notions and proofs provided by the proof mining program for de-
riving wholly new notions and results.
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Lastly, we want to mention that beyond the notions introduced and discussed in this paper,
many prevalent and important topics from convex analysis still are left to be investigated in
the context of these nonlinear spaces, the newly introduced dual systems and the notion of
Fréchet differentiability discussed here. Among them are in particular the notion of a Fenchel
conjugate (which could be introduced for general dual systems by following the approach given
in [22] for CATp0q-spaces), the concept of Legendre functions and the relationship between
notions like sequential consistency and uniform as well as total convexity in this context (see
e.g. [2, 3, 15, 53] for some canonical references for these topics in the context of linear spaces).
Also, we only discuss “strongly convergent” iterations, i.e. iterations that converge in the sense
of the metric, in this paper but it seems conceivable that some of the results can be generalized
to broader contexts if one would introduce a suitable notion of weak convergence relative to dual
systems (possibly akin to how a notion of weak convergence in CATp0q-spaces is introduced in
[22]).

2. Preliminaries

In this section, we introduce the main spaces from nonlinear analysis relevant for this paper.
In that context, we mostly follow the presentation from [27].

Definition 2.1 ([27]). A triple pX, dX ,WXq is called a hyperbolic space if pX, dXq is a metric
space and WX : X ˆX ˆ r0, 1s Ñ X is a function satisfying

(i) @x, y, z P X@λ P r0, 1s pdXpz,WXpx, y, λqq ď p1´ λqdXpz, xq ` λdXpz, yqq.
(ii) @x, y P X@λ1, λ2 P r0, 1s pdXpWXpx, y, λ1q,WXpx, y, λ2qq “ |λ1 ´ λ2| ¨ dXpx, yqq.

(iii) @x, y P X@λ P r0, 1s pWXpx, y, λq “ WXpy, x, 1´ λqq.
(iv) @x, y, z, w P X@λ P r0, 1s pdXpWXpx, z, λq,WXpy, w, λqq ď p1´ λqdXpx, yq ` λdXpz, wqq.

We refer to [27] for a discussion on the relationship of this notion to other influential defini-
tions of hyperbolic spaces in nonlinear analysis like e.g. Takahashi’s convex metric spaces [58],
spaces of hyperbolic type in the sense of Goebel and Kirk [20] or the hyberbolic spaces of Reich
and Shafrir [52] or Kirk [25].

Before moving on, we fix some notation regarding balls and bounded sets: given a point
o P X and b ą 0, we define

Bbpoq :“ tx P X | dXpo, xq ď bu

and we say that a set A Ď X is o-bounded if there exists a b ą 0 such that A Ď Bbpoq.

Definition 2.2. Let pX, dXq be a metric space. A geodesic in X is a map γ : r0, Is Ñ X such
that

dXpγptq, γpsqq “ |t´ s| for all t, s P r0, Is.

Image sets γpr0, Isq of geodesics γ are called geodesic segments and we say that the points
x “ γp0q and y “ γpIq are joined by the geodesic segment (which entails I “ dXpx, yq). The
space pX, dXq is a geodesic space if every two points in X are joined by a geodesic segment.

Naturally, any hyperbolic space is a geodesic space with

tWXpx, y, λq | λ P r0, 1su

being a geodesic segment joining x and y which arises from r0, dXpx, yqs as the image of the
geodesic defined by

γpαq “ WX

ˆ

x, y,
α

dXpx, yq

˙

.



4 NICHOLAS PISCHKE

Definition 2.3. A CATp0q-space is a geodesic space that satisfies the so-called CN-inequality
of Bruhat and Tits [13], i.e.

CN :

#

@x, y0, y1, y2 P Xp dXpy0, y1q “
1
2
dXpy1, y2q “ dXpy0, y2q implies

d2Xpx, y0q ď
1
2
d2Xpx, y1q `

1
2
d2Xpx, y2q ´

1
4
d2Xpy1, y2q q.

Every CATp0q-space is a uniquely geodesic space, i.e. every two points are joined by a unique
geodesic segment. Clearly any hyperbolic space, being a geodesic space, that satisfies the CN-
inequality is a CATp0q-space. Conversely, as every CATp0q-space is a uniquely geodesic space,
any CATp0q-space is also a hyperbolic space by setting WXpx, y, λq “ γpλdXpx, yqq with γ being
the unique geodesic with γp0q “ x and γpdXpx, yqq “ y (see [26]). Hence being a CATp0q-space
is the same as being a hyperbolic space satisfying the CN-inequality and we shall rely on the
latter characterization as the underlying definition of CATp0q-spaces in this paper.

Another characterization of CATp0q-spaces arises through the use of the so-called quasi-
linearization function introduced by Berg and Nikolaev [8]. This function, emulating an inner
product in CATp0q-spaces (at least in certain ways), is defined on pairs from X, denoted by
ÝÑ
ab,
ÝÑ
cd P X2, via the following formula:

x
ÝÑ
ab,
ÝÑ
cdy :“

1

2

`

d2Xpa, dq ` d
2
Xpb, cq ´ d

2
Xpa, cq ´ d

2
Xpb, dq

˘

.

As discussed in [8], this function is the unique function X2 ˆ X2 Ñ R in any metric space
satisfying the following four properties for all x, y, u, v P X:

(I) xÝÑxy,ÝÑxyy “ d2Xpx, yq,
(II) xÝÑxy,ÝÑuvy “ xÝÑuv,ÝÑxyy,

(III) xÝÑyx,ÝÑuvy “ ´xÝÑxy,ÝÑuvy,
(IV) xÝÑxy,ÝÑuvy ` xÝÑxy,ÝÑvwy “ xÝÑxy,ÝÑuwy.

As further shown in [8], a geodesic metric space (i.e. in particular a hyperbolic space) is a
CATp0q-space if, and only if, the quasi-linearization function satisfies the following analog of
the Cauchy-Schwarz inequality:

x
ÝÑ
ab,
ÝÑ
cdy ď dXpa, bqdXpc, dq for all a, b, c, d P X.

At last, just a word on a general type of notation that we will use: In the later parts of
the paper, we will often have to convert between errors represented by general real numbers
ε ą 0 and errors of the form 1{pk ` 1q for k P N. In that context, for a given function
ϕ : p0,8q Ñ p0,8q, we write

pϕpkq :“

S

1

ϕ
`

1
k`1

˘

W

.

This function then has the property that

1

pϕpkq ` 1
ă ϕ

ˆ

1

k ` 1

˙

.

3. Dual systems of metric spaces

In this section, we now define the first main new notion of this paper, the so-called dual sys-
tems for metric spaces, which provide an abstract account of duality in this nonlinear context.
In particular, we will later discuss concrete examples of dual spaces of hyperbolic spaces and
show how they instantiate this abstract notion. The idea of the dual systems for metric space,
which is a pair of spaces together with a function representing a sort of application of elements
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from one space to elements of the other, is conceptually similar to the notion of dual systems
known from topological vector spaces (see e.g. [56] for a standard reference).

Throughout, given a metric space pX, dXq, we fix an arbitrary point o P X acting as a center.

Definition 3.1. Let pX, dXq and pY, dY q be two metric spaces. We call D “ pX, Y, x¨, ¨yq with

x¨, ¨y : X2
ˆ Y Ñ R

a dual system if the following conditions are satisfied:

(1) xÝÑxy, x˚y ` xÝÑyz, x˚y “ xÝÑxz, x˚y for all x, y, z P X and x˚ P Y .
(2) xÝÑxy, x˚y “ ´xÝÑyx, x˚y for all x, y P X and x˚ P Y .
(3) |xÝÑxy, x˚y ´ xÝÑxy, y˚y| ď dXpx, yqdY px

˚, y˚q for all x, y P X and x˚, y˚ P Y .
(4) There exists an element O P Y such that xÝÑxy,Oy “ 0 for all x, y P X.

Here, we wrote ÝÑxy for px, yq P X2 (similar as in the preliminaries).

The space pY, dY q serves as an abstract dual for the space pX, dXq, which we sometimes call
a dual companion of X. Further, we call x¨, ¨y an action or a pairing.

In the context of these dual systems we use the following notation (in similarity to [22]): For
a dual system D “ pX, Y, x¨, ¨yq, we write spanY for the set of all formal sums

řn
i“1 αix

˚
i where

αi P R as well as x˚i P Y for i “ 1, . . . , n. Then, for these formal sums, we define

xÝÑxy,
n
ÿ

i“1

αix
˚
i y :“

n
ÿ

i“1

αixÝÑxy, x
˚
i y

for ÝÑxy P X2. With that notation, condition (3) of Definition 3.1 can be equivalently rewritten
as

|xÝÑxy, x˚ ´ y˚y| ď dXpx, yqdY px
˚, y˚q for all x, y P X and x˚, y˚ P Y.

Further, for x˚, y˚ P spanY , we write x˚ “D y˚ if

xÝÑxy, x˚y “ xÝÑxy, y˚y for all x, y P X.

A feature commonly required in dual systems pX, Y, x¨, ¨yq of normed vector spaces X, Y is
that of non-degeneracy (see e.g. [56]), i.e. that

xx, x˚y “ 0 for all x˚ P Y implies x “ 0,

xx, x˚y “ 0 for all x P X implies x˚ “ 0.

An appropriately translated variant of the second property will turn out to be key for some
later investigations. Concretely, we in analogy want to introduce the following notion of non-
degenerateness for dual systems of metric spaces:

Definition 3.2. Let D “ pX, Y, x¨, ¨yq be a dual system. We call D non-degenerate if

@x, y P X pxÝÑxy, x˚ ´ y˚y “ 0q implies dY px
˚, y˚q “ 0

for all x˚, y˚ P Y . We call D uniformly non-degenerate if for all ε ą 0, there exists a δ ą 0 such
that for all x˚, y˚ P Y :

@x ‰ y P X p|xÝÑxy, x˚ ´ y˚y| ă δdXpx, yqq implies dY px
˚, y˚q ă ε.

We call a function ∆pεq bounding (viz. witnessing) such a δ in terms of ε a modulus of uniform
non-degenerateness for D.
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Remark 3.3. Note that in a dual system D “ pX, Y, x¨, ¨yq, for x˚, y˚ P Y with x˚ “ y˚, it
follows by condition (3) that

|xÝÑxy, x˚ ´ y˚y| ď dXpx, yqdY px
˚, y˚q “ 0,

i.e. x˚ “D y˚. Now, non-degenerateness as defined above is just stipulating that the converse
of this implication also holds true, i.e. that x˚ “D y˚ implies x˚ “ y˚.

As for examples of dual systems, clearly any dual system pX, Y, x¨, ¨yq in the usual sense
of normed linear spaces X and Y can be reformulated as a dual system of metric spaces by
defining

xÝÑxy, x˚y “ xy ´ x, x˚y.

Further, it encompasses the notion of a dual space in CATp0q-spaces X˚ from [22] as well as
its linearization X˛ :“ spanX˚ considered e.g. in [18]. The following example discusses this
explicitly for X˚.

Example 3.4. Consider X˚ defined for a metric space pX, d,W q as in [22]: Given t P R and
a, b P X, define Θpt, a, bq P CpXq (the space of continuous functions X Ñ R) by

Θpt, a, bqpxq :“ tx
ÝÑ
ab,ÝÑaxy

where x¨, ¨y is now the quasi-linearization function of Berg and Nikolaev as mentioned before.
As the quasi-linearization function in a CATp0q-space satisfies the Cauchy-Schwarz inequality,
the function Θ is a Lipschitz function and if

Lpϕq :“ sup
x‰y

|ϕpxq ´ ϕpyq|

dpx, yq

is the Lipschitz semi-norm of a function ϕ : X Ñ R, then LpΘpt, a, bqq “ |t|dpa, bq. On
RˆX ˆX, one defines the pseudometric

Dppt, a, bq, ps, c, dqq :“ LpΘpt, a, bq ´Θps, c, dqq.

The space X˚ is now defined as the set of equivalence classes

rt
ÝÑ
abs :“ tps, c, dq | Dppt, a, bq, ps, c, dqq “ 0u.

Writing x˚ for rt
ÝÑ
abs, we can define an action of x˚ on X2 by

xÝÑxy, x˚y :“ txÝÑxy,
ÝÑ
aby

which can easily be shown to be well-defined. We now show that D˚ “ pX,X˚, x¨, ¨yq (where
x¨, ¨y is the above action) is a dual system. To see that, we have to verify the properties (1) –
(4) of Definition 3.1. Property (4) is immediate by taking e.g. O “ r1ÝÑoos for the arbitrarily
designated point o P X. Properties (1) and (2) are immediate from the main properties of x¨, ¨y
exhibited in [8] (recall also Section 2). So we only discuss property (3). For this, note that for
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x˚, y˚ P X˚ with say x˚ “ rt
ÝÝÑ
x˚1x

˚
2s and y˚ “ rs

ÝÝÑ
y˚1y

˚
2 s, it holds that

Dpx˚, y˚q “ LpΘpt, x˚1 , x
˚
2q ´Θps, y˚1 , y

˚
2 qq

“ sup
a‰b

|tx
ÝÝÑ
x˚1a,

ÝÝÑ
x˚1x

˚
2y ´ sx

ÝÑ
y˚1a,

ÝÝÑ
y˚1y

˚
2 y ´ tx

ÝÑ
x˚1b,

ÝÝÑ
x˚1x

˚
2y ` sx

ÝÑ
y˚1 b,

ÝÝÑ
y˚1y

˚
2 y|

dpa, bq

“ sup
a‰b

|tpx
ÝÝÑ
x˚1a,

ÝÝÑ
x˚1x

˚
2y ` x

ÝÑ
bx˚1 ,

ÝÝÑ
x˚1x

˚
2yq ´ spx

ÝÑ
y˚1a,

ÝÝÑ
y˚1y

˚
2 y ` x

ÝÑ
by˚1 ,

ÝÝÑ
y˚1y

˚
2 yq|

dpa, bq

“ sup
a‰b

|tx
ÝÑ
ba,
ÝÝÑ
x˚1x

˚
2y ´ sx

ÝÑ
ba,
ÝÝÑ
y˚1y

˚
2 y|

dpa, bq

“ sup
a‰b

|x
ÝÑ
ba, x˚y ´ x

ÝÑ
ba, y˚y|

dpa, bq
.

Therefore, we in particular have

|x
ÝÑ
ba, x˚y ´ x

ÝÑ
ba, y˚y| ď Dpx˚, y˚qdpa, bq for all a, b P X

and our version of the Cauchy-Schwarz inequality for dual systems in property (3) holds for
X˚ (which has to be contrasted however to the Cauchy-Schwarz inequality in X in the sense
of CATp0q-spaces).

Lastly, D˚ is even uniformly non-degenerate. To see that note that as before

Dpx˚, y˚q “ sup
a‰b

|x
ÝÑ
ba, x˚y ´ x

ÝÑ
ba, y˚y|

dpa, bq

and so, given ε ą 0, there exists a ‰ b such that

Dpx˚, y˚q ´
|x
ÝÑ
ba, x˚y ´ x

ÝÑ
ba, y˚y|

dpa, bq
ă
ε

2
.

So, if we pick ∆pεq :“ ε{2 and assume that for x˚, y˚, we have

@x ‰ y P X p|xÝÑxy, x˚ ´ y˚y| ă ∆pεqdpx, yqq

then we clearly get

Dpx˚, y˚q ´
ε

2
“ Dpx˚, y˚q ´

∆pεqdpa, bq

dpa, bq
ă Dpx˚, y˚q ´

|x
ÝÑ
ba, x˚y ´ x

ÝÑ
ba, y˚y|

dpa, bq
ă
ε

2

and so we have Dpx˚, y˚q ă ε.

While these notions of dual spaces for nonlinear spaces are defined explicitly in terms on the
underlying structure of X using the quasi-linearization function x¨, ¨y, the general notion of dual
systems of course admits more abstractly described duals like e.g. in the following example:

Example 3.5. Define a dual Xˆ by

Xˆ :“

$

’

&

’

%

f : X2
Ñ R | f satisfies

$

’

&

’

%

@x, y P X pfpÝÑxyq “ ´fpÝÑyxqq ,

@x, y P X pfpÝÑxyq ` fpÝÑyzq “ fpÝÑxzqq ,

DC ě 0@x, y P X p|fpÝÑxyq| ď CdXpx, yqq .

,

/

.

/

-

.

When we set

‖f‖Xˆ :“ inf tC ě 0 | |fpÝÑxyq| ď CdXpx, yq for all x, y P Xu
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for f P Xˆ as well as dXˆpf, gq “ ‖f ´ g‖Xˆ where f´g is understood to be defined pointwise,
then (after moving to equivalence classes under ‖¨‖Xˆ), Xˆ becomes a metric space and X
together with Xˆ satisfy the axioms of a dual system with a pairing simply defined by function
application.

4. Subdifferentiability and Fréchet derivatives in dual systems

Let pX, dX ,WXq now be a hyperbolic space. In this and the following sections, we will care
for carrying out convex analysis on dual systems in analogy to how convex analysis is carried
out on normed spaces and their duals. For this, let f : X Ñ p´8,`8s be a proper convex
function, with convex meaning

fpWXpx, y, λqq ď p1´ λqfpxq ` λfpyq

for all x, y P X and λ P r0, 1s and proper meaning

domf :“ tx P X | fpxq ă `8u ‰ H.

In normed spaces, we have a sensible and rather beautiful theory for the differentiability of such
functions, in particular regarding the central notion of Fréchet derivatives (we refer to [61] for
a standard reference on the subject in the context of Banach spaces and to [5] for a standard
reference in Hilbert spaces). The theory, as it is usually developed, however crucially relies
on the linear structure of the underlying spaces which is already reflected in the way Fréchet
derivatives are defined using certain limits. So if one naively tries to transfer these notions and
the corresponding theory to a nonlinear setting, one immediately encounters a wide range of
issues. However, we will in the following see how a rather nice theory of Fréchet differentiability
can be developed using the above dual systems.

For this, we start with the main object in the context of differentiability of convex functions:
the subgradient. This poses no immediate difficulties, as was already observed in [22] in the
context of the concrete dual X˚ for a CATp0q-space X (recall Example 3.4), and for the
following definition, we essentially just abstracted the notion of subgradient introduced there
to our notion of dual systems:

Definition 4.1. Let D “ pX, Y, x¨, ¨yq be a dual system and f : X Ñ p´8,`8s be any
function. We define the subgradient of f relative to D as follows:

BDfpxq :“ tx˚ P Y | fpyq ´ fpxq ě xÝÑxy, x˚y for all y P Xu

for x P domf , and BDfpxq :“ H, otherwise.

We write x P domBDf if BDfpxq ‰ H. Clearly we have domBDf Ď domf by definition.

To arrive at a useful notion of Fréchet differentiability, we turn to normed linear spaces for
inspiration. In Banach spaces with the usual notion of a subgradient Bf for a convex function,
Fréchet differentiability is uniquely characterized as follows:

Theorem 4.2 (folklore (essentially [54]), see also [61, Theorem 3.3.2] and [5, Proposition 17.41]
(for Hilbert spaces)). Let pX, ‖¨‖q be a Banach space and let f : X Ñ p´8,8s be a proper,
lower-semicontinuous and convex function which is continuous at x P domf . Then f is Fréchet
differentiable at x if, and only if, there exists a selection X Ñ X˚ of Bf which is norm-to-norm
continuous in x.

We use this equivalent characterization to introduce the following analogous notion of Fréchet
differentiability in the context of nonlinear spaces and dual systems:
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Definition 4.3. Let D “ pX, Y, x¨, ¨yq be a dual system and let f be a proper and convex
function. Then f is called Fréchet differentiable in x P domBDf if there exists a function
G : domBDf Ñ Y such that Gpyq P BDfpyq for any y P domBDf and G is dX-dY -continuous in
x. We call G a (Fréchet) derivative of f at x.

Remark 4.4 (For logicians). As a logical indication for why this choice for a definition of a
gradient is particularly fruitful, we in particular want to mention evidence coming from the
proof mining program (see in particular [29] and [31] as well as the references mentioned in the
introduction) where recently in [46] so-called general logical metatheorems were proven which
for the first time allowed for a tame treatment of dual spaces of Banach spaces together with
gradients of convex functions using methods from proof mining which in particular relied on
an axiomatization of Fréchet derivatives using the characterization of Theorem 4.2 to provide
a proof-theoretically tame approach to these objects. It is this proof-theoretic tameness of this
approach from [46] that is observed in normed spaces that leads us to believe that the notion
introduced in Definition 4.3 might provide a fruitful generalization of the normed case.

To illustrate this definition with an example, we consider the dual X˚ of a CATp0q-space X
from [22] as already discussed in Example 3.4 before.

Example 4.5. Consider a CATp0q-space pX, d,W q, the dual X˚ as defined in [22] and the dual
system D˚ “ pX,X˚, x¨, ¨yq as defined in Example 3.4. Using the arbitrary, but fixed, point
o P X, we define

fpxq “
d2po, xq

2
.

First note that f is (uniformly) convex as, using the Bruhat-Tits CN-inequality, we have

d2po, xλq{2 ď p1´ λqd
2
po, x0q{2` λd

2
po, x1q{2´ λp1´ λqd

2
px0, x1q{2

for given x0, x1 P X and where we write xλ “ W px0, x1, λq. This f is then Fréchet differentiable
everywhere and to see this, we first show that BD˚fpxq ‰ H for any x P X. For this, note that
in the case of D˚, we have

BD˚fpxq “ trt
ÝÑ
abs P X˚

| fpyq ´ fpxq ě txÝÑxy,
ÝÑ
aby for all y P Xu

and thus rt
ÝÑ
abs P BD˚fpxq holds if, and only if,

d2po, yq ´ d2po, xq ě tpd2pa, yq ` d2pb, xq ´ d2pa, xq ´ d2pb, yqq

holds for any y P X. If we pick a “ o, b “ x and t “ 1, we get that r1ÝÑoxs P BD˚fpxq as clearly

d2po, yq ´ d2po, xq ě d2po, yq ´ d2po, xq ´ d2px, yq

holds true for any y P X. Thus r1ÝÑoxs is a selection of BD˚fpxq which we denote by
ÝÑ
oIpxq. Now

we get that
ÝÑ
oIpxq is continuous at every x as we have (similar to Example 3.4 and using the

Cauchy-Schwarz inequality for X):

Dpr1ÝÑoxs, r1ÝÑoysq “ sup
a‰b

|x
ÝÑ
ba,ÝÑoxy ´ x

ÝÑ
ba,ÝÑoyy|

dpa, bq

“ sup
a‰b

|x
ÝÑ
ba,ÝÑyxy|

dpa, bq

ď sup
a‰b

dpx, yqdpa, bq

dpa, bq

“ dpx, yq.
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So
ÝÑ
oIpxq is a Fréchet derivative of f at any x.

Note that the above Fréchet derivative
ÝÑ
oIpxq of d2po, xq{2 is not only continuous everywhere

but even uniformly d-D-continuous (and actually even nonexpansive). Abstracting from this,
we introduce a notion of uniform Fréchet differentiability which similarly does not rely on limits
(as in normed spaces) but on properties of selections of the subgradient.

Definition 4.6. Let D “ pX, Y, x¨, ¨yq be a dual system and let f be a proper and convex
function. Then f is called uniformly Fréchet differentiable on D Ď domBDf if there exists a
function G : domBDf Ñ Y such that Gpyq P BDfpyq for any y P domBDf and G is uniformly
dX-dY -continuous on every o-bounded subset of D.

If D “ domBDf , we just say that f is uniformly Fréchet differentiable.

Again this is in some sense abstracted from the theory of Fréchet derivatives in normed
spaces as it can be easily seen that over normed spaces, if a Fréchet derivative of a function
is uniformly continuous on bounded sets, then the function is uniformly Fréchet differentiable
on bounded sets in the usual sense (see e.g. [61]). Conversely, as shown by Reich and Sabach
[49], in a reflexive Banach space, if a function is uniformly Fréchet differentiable and bounded
on bounded sets, then its Fréchet derivative is uniformly norm-to-norm continuous on bounded
sets.

5. Bregman distances in hyperbolic spaces

As discussed in the introduction, one of the main motivations for studying gradients of
convex functions also in this hyperbolic context is that these objects “unlock” the treatment
of Bregman distances in this nonlinear setting. Originally, Bregman distances were introduced
in the seminal work [9] in the context of Banach spaces X via

Df px, yq “ fpxq ´ fpyq ´ xx´ y,∇fpyqy

where f is a given proper, lower-semicontinuous, convex and Gateaux differentiable function
and where ∇fpyq is the corresponding Gateaux derivative of f at y. Intuitively, these functions
assign a distance to two points x, y by comparing fpxq with the value of a linearized approx-
imation of f around y using the gradient (see e.g. the discussion in [17]). Since the work of
Bregman, these distances have become a main tool in convex analysis (recall the discussion and
the references in the introduction).

In the presence of the previous Fréchet derivatives on nonlinear dual systems, it is now fairly
straightforward to introduce the following nonlinear analogue of this notion:

Definition 5.1. Let D “ pX, Y, x¨, ¨yq be a dual system and let f be Fréchet differentiable on
domBDf with a gradient G. Then the Bregman distance associated with f and G is defined by

DG
f px, yq :“ fpxq ´ fpyq ´ xÝÑyx,Gpyqy

for all x P domf and y P domBDf .

Clearly x “ y P domBDf implies DG
f px, yq “ 0. Also, from G being a selection of BDf , it

follows that DG
f px, yq ě 0 for all x P domf and all y P domBDf .

Example 5.2. As discussed in Example 4.5, in the context of CATp0q-spaces pX, d,W q with the

dual X˚ as defined in [22], a Fréchet derivative of fpxq “ d2po, xq{2 is the function
ÝÑ
oIpxq :“
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r1ÝÑoxs. By analogy to the normed case (see e.g. [9]), we now show that the corresponding
Bregman distance reduces (essentially) to the metric in this case. Concretely:

D
ÝÑ
oI
f px, yq “

d2po, xq

2
´
d2po, yq

2
´ xÝÑyx,ÝÑoyy

“
xÝÑox,ÝÑoxy

2
´
xÝÑoy,ÝÑoyy

2
´ xÝÑyx,ÝÑoyy

“
xÝÑox,ÝÑoxy

2
´
xÝÑyx,ÝÑoyy

2
´

ˆ

xÝÑoy,ÝÑoyy

2
`
xÝÑyx,ÝÑoyy

2

˙

“
xÝÑox,ÝÑoxy

2
`
xÝÑxy,ÝÑoxy

2
`
xÝÑxy,ÝÑxyy

2
´
xÝÑox,ÝÑoyy

2

“
xÝÑoy,ÝÑoxy

2
`
xÝÑxy,ÝÑxyy

2
´
xÝÑox,ÝÑoyy

2

“
xÝÑxy,ÝÑxyy

2

“
d2px, yq

2
.

In the next section, we will use this new Bregman distance over hyperbolic spaces to intro-
duce a range of nonexpansivity notions for selfmaps on the space X for which we will then
derive convergence results for fixed point iterations.

The first main property of Bregman distances that we will need for that throughout is an
analogue of the four point identity (see e.g. [4] for this result in a normed setting).

Lemma 5.3. DG
f satisfies the four point identity, i.e. for any x, y, z, w P domBDf it holds that

DG
f py, xq ´D

G
f py, zq ´D

G
f pw, xq `D

G
f pw, zq “ x

ÝÑwy,Gz ´Gxy.

Proof. Unraveling the definition of DG
f , we get

DG
f py, xq ´D

G
f py, zq ´D

G
f pw, xq `D

G
f pw, zq

“ fpyq ´ fpxq ´ xÝÑxy,Gxy ´ pfpyq ´ fpzq ´ xÝÑzy,Gzyq

´ pfpwq ´ fpxq ´ xÝÑxw,Gxyq ` pfpwq ´ fpzq ´ xÝÑzw,Gzyq

“ ´xÝÑxy,Gxy ` xÝÑzy,Gzy ` xÝÑxw,Gxy ´ xÝÑzw,Gzy

“ xÝÑyw,Gxy ` xÝÑwy,Gzy

“ xÝÑwy,Gz ´Gxy.

�

In the convergence results, we will assume that f is actually uniformly Fréchet differentiable.
Naturally, from this strengthened assumption we can infer various further (uniform) properties
of f and the associated Bregman distance which we want to discuss in the following. In that
way, these next results are closely modeled after quantitative results obtained for uniformly
Fréchet differentiable functions and their gradients in [47]. We begin with properties of f and
a corresponding uniformly continuous Fréchet derivative G.

Lemma 5.4. Let f : X Ñ R be uniformly Fréchet differentiable with a gradient G : X Ñ Y
and let ωG : p0,8q2 Ñ p0,8q be a modulus witnessing the uniform continuity of G on o-bounded
sets, i.e. for all ε, b ą 0 and all x, y P Bbpoq:

dXpx, yq ă ωGpε, bq implies dY pGx,Gyq ă ε.
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Then, we have the following:

(1) G is O-bounded on o-bounded sets, i.e. for all b ą 0 and all x P X:

dXpx, oq ď b implies dY pGx,Oq ď Cnpbq

where
Cnpbq :“ b{ωGp1, bq ` 1` n

for n ě dY pGpoq,Oq.
(2) f is uniformly continuous on o-bounded subsets, i.e. for all ε, b ą 0 and all x, y P Bbpoq:

dXpx, yq ă ωf pε, bq implies |fpxq ´ fpyq| ă ε

where

ωf pε, bq :“
ε

Cnpbq

with Cnpbq as in item (1).
(3) f is bounded on o-bounded sets, i.e. for all b ą 0 and all x P X:

dXpx, oq ď b implies |fpxq| ď Dnpbq

where
Dmpbq :“ b{ωf p1, bq ` 1` n

for m ě |fpoq|.

Proof. (1) For x with dXpx, oq ď b, using WX we can pick b{ωGp1, bq many z1, . . . , zk´1 such
that

dXpo, z1q, dXpz1, z2q, . . . , dXpzk´1, xq ă ωGp1, bq.

In particular dXpo, ziq ď b for all i and thus, using the properties of ωG, we get

dY pGpoq, Gpz1qq, dY pGpz1q, Gpz2qq, . . . , dY pGpzk´1q, Gpxqq ă 1.

Using the triangle inequality in Y , we get dY pGpoq, Gpxqq ď b{ωGp1, bq`1 and so, using
dY pGpoq,Oq ď n, we get dY pO, Gpxqq ď b{ωGp1, bq ` 1` n.

(2) Let x, y be given with dXpx, oq, dXpy, oq ď b and

dXpx, yq ă
ε

Cnpbq
.

As G is a Fréchet derivative of f , we get

fpxq ´ fpyq ď xÝÑyx,Gxy ď dXpx, yqdY pGx,Oq ď dXpx, yqCnpbq.

Similarly, we have

fpyq ´ fpxq ď xÝÑxy,Gyy ď dXpx, yqdY pGy,Oq ď dXpx, yqCnpbq.

Combined, we get
|fpxq ´ fpyq| ď dXpx, yqCnpbq ă ε.

(3) This can be shown analogously to item (1).
�

In a normed context, the relationship between a Bregman distance and the norm is rather
sparse without additional requirements. One common additional assumption thus often placed
on Bregman distances, especially in the context of convergence results for iterations defined in
terms of Bregman distances, is that of sequential consistency (see e.g. [14, 15, 51]), i.e. that

lim
nÑ8

Df pxn, ynq “ 0 implies lim
nÑ8

‖xn ´ yn‖ “ 0
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for all for all bounded sequences pxnq, pynq Ď X.

As shown in [47], this form of sequential consistency is equivalent to the existence of a
modulus ρ : p0,8q2 Ñ p0,8q such that

‖x‖ , ‖y‖ ď b and Df px, yq ă ρpε, bq implies ‖x´ y‖ ă ε

for all ε, b ą 0 and x, y P X.

This latter equivalent rephrasing is what we now take as a basis for introducing the following
notion of consistency in this nonlinear context.

Definition 5.5. We call DG
f consistent if there exists a function ρ : p0,8q2 Ñ p0,8q such that

for any ε, b ą 0 and any x, y P domBDf XBbpoq:

DG
f px, yq ă ρpε, bq implies dXpx, yq ă ε.

We call ρ a modulus of consistency.

Example 5.6. Let pX, d,W q be a CATp0q-space with the dual X˚ as defined in [22]. Let

fpxq “ d2po, xq{2 and consider the corresponding Fréchet derivative
ÝÑ
oIpxq :“ r1ÝÑoxs. As shown

in Example 5.2, it holds that

D
ÝÑ
oI
f px, yq “

d2px, yq

2

and so clearly ρpε, bq :“ ε2{2 is a modulus of consistency for D
ÝÑ
oI
f as if

d2px, yq

2
“ D

ÝÑ
oI
f px, yq ă ρpε, bq “

ε2

2
,

then dpx, yq ă ε.

By inspecting the definition of DG
f , it is rather immediately clear that a modulus for the

converse can in particular be given if G is uniformly continuous:

Lemma 5.7. Let f : X Ñ R be uniformly Fréchet differentiable with a gradient G : X Ñ Y
and let ωG be a modulus witnessing the uniform continuity of G on o-bounded sets. Then DG

f

is reverse consistent with a modulus P , i.e. for any ε, b ą 0 and any x, y P Bbpoq:

dXpx, yq ă P pε, bq implies DG
f px, yq ă ε

where
P pε, bq :“

ε

2Cnpbq

with Cn defined as in Lemma 5.4.

Proof. Note that P pε, bq “ ωf pε{2, bq with ωf as in Lemma 5.4. Thus we get

DG
f px, yq “ fpxq ´ fpyq ´ xÝÑyx,Gyy

ă ε{2` dXpx, yqdY pGy,Oq
ď ε,

as dY pGy,Oq ď Cnpbq by Lemma 5.4. �

Further, also the continuity of DG
f in both arguments is an immediate consequence of the

assumption of uniform Fréchet differentiability of f and we can give the following lemma spelling
this out quantitatively.
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Lemma 5.8. Let f be uniformly Fréchet differentiable with a gradient G and let ωG be a
modulus witnessing the uniform continuity of G on o-bounded sets. Then the Bregman distance
DG
f is uniformly continuous on o-bounded subsets in both arguments, i.e. for any ε, b ą 0 and

any x, x1, y, y1 P Bbpoq:

dXpx, x
1
q ă ξ1pε, bq implies |DG

f px, yq ´D
G
f px

1, yq| ă ε

as well as
dXpy, y

1
q ă ξ2pε, bq implies |DG

f px, yq ´D
G
f px, y

1
q| ă ε

where

ξ1pε, bq :“
ε

2Cnpbq
and ξ2pε, bq :“ min

"

ε

3Cnpbq
, ωGpε{6b, bq

*

,

respectively, with Cnpbq as in Lemma 5.4.

Proof. For the former, note that ξ1pε, bq “ ωf pε{2, bq for ωf defined as in Lemma 5.4. Thus we
get

|DG
f px, yq ´D

G
f px

1, yq| “ |fpxq ´ fpyq ´ xÝÑyx,Gyy ´ pfpx1q ´ fpyq ´ x
ÝÑ
yx1, Gyyq|

ď |fpxq ´ fpx1q| ` |x
ÝÑ
xx1, Gyy|

ď
ε

2
` dXpx, x

1
qdY pGy,Oq

ď
ε

2
` dXpx, x

1
qCnpbq

ă ε

if dXpx, x
1q ă ξ1pε, bq as dY pGy,Oq ď Cnpbq by Lemma 5.4.

For the latter, note that similarly ε{3Cnpbq “ ωf pε{3, bq for ωf defined as in Lemma 5.4, and
so we get

|DG
f px, yq ´D

G
f px, y

1
q| “ |fpxq ´ fpyq ´ xÝÑyx,Gyy ´ pfpxq ´ fpy1q ´ x

ÝÑ
y1x,Gy1yq|

ď |fpy1q ´ fpyq| ` |x
ÝÑ
y1x,Gy1y ´ xÝÑyx,Gyy|

ď |fpy1q ´ fpyq| ` |x
ÝÑ
y1x,Gy1y ´ xÝÑyx,Gy1y| ` |xÝÑyx,Gy1y ´ xÝÑyx,Gyy|

ď |fpy1q ´ fpyq| ` |x
ÝÑ
y1y,Gy1y| ` |xÝÑyx,Gy1 ´Gyy|

ď |fpy1q ´ fpyq| ` dXpy, y
1
qdY pGy

1,Oq ` dXpx, yqdY pGy1, Gyq
ď |fpy1q ´ fpyq| ` dXpy, y

1
qCnpbq ` 2bdY pGy

1, Gyq

ă ε

if dXpy, y
1q ă ξ2pε, bq as dY pGy

1,Oq ď Cnpbq by Lemma 5.4. �

In normed spaces, another relationship between the norm and a given Bregman distance
that is inherently under-determined in general is that between boundedness under the norm
and boundedness under the Bregman distance. This situation is similar in the nonlinear context
here and we introduce the following notion as a requirement to remedy this (defined in analogy
to [47]).

Definition 5.9. We call DG
f uniformly o-bounded if for any α, b ą 0, there exists a b1 such that

for any x, y P domBDf :

DG
f px, yq ď α and dXpx, oq ď b implies dXpy, oq ď b1.
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We call a function βpα, bq witnessing such a b1 in terms of α, b a modulus for the uniform
o-boundedness of DG

f .

Example 5.10. Let pX, d,W q be a CATp0q-space with the dual X˚ as defined in [22]. Let

fpxq “ d2po, xq{2 and consider the corresponding Fréchet derivative
ÝÑ
oIpxq :“ r1ÝÑoxs. As shown

in Example 5.2, it holds that

D
ÝÑ
oI
f px, yq “

d2px, yq

2

and so clearly βpα, bq :“
?

2α ` b is a modulus for the uniform o-boundedness of D
ÝÑ
oI
f as if

dpx, oq ď b and
d2px, yq

2
“ D

ÝÑ
oI
f px, yq ď α,

we have dpx, yq ď
?

2α and so

dpy, oq ď dpx, yq ` dpx, oq ď
?

2α ` b “ βpα, bq.

6. Nonexpansivity in the context of Bregman distances

We now introduce different notions of nonexpansivity relative to our Bregman distance for
mappings T : K Ñ K with K Ď X by adapting the various nonexpansivity notions rela-
tive to Bregman distances originally introduced in normed spaces as e.g. in the seminal works
[39, 40, 41, 48, 51].

Since, in the context of these works, many of the central properties of these mappings rely
on the totality of the underlying function f as well as its derivative, we for simplicity assume
from this point onwards that domf “ X and that f is Fréchet differentiable on all of X, i.e.
there is a derivative G with domG “ X.

The first central nonexpansivity notion is what we will call a Bregman quasi-nonexpansive
map. For this, we write FixpT q Ď K for the set of fixed points of T .

Definition 6.1. A map T : K Ñ K with K Ď X is called Bregman quasi-nonexpansive
(BQNE) if

DG
f pp, Txq ď DG

f pp, xq

for any p P FixpT q and x P K.

In regard to self-iterations of maps, this class is too broad to carry sensible convergence
theorems for the approximation of fixed points. As in the case of normed spaces, we thus now
consider a notion of a Bregman strongly quasi-nonexpansive map:

Definition 6.2. A map T : K Ñ K withK Ď X is called Bregman strongly quasi-nonexpansive
(BSNE) if it is BQNE and additionally

lim
nÑ8

DG
f pp, xnq ´D

G
f pp, Txnq “ 0 implies lim

nÑ8
DG
f pTxn, xnq “ 0

for any p P FixpT q and any o-bounded sequence pxnq Ď K.

This definition is the natural generalization to this nonlinear context of the notion of so-called
properly L-BSNE maps considered for normed spaces in [40]. For our convergence results later
on, we are also simultaneously concerned with quantitative results on the convergence. Through
that perspective, we here consider the following uniform variant of this notion:
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Definition 6.3. A map T : K Ñ K with K Ď X is called uniformly Bregman strongly quasi-
nonexpansive (uniformly BSNE) if it is BQNE and additionally for any ε, b ą 0, there exists a
δ ą 0 such that for all p P FixpT q and all x P K XBbpoq:

DG
f pp, xq ´D

G
f pp, Txq ă δ implies DG

f pTx, xq ă ε.

We call a function ωpε, bq witnessing such a δ in terms of ε, b a uniform BSNE modulus for T .

In the plain metric context of ordinary strong quasi-nonexpansive mappings, the uniform
variant analogous to the above Definition 6.3 was introduced by Kohlenbach in [30] (with a
“fully” uniform variant, i.e. where δ is even independent of b, already considered by Bruck
in [12]). In the context of the ordinary Bregman strongly quasi-nonexpansive mappings over
normed spaces, an analogous notion of a modulus was recently considered in [47] (note, how-
ever, that a uniform BSNE mapping in [47] is an even stronger notion). In that way, the notion
of uniform BSNE mappings considered in Definition 6.3 is a proper generalization of both these
notions and, in particular, this will be a suitable notion for the quantitative convergence results
provided later on.

Before we move on, we want to remark that a uniform BSNE mapping is nothing else but a
BQNE mapping satisfying the above uniform variant of the property that

DG
f pp, xq ´D

G
f pp, Txq ď 0 implies DG

f pTx, xq “ 0

for all x P K and p P FixpT q. We call a BQNE mapping that only satisfies this restricted prop-
erty a strict BQNE mapping. A simple compactness argument yields that, over proper spaces
where DG

f is uniformly continuous on o-bounded subsets in both arguments, any continuous
and strictly BQNE mapping is already uniformly BSNE in the sense of Definition 6.3.

Also, while this notion outside of compact spaces is generally stronger than the plain notion
of a BSNE mapping, we want to further argue that the price paid by moving to this uniform
variant is rather low in most practical cases as many natural BSNE maps are already uniformly
BSNE. In fact, there is an underlying logical reason for this circumstance as the following
remark briefly discusses.

Remark 6.4 (For logicians). In suitable formal systems for treating these dual systems and
metric Fréchet derivatives as well as Bregman distances and that enjoy general logical metathe-
orems in the style of proof mining (which might be developed analogously to [46]), being BSNE
is equivalent to being uniformly BSNE in the context of a nonstandard uniform boundedness
principle D-UBX (see [28]) that can be conservatively added to such systems. Further, already
from a (noneffective) proof of the strict BQNE property in such a formal system, one can ex-
tract an effective uniform BSNE modulus. Note also the similarity of these circumstances to
those of both the works [30] and [47].

One example of a class of BSNE maps that are immediately also recognized as being uniformly
BSNE is that of Bregman firmly nonexpansive maps, a Bregman distance analogue of the
classical and influential notion of firm nonexpansivity introduced in a normed setting at various
points in the literature under different names (e.g. being called D-firm in [4], Bregman firmly
nonexpansive in [51] and a certain subclass was introduced in [35, 36] under the name of
mappings of firmly nonexpansive type).

Definition 6.5. A map T : K Ñ K with K Ď X is called Bregman firmly nonexpansive
(BFNE) if

x
ÝÝÝÑ
TyTx,Gx´Gyy ě x

ÝÝÝÑ
TyTx,GTx´GTyy
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for any x, y P K.

Using the four point identity, we can derive another characterization of BFNE maps (akin
to [51]).

Lemma 6.6. A map T : K Ñ K with K Ď X is BFNE if, and only if, it holds that

DG
f pTx, yq ´D

G
f pTx, xq ´D

G
f pTy, yq `D

G
f pTy, xq ě DG

f pTx, Tyq `D
G
f pTy, Txq

for all x, y P K.

Proof. Using the four point identity, we get that

x
ÝÝÝÑ
TyTx,GTx´GTyy “ DG

f pTx, Tyq ´D
G
f pTx, Txq ´D

G
f pTy, Tyq `D

G
f pTy, Txq

“ DG
f pTx, Tyq `D

G
f pTy, Txq.

Similarly, we also get

x
ÝÝÝÑ
TyTx,Gx´Gyy “ DG

f pTx, yq ´D
G
f pTx, xq ´D

G
f pTy, yq `D

G
f pTy, xq

and combined with the definition of BFNE maps, we get the result. �

Then, as we can see now, every BFNE map is also uniformly BSNE with a particularly simple
modulus.

Lemma 6.7. If T is BFNE, then T is also uniformly BSNE with a modulus ωpε, bq “ ε.

Proof. By Lemma 6.6, we have that T satisfies

DG
f pTx, yq ´D

G
f pTx, xq ´D

G
f pTy, yq `D

G
f pTy, xq ě DG

f pTx, Tyq `D
G
f pTy, Txq.

If now y “ p P FixpT q, then

DG
f pp, xq ´D

G
f pp, Txq ě DG

f pTx, xq.

This immediately gives the modulus. �

A last property of BQNE maps that will be handy later on is that, in the presence of a fixed
point and under the condition of a uniformly continuous gradient G such that the associated
Bregman distance DG

f is uniformly o-bounded, these mappings are o-bounded on o-bounded
sets.

Lemma 6.8. Let f be uniformly Fréchet differentiable with a gradient G and let ωG be a
modulus witnessing the uniform continuity of G on o-bounded sets. Let T be BQNE with
FixpT q ‰ H and let DG

f be uniformly o-bounded with a modulus β. Then T is o-bounded on
o-bounded sets, i.e. for all b ą 0 and all x P X:

dXpx, oq ď b implies dXpTx, oq ď βpElpbq, lq

where
Elpbq :“ Dmplq `Dmpbq ` pb` lqCnpbq

for p P FixpT q with l ě dXpo, pq and Dm, Cn as in Lemma 5.4.

Proof. For p as above, we have

DG
f pp, Txq ď DG

f pp, xq

“ fppq ´ fpxq ´ xÝÑxp,Gxy

ď fppq `Dmpbq ` dXpx, pqdY pGx,Oq
ď Dmplq `Dmpbq ` pdXpx, oq ` dXpo, pqqCnpbq

ď Dmplq `Dmpbq ` pb` lqCnpbq.
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Then dXpTx, oq ď βpElpbq, lq as l ě dXpo, pq. �

7. Monotone operators and resolvents in dual systems

We now introduce monotone operators relative to dual systems. In the context of inner
product spaces, monotonicity arose in the 1960’s through the seminal work of Minty [43, 44]
and was subsequently extended to general normed spaces. Concretely, two main generalizations
emerged: For one, based on an equivalent variant of monotonicity written solely in terms of the
underlying norm of the space, Kato in [23] introduced the notion of accretive operators which
have become seminal tools e.g. in semigroup theory. For another, the monotonicity condition
was generalized by Browder (see [10, 11]) to normed spaces by replacing the inner product with
the application of functionals from the corresponding dual space. This latter definition is what
we extend here to the context of our dual systems, where we want to emphasize that this new
notion essentially just arises by abstracting the main approach from [24] away from the choice
of X˚ for a CATp0q-space X.

Definition 7.1. Let D “ pX, Y, x¨, ¨yq be a dual system. An operator A Ď X ˆ Y is called
monotone if

xÝÑyx, x˚ ´ y˚y ě 0

for any px, x˚q, py, y˚q P A.

In analogy to the theory in normed spaces, the convexity of f is also here linked to the
monotonicity of BDf and thus also of any selection G which we collect in the following lemma:

Lemma 7.2. Let f be convex. Then operator BDf is monotone. A fortiori any Fréchet deriv-
ative G of f is monotone.

Proof. Let px, x˚q, py, y˚q P BDf , i.e.

fpzq ´ fpxq ě xÝÑxz, x˚y and fpzq ´ fpyq ě xÝÑyz, y˚y

for all z P X. This implies

fpxq ´ fpyq ď xÝÑyx, x˚y and fpxq ´ fpyq ě xÝÑyx, y˚y

Now, we can derive

xÝÑyx, x˚ ´ y˚y ě fpxq ´ fpyq ´ pfpxq ´ fpyqq “ 0.

�

A stronger notion of monotonicity that we crucially rely on later is that of strict monotonicity
which we also define in analogy to [22].

Definition 7.3. Let D “ pX, Y, x¨, ¨yq be a dual system. An operator A Ď X ˆ Y is called
strictly monotone if it is monotone and for any px, x˚q, py, y˚q P A, it holds that

xÝÑyx, x˚ ´ y˚y ď 0 implies x “ y.

For a quantitative and uniform version of the above definition, we introduce the following
notion:

Definition 7.4. Let D “ pX, Y, x¨, ¨yq be a dual system. An operator A Ď X ˆ Y is called
uniformly strictly monotone with a modulus η : p0,8q2 Ñ p0,8q if it is monotone and for any
ε, b ą 0 and any px, x˚q, py, y˚q P A, it holds that

dXpx, oq, dXpy, oq ď b and xÝÑyx, x˚ ´ y˚y ă ηpε, bq implies dXpx, yq ă ε.
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Example 7.5. In a CATp0q-space pX, d,W q with dual X˚ as defined in [22], we have that
ÝÑ
oIpxq :“ r1ÝÑoxs is uniformly strictly monotone with the simple modulus ηpε, bq “ ε2. To see
this, let x, y P X be given. Then

xÝÑyx,
ÝÑ
oIpxq ´

ÝÑ
oIpyqy “ xÝÑyx,ÝÑoxy ´ xÝÑyx,ÝÑoyy “ xÝÑyx,ÝÑyxy “ d2px, yq

and so, if xÝÑyx,
ÝÑ
oIpxq ´

ÝÑ
oIpyqy ă ε2, then d2py, xq ă ε2, i.e. dpx, yq ă ε.

In the context of such a modulus η for G, we can then in particular show that essentially any
BFNE map T is uniformly continuous on o-bounded sets.

Lemma 7.6. Let D “ pX, Y, x¨, ¨yq be a dual system. Let f be uniformly Fréchet differentiable
with a gradient G, let ωG be a modulus witnessing the uniform continuity of G on o-bounded
sets and let G be uniformly strictly monotone with a modulus η. Let T : K Ñ K for K Ď X be
BFNE and be o-bounded on o-bounded sets with a modulus E. Then T is uniformly continuous
on o-bounded sets with a simple modulus ∆, i.e. for all ε, b ą 0 and all x, y P K XBbpoq:

dXpx, yq ă ∆pε, bq implies dXpTx, Tyq ă ε

with

∆pε, bq :“ ωG
ˆ

ηpε, Epbqq

2Epbq
, b

˙

.

Proof. Note that we have

x
ÝÝÝÑ
TyTx,GTx´GTyy ď x

ÝÝÝÑ
TyTx,Gx´Gyy

ď dXpTx, TyqdY pGx,Gyq

ď 2EpbqdY pGx,Gyq.

This yields that

x
ÝÝÝÑ
TyTx,GTx´GTyy ă ηpε, Epbqq

for dXpx, yq ă ∆pε, bq and so dXpTx, Tyq ă ε by using the uniform strict monotonicity of G. �

The main object associated with monotone operators is the so-called resolvent. We here now
abstract the notion of a resolvent for monotone operators on CATp0q-spaces as introduced in
[24] (see also Example 7.8 later on) and simultaneously generalize said notion by defining a
resolvent relativized to a gradient G for monotone operators on dual systems for hyperbolic
spaces. This definition for a resolvent can thus also be considered to be a generalization of the
notion of resolvents relative to gradients from normed spaces as e.g. introduced originally in
the seminal paper of Eckstein [17] but also introduced in [4] under the name of “D-resolvents”
and considered in [50] under the name of “resolvents of A relative to f”.

Definition 7.7. Let D “ pX, Y, x¨, ¨yq be a dual system and A Ď X ˆ Y be an operator. Let
G : domG Ď X Ñ Y be a function. The resolvent relative to G is defined as

JGλA :“ pG` λAq´1 ˝G

where addition in Y is to be understood as addition of suitable equivalence classes of functionals
on X2, i.e.

JGλApxq :“ tz P domG | Dz˚ P Az such that z˚ “D λ´1pGx´Gzqu

:“ tz P domG | Dz˚ P Az such that x
ÝÑ
ab, z˚y “ x

ÝÑ
ab, λ´1pGx´Gzqy for all a, b P Xu

for x P domG, and JGλApxq :“ H, otherwise.
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Clearly, for a given G : domG Ď X Ñ Y , we in general have domJGλA Ď domG and ranJGλA Ď
domG.

Example 7.8. In the case of
ÝÑ
oI :“ r1ÝÑoxs on a CATp0q-space pX, d,W q with dual companion X˚

as in [22], we get

J
ÝÑ
oI
λA “ p

ÝÑ
oI ` λAq´1 ˝

ÝÑ
oI

which, as discussed in [18], reduces to the resolvent notion introduced in [24], i.e.

J
ÝÑ
oI
λA pxq “ tz P X | rλ´1ÝÑzxs P Azu.

Concretely, to see this equality, note first that λ´1pr1ÝÑoxs´r1ÝÑozsq “D˚ rλ´1ÝÑzxs with D˚ defined
as in Example 3.4 as we have

x
ÝÑ
ab, rλ´1ÝÑzxsy “ λ´1x

ÝÑ
ab,ÝÑzxy

“ λ´1px
ÝÑ
ab,ÝÑzoy ` x

ÝÑ
ab,ÝÑoxyq

“ λ´1px
ÝÑ
ab,ÝÑoxy ´ x

ÝÑ
ab,ÝÑozyq

“ x
ÝÑ
ab, λ´1pr1ÝÑoxs ´ r1ÝÑozsqyq

for all a, b P X. Thus, in particular, if rλ´1ÝÑzxs P Az, then z P J
ÝÑ
oI
λA pxq. Conversely, if we have

z P J
ÝÑ
oI
λA pxq, i.e. we have a z˚ P Az with z˚ “D˚ λ´1p

ÝÑ
oIpxq´

ÝÑ
oIpzqq, we also have z˚ “D˚ rλ´1ÝÑzxs.

Now, as shown in Example 3.4, the system D˚ is in particular (uniformly) non-degenerate and
so we derive z˚ “ rλ´1ÝÑzxs in the sense of X˚ (i.e. Dpz˚, rλ´1ÝÑzxsq “ 0) from this. Thus also
rλ´1ÝÑzxs P Az.

In particular, as already discussed in [24], if in that case A is instantiated with Bf in the
sense of [22], i.e. BD˚f in our notation, for a proper, convex and continuous function f on a
complete CATp0q-space X, one obtains the resolvents of f in the sense of Jost [21] (see also
e.g. [7]), i.e.

J
ÝÑ
oI
λBD˚f pxq “ argminzPX

"

fpzq `
1

2λ
d2pz, xq

*

.

We now discuss some nice properties of JGλA, the first of which concerning the single-valuedness
of JGλA which crucially uses the assumption that G is strictly monotone (similar to the normed
case, see e.g. [4]).

Lemma 7.9. Let D “ pX, Y, x¨, ¨yq and let G : domG Ď X Ñ Y be a function which is strictly
monotone. Let A Ď X ˆY be a monotone operator. Let λ ą 0 be arbitrary. Then JGλA is either
empty or a singleton.

Proof. Let z, z1 P JGλAx for x P domG with z˚ P Az and z1˚ P Az1 such that

z˚ “D λ´1pGx´Gzq and z1
˚
“D λ´1pGx´Gz1q.

By the monotonicity of A, we get

x
ÝÑ
z1z, z˚ ´ z1

˚
y ě 0 ñ x

ÝÑ
z1z, z˚y ě x

ÝÑ
z1z, z1

˚
y

ñ x
ÝÑ
z1z, λ´1pGx´Gzqy ě x

ÝÑ
z1z, λ´1pGx´Gz1qy

ñ x
ÝÑ
z1z,Gz1 ´Gzy ě 0

ñ x
ÝÑ
z1z,Gz ´Gz1y ď 0

which in turn implies z “ z1 by strict monotonicity of G. �
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In the context of a strictly monotone map G, we thus write JGλA for the canonical selection
map. The first property that we derive for this resolvent is that it is actually Bregman firmly
nonexpansive w.r.t. G.

Lemma 7.10. Let D “ pX, Y, x¨, ¨yq and let G : domG Ď X Ñ Y be a function which is strictly
monotone. Let A Ď X ˆ Y be a monotone operator. Let λ ą 0 be arbitrary. Then JGλA satisfies

x
ÝÝÝÝÝÝÑ
JGλAyJ

G
λAx,Gx´Gyy ě x

ÝÝÝÝÝÝÑ
JGλAyJ

G
λAx,GJ

G
λAx´GJ

G
λAyy

for any x, y P domJGλA.

Proof. Let x, y P domJGλA and z˚ P AJGλAx as well as w˚ P AJGλAy such that

z˚ “D λ´1pGx´GJGλAxq and w˚ “D λ´1pGy ´GJGλAyq.

By monotonicity, we get

x
ÝÝÝÝÝÝÑ
JGλAyJ

G
λAx, z

˚
´ w˚y ě 0

and thus

x
ÝÝÝÝÝÝÑ
JGλAyJ

G
λAx, λ

´1
pGx´GJGλAxq ´ λ

´1
pGy ´GJGλAyqy ě 0.

Multiplying by λ ą 0 and rearranging yields the result. �

Remark 7.11. The above result, showing that JGλA is BFNE w.r.t. G, extends that of Bauschke,
Borwein and Combettes [4] for the analogous result in normed spaces. In the particular case

of G “
ÝÑ
oI on a CATp0q-space pX, d,W q with dual companion X˚ as in [22], i.e. for J

ÝÑ
oI
λA , we in

particular reobtain the result from [24] that this mapping is firmly nonexpansive as it satisfies

x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÑ
oIx´

ÝÑ
oIyy ě x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÑ
oIJ

ÝÑ
oI
λA x´

ÝÑ
oIJ

ÝÑ
oI
λA yy

ô x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÑoxy ´ x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÑoyy ě x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÝÝÝÑ

oJ
ÝÑ
oI
λA xy ´ x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÝÝÝÑ

oJ
ÝÑ
oI
λA yy

ô x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÑoxy ´ x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÝÝÝÑ

oJ
ÝÑ
oI
λA xy ě x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÑoyy ´ x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÝÝÝÑ

oJ
ÝÑ
oI
λA yy

ô x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA xJ

ÝÑ
oI
λA y,

ÝÝÝÝÑ

J
ÝÑ
oI
λA xxy ` x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA yJ

ÝÑ
oI
λA x,

ÝÝÝÝÑ

J
ÝÑ
oI
λA yyy ď 0

for all x, y P domJGλA which in turn is equivalent to the usual notion of firm nonexpansivity in
CATp0q-spaces, i.e. that

d2pJ
ÝÑ
oI
λA x, J

ÝÑ
oI
λA yq ď x

ÝÝÝÝÝÝÝÑ

J
ÝÑ
oI
λA xJ

ÝÑ
oI
λA y,

ÝÑxyy

for all x, y P domJGλA, as shown in [24].

Using Lemma 6.6, we get the following corollary:

Corollary 7.12. Let D “ pX, Y, x¨, ¨yq and let G : domG Ď X Ñ Y be a function which is
strictly monotone. Let A Ď X ˆ Y be a monotone operator. Let λ ą 0 be arbitrary. Then for
any x, y P domJGλA:

DG
f pJ

G
λAx, yq´D

G
f pJ

G
λAx, xq´D

G
f pJ

G
λAy, yq`D

G
f pJ

G
λAy, xq ě DG

f pJ
G
λAx, J

G
λAyq`D

G
f pJ

G
λAy, J

G
λAxq.

We now turn to the notion of a zero of a monotone operator. By abstracting from the case
of CATp0q-spaces as e.g. considered in [24], we consider the following notion of a zero:
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Definition 7.13. Let D “ pX, Y, x¨, ¨yq be a dual system and let A Ď X ˆ Y be an operator.
We call a point x P X a zero of A if

Dz˚ P Ax pz˚ “D Oq .
We write zerA for the set of zeros of A.

As in the normed case (and in the context of CATp0q-spaces for that matter, see [24]), the
zeros of a monotone operator correspond to the fixed points of (relativized) resolvents:

Lemma 7.14. Let D “ pX, Y, x¨, ¨yq and let G : domG Ď X Ñ Y be a function which is strictly
monotone. Let A Ď X ˆ Y be a monotone operator. Let JGλA be its resolvent relative to G for
λ ą 0. Then

FixpJGλAq “ zerAX domG.

Proof. Let x P domG be a zero of A and let z˚ P Ax with z˚ “D O. By monotonicity of A, we
get

x
ÝÝÝÝÑ
xJGλAx, λ

´1
pGx´GJGλAxqy “ x

ÝÝÝÝÑ
xJGλAx, λ

´1
pGx´GJGλAxq ´ z

˚
y ě 0.

Multiplying by ´λ yields

x
ÝÝÝÝÑ
xJGλAx,GJ

G
λAx´Gxy ď 0

and the strict monotonicity of G yields x “ JGλAx, i.e. x P FixpJGλAq.
For the converse, let x be a fixed point of JGλA. Then by definition x P domG and there exists

a z˚ P ApJGλAxq “ Ax such that

λ´1pGx´GJGλAxq “D z˚.

Further, we have

|x
ÝÑ
ab, z˚y| “ |x

ÝÑ
ab, λ´1pGx´GJGλAxqy| ď λ´1dXpa, bqdY pGx,GJ

G
λAxq “ 0.

Thus z˚ “D O and thus x is a zero of A. �

8. The proximal point algorithm and (quantitative) convergence

Having monotone operators and resolvents at our disposal, we now want to consider an as-
sociated proximal point type method. As already discussed in the introduction, the proximal
point method belongs both in normed as well as in nonlinear spaces to the most seminal and
well-studied methods in nonlinear optimization and we refer for more information to the refer-
ences given there.

Concretely, we now want to establish the convergence of a proximal point method associated
with the relativized resolvents of a monotone operator A, i.e. of the iteration

(:) x0 P X, xn`1 :“ JGrnAxn

for a given sequence prnq Ď p0,8q with inftrn | n P Nu “: r ą 0 and where G : X Ñ Y is a
uniformly continuous and uniformly strictly monotone Fréchet derivative of a convex function
f : X Ñ R such that DG

f is consistent. In order to sustain this iteration, we have to make the
common assumption that the resolvents of the operator A have a large enough domain. For
that, we in the following assume the condition that

domJGλA “ X for all λ ą 0

which we call the G-relativized range condition (which is just a relativized version of the range
condition already considered in [24]). By the results from [6] it follows that if f is a Fréchet
differentiable function in a reflexive Banach space which is strictly convex and cofinite, then



DUALITY, FRÉCHET DIFFERENTIABILITY AND BREGMAN DISTANCES IN HYPERBOLIC SPACES 23

any maximally monotone operator satisfies the ∇f -relativized range condition. Further, since

in a complete CATp0q-space X with the usual dual X˚, the mapping J
ÝÑ
oI
λBD˚f pxq for a proper,

convex and continuous mapping f is just the resolvent as defined by Jost [21] (recall [24] and

Example 7.8), any such subdifferential in a complete CATp0q-space satisfies the
ÝÑ
oI-relativized

range condition.

We will show the convergence of this method over dual systems D “ pX, Y, x¨, ¨yq where a
suitable subset of X is totally bounded and to do that, we reduce this convergence result to
that of a more general iteration of a family pTnq of uniform BSNE maps Tn : X Ñ X, namely
the iteration

(˚) x0 P X, xn`1 :“ Tnxn,

where the family pTnq relates to another uniform BSNE map T in a suitable way.

The main feature exploited in the corresponding convergence proof given later is that the
sequence pxnq defined by p˚q is then Fejér monotone w.r.t. to the distance DG

f and the set
Ş

n FixpTnq, i.e. for p P
Ş

n FixpTnq and any n, it holds that

DG
f pp, Tnxnq ď DG

f pp, xnq

since Tn is BQNE w.r.t. FixpTnq, which actually follows from Tn being uniformly BSNE as if
DG
f pp, Tnxq ą DG

f pp, xq, i.e. 0 ą DG
f pp, xq´D

G
f pp, Tnxq, then DG

f pTnx, xq “ 0 by being uniformly

BSNE which yields Tnx “ x by consistency of DG
f and this entails DG

f pp, Tnxq “ DG
f pp, xq which

is a contradiction.

For Fejér monotone sequences, very general convergence results exist which in compact spaces
guarantee the “strong” convergence of such methods if they in addition satisfy a suitable asymp-
totic condition (essentially amounting in one form or another to having approximate solutions
along the iteration). Such general results deal e.g. with Fejér monotone sequences in general
metric spaces [33, 34], sequences in Banach spaces which are Fejér monotone w.r.t. Bregman
distances [4] or sequences in Hilbert spaces which are Fejér monotone w.r.t. to variable metrics
[16]. All of these general results however do not cover the present case as we are not set in
normed spaces and since DG

f here is not a metric. However, in the recent work on generalized
Fejér monotone sequences [45], the results from [33, 34] have been generalized to allow for
very general classes of distances (e.g. in particular also containing consistent metric Bregman
distances DG

f as defined here as well as consistent Bregman distances in normed spaces), all in
a metric setting. As such, our convergence results for the methods discussed above will arise
as special instances of the work [45] and in that way this paper actually presents the first in-
stantiation of the general scheme of iterations considered in [45] that goes beyond the previous
literature on Fejér monotone sequences. As these general results arose from the proof mining
program, we in particular also obtain quantitative information for these convergence results in
the form of a highly uniform and computable rate of metastability, i.e. a bound on the n in the
expression

@k P N, g P NN
Dn P N@i, j P rn;n` gpnqs

ˆ

dXpxi, xjq ď
1

k ` 1

˙

in terms of k and g. This notion of so-called metastability is, albeit noneffectively, equivalent
to the usual Cauchy property of the sequence pxnq in question and represents a particularly
fruitful finitary phrasing of that property, as in particular also highlighted by Tao [59, 60]. In
the context of quantitative aspects of convergence for Fejér monotone sequences, it however
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gains even further importance as already in the most simple cases of ordinary Fejér monotonic-
ity, e.g. taking the real numbers as the underlying space and assuming that all the involved
data are computable, there, in general, are no computable rates of convergence as one can show
using methods from computability theory (essentially reducing to a seminal paper of Specker
[57], see [33] for a discussion on this). In that way, if one aims at computable information on
the quantitative aspects of the convergence of such iterations, a rate of metastability is in this
generality the best one can hope to attain. However, under a general additional metric regu-
larity assumption, we will nevertheless also be able to obtain explicit, uniform and computable
constructions of full rates of convergence for the iterations considered here, which will similarly
arise by instantiating the general results from [45].

Let us now fix the remaining data surrounding the iteration defined by p˚q: With the iteration
in p˚q, we in the end want to approximate fixed points of another mapping T : X Ñ X and for
this, we need to relate the Tn’s to this mapping T . We do this via requiring that there exists
a pair of moduli νpε, bq and µpε, b,Kq such that for any ε, b ą 0 and K P N as well as any
p P Bbpoq:

@n P N pdXpp, Tnpq ă νpε, bq implies dXpp, Tpq ă εq

as well as

dXpp, Tpq ă µpε, b,Kq implies @n ď K pdXpp, Tnpq ă εq .

We call such a pair of moduli fixed point moduli1 for pTnq w.r.t. T and we say that FixpTnq “
FixpT q holds uniformly if such moduli exist.

Further, we in the following assume that all Tn are uniformly BSNE with a common modulus
ωpε, bq and we pick b with

b ě DG
f pp0, x0q, dXpp0, oq, dXpxn, oq

where p0 P
Ş

n FixpTnq ‰ H is an arbitrary but fixed solution. We call a family of mappings
pTnq where such a common modulus ω exists jointly uniformly BSNE. We also fix a modulus ωG

of uniform continuity for G on o-bounded sets and a modulus η of uniform strict monotonicity
for G on o-bounded sets. Lastly, we fix a modulus of consistency ρ for DG

f .

Remark 8.1. Note that from b ě DG
f pp0, x0q, dXpp0, oq as well as a modulus β for the uniform

o-boundedness of DG
f , an upper bound for dXpxn, oq can be calculated as we have

DG
f pp0, xnq ď DG

f pp0, x0q ď b

and so we in particular would get βpb, bq ě dXpxn, oq.

The concrete convergence result for the iteration in p˚q that we then obtain is the following:

Theorem 8.2. Let X be a hyperbolic space, Y be a metric space and let D “ pX, Y, x¨, ¨yq be a
dual system. Assume that X is proper. Let f : X Ñ R be Fréchet differentiable with a gradient
G which is strictly monotone. Further assume that DG

f is consistent and uniformly o-bounded.
Let Tn : X Ñ X together with T : X Ñ X be mappings such that

Ş

n FixpTnq ‰ H, such that
FixpTnq “ FixpT q holds uniformly, such that pTnq is jointly uniformly BSNE and such that T
is uniformly continuous on o-bounded sets.

Then pxnq defined by p˚q converges to a fixed point of T .

1These moduli are defined in analogy to [47] where they were considered for a uniform quantitative analogue
of the influential NST condition (see e.g. [1]).
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In particular, as mentioned before, we obtain this theorem through a quantitative variant
giving a highly uniform and computable rate of metastability as discussed before. Further
instantiating this theorem will then allow us to also derive the following analogous convergence
result for the iteration in p:q:

Theorem 8.3. Let X be a hyperbolic space, Y be a metric space and let D “ pX, Y, x¨, ¨yq be a
dual system. Assume that X is proper. Let f : X Ñ R be Fréchet differentiable with a gradient
G which is strictly monotone. Further assume that DG

f is consistent and uniformly o-bounded.
Let A be a monotone operator that satisfies the G-relativized range condition and assume that
zerA ‰ H.

Then pxnq defined by p:q converges to a zero of A.

Again, also this theorem comes equipped with a quantitative variant, giving a computable
and uniform rate of metastability.

In particular, both the proximal point algorithm and the iteration of families of uniform
BSNE maps defined above provide analogues in hyperbolic spaces for the previous results on
a proximal point algorithm involving relativized resolvents and iterations of Bregman strongly
nonexpansive maps in normed spaces as e.g. considered in [17, 39, 41, 47, 49]. Further, the
proximal point method considered here in particular includes that devised in the seminal work
[24] in the context of monotone operators in CATp0q-spaces and, as a special case, we there-
fore reobtain the “strong” convergence of that iteration in proper CATp0q-spaces by setting

f “ d2po, xq{2 and G “
ÝÑ
oI (recall for this in particular the Examples 3.4, 4.5, 5.2, 5.6 and

5.10).

The proofs of both results with their preceding quantitative variants will be given in the next
subsection, with constructions for rates of convergence using the additional assumption of a
modulus of regularity in the subsequent subsection.

8.1. Uniform Fejér monotonicity and rates of metastability. We now want to apply the
abstract results of [45] to the particular instance of the iteration given by p˚q. These results
given in [45] rely on uniform reformulations of the respective properties (like Fejér monotonicity)
in terms of approximations instead of full solutions (see [45] for details), and we consequently
consider such approximate variants here as well. Concretely, we write X0 “ tx P X | dpo, xq ď
bu for the b fixed before and define

F :“ FixpT q XX0 “ tp P X0 | Tp “ pu

as the designated set of solutions and we set

AFk :“

"

p P X0 | dXpp, Tpq ď
1

k ` 1

*

as a choice for a set of “1{pk ` 1q-approximate solutions”.

Then, we can now provide the relevant results on the asymptotic behavior and Fejér mono-
tonicity of the iteration and translate these into the corresponding bounds and moduli required
in the general abstract setup presented in [45] in the context of these uniform reformulations
(which we outline in the respective results so that essentially no precise familiarity with [45] is
presupposed).
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The first such quantitative result is that of the asymptotic regularity of the iteration xn
generated by p˚q. For this, we first show the following:

Lemma 8.4. For any ε ą 0 and any g : NÑ N:

Dn ď ψb,ωpε, gq@k P rn;n` gpnqs
`

DG
f pxk`1, xkq ă ε

˘

where
ψb,ωpε, gq “ g̃prb{ωpε,bqsqp0q

with g̃pnq “ n` gpnq ` 1.

Proof. We have
0 ď DG

f pp0, xn`1q ď DG
f pp0, xnq ď DG

f pp0, x0q ď b

as so similar as in Proposition 2.27 of [29], we get for

ϕpε, gq “ g̃rb{εsp0q

that for any ε ą 0 and g : NÑ N:

Dn ď ϕpε, gq@i, j P rn;n` gpnq ` 1s
`

|DG
f pp, xiq ´D

G
f pp, xjq| ă ε

˘

.

Thus we in particular have

Dn ď ϕpε, gq@k P rn;n` gpnqs
`

|DG
f pp, xkq ´D

G
f pp, Tkxkq| ă ε

˘

.

Using ω, we thus get the result as ψb,ωpε, gq “ ϕpωpε, bq, gq �

Remark 8.5. The whole result and construction is similar to an analogous result on Bregman
strongly nonexpansive maps in Banach spaces discussed in [47], which in turn is similar to
preceding results on strongly quasi-nonexpansive maps discussed in [30].

Combined with fixed point moduli for pTnq w.r.t. T as well as a modulus of consistency for
DG
f , we then get the following result:

Lemma 8.6. For any ε ą 0 and any g : NÑ N:

Dn ď ψb,ωpρpνpε, bq, bq, gq@k P rn;n` gpnqs pdXpxk, Txkq ă εq

where ψb,ω is defined as in Lemma 8.4. In particular, pdXpxk, Txkqqk converges to 0 for k Ñ 8.

Proof. Using Lemma 8.4, we get an n ď ψb,ωpρpνpε, bq, bq, gq such that for any k P rn;n` gpnqs:

DG
f pxk`1, xkq ă ρpνpε, bq, bq.

Thus, for any such k, we have first

dXpxk, Tkxkq “ dXpxk`1, xkq ă νpε, bq

by the properties of ρ and thus we get dXpxk, Txkq ă ε by the properties of ν. To see that
pdXpxk, Txkqqk converges to 0, assume the contrary, i.e.

Dε ą 0@n P NDk P N pdXpxn`k, Txn`kq ě εq .

Define gpnq to be such a k for any given n. Then we have

@n P N
`

dXpxn`gpnq, Txn`gpnqq ě ε
˘

.

But this is a contradiction to the above as for this ε and g, we have to have that

Dn ď ψb,ωpρpνpε, bq, bq, gq@k P rn;n` gpnqs pdXpxk, Txkq ă εq .

�
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We now fit this general asymptotic regularity result for pxnq into the framework of [45]. For
this, it actually suffices to only have a modulus witnessing that pxnq contains approximate fixed
points of T in the sense of the AFk. However, because of the setup from [45], we have to convert
to errors of the form 1{pk ` 1q and consider the sequence x2n instead of xn.2

Lemma 8.7. The sequence px2nq has asymptotic F -points in the sense of [33, 45] with a re-
spective bound Φ, i.e for any k P N:

Dn ď Φpkq px2n P AFkq ,

where the so-called “approximate F -point bound” Φ is defined by

Φpkq “ 2

R

b

ωpρpνp1{pk ` 1q, bq, bq, bq

V

` 1.

Proof. This follows immediately from Lemma 8.6 by taking gpnq :“ 1 for all n P N and ε :“
1{pk ` 1q. �

As discussed before, since all the Tn’s are uniformly BSNE, they are also BQNE w.r.t.
FixpTnq and therefore the sequence pxnq is Fejér monotone w.r.t. DG

f and
Ş

n FixpTnq “ FixpT q.
The quantitative results from [45] then rely on a uniform quantitative version of this Fejér
monotonicity relative to the sets AFk in the form of a so-called modulus of uniform Fejér
monotonicity which is a bound (viz. witness) on the k in the expression

@r, n,m P NDk P N@p P AFk@l ď m

ˆ

DG
f pp, xn`lq ă DG

f pp, xnq `
1

r ` 1

˙

in terms of the r, n,m. By a simple compactness argument, such a modulus always exists for
pxnq defined by p˚q if X0 is compact (and F is suitably closed relative to the AFk in a way that
will be discussed further below) but there is a rather small enrichment of the main assumptions
on the operators Tn that allows one to immediately derive such a modulus for the iteration
given by p˚q:

Definition 8.8. We call T uniformly BQNE with a modulus $ : p0,8q2 Ñ p0,8q if for all
ε, b ą 0 and all p, x P Bbpoq:

dXpp, Tpq ă $pε, bq implies DG
f pp, Txq ă DG

f pp, xq ` ε.

Then, if all Tn are actually uniformly BQNE, we can immediately derive a rather simple
modulus of uniform Fejér monotonicity:

Lemma 8.9. Let Tn be uniformly BQNE with a respective modulus $n for every n P N. Then,
the sequence pxnq is uniformly Fejér monotone w.r.t. F , pAFkq and DG

f in the sense of [45] with
a respective modulus χ0, i.e for any r, n,m P N and all p P AFχ0pn,m,rq:

@l ď m

ˆ

DG
f pp, xn`lq ă DG

f pp, xnq `
1

r ` 1

˙

where the “modulus of uniform Fejér monotonicity” χ0 is defined by

χ0pn,m, rq :“ {µp¨, b, n`m ´ 1q

ˆ

$M
n`m´1

ˆ

1

mpr ` 1q ` 1
, b

˙˙

where $M
i pε, bq :“ mint$jpε, bq | j ď iu.

2That x2n has to be considered instead of xn is due to the fact that [45] allows for the treatment of sequences
which are only partially Fejér monotone in a certain sense and x2n instead of xn has to be considered to translate
from the setup of ordinary Fejér monotonicity to this partial notion.
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Proof. Let p P AFχ0pn,m,rq, i.e.

dXpp, Tpq ď
1

χ0pn,m, rq ` 1
ă µ

ˆ

$M
n`m´1

ˆ

1

mpr ` 1q ` 1
, b

˙

, b, n`m ´ 1

˙

.

Thus, for any l ď m, we get

dXpp, Tn`l´1pq ă $M
n`m´1

ˆ

1

mpr ` 1q ` 1
, b

˙

ď $n`l´1

ˆ

1

mpr ` 1q ` 1
, b

˙

.

So, if w.l.o.g. l ě 1, we have

DG
f pp, xn`lq ă DG

f pp, xn`l´1q `
1

mpr ` 1q ` 1

ă . . .

ă DG
f pp, xnq `

l

mpr ` 1q ` 1

ď DG
f pp, xnq `

1

r ` 1

which was the claim. �

The second to last quantitative ingredient that we need in order to apply the results from
[45] are moduli witnessing that F is closed in a suitably nice sense w.r.t. the AFk.

Lemma 8.10. Let ∆ be a modulus of uniform continuity for T on o-bounded subsets. Then
the set F is uniformly closed w.r.t. AFk in the sense of [33, 45] with respective moduli δ1, δ2,
i.e. for any p, q P X0:

q P AFδ1pkq and dXpq, pq ď
1

δ2pkq ` 1
implies p P AFk,

where the so-called “moduli of uniform closedness” δ1, δ2 are defined by

δ1pkq :“ 3k ` 2 and δ2pkq :“ max
!

3k ` 2, {∆p¨, bqp3k ` 2q
)

.

Proof. Let q P AFδ1pkq, i.e. dXpq, T qq ď 1{3pk ` 1q and let dXpq, pq ď 1{pδ2pkq ` 1q. We have

dXpp, Tpq ď dXpTp, Tqq ` dXpq, T qq ` dXpq, pq ď
1

3k ` 3
` dXpTp, Tqq ` dXpp, qq.

As δ2pkq ě 3k ` 2, we further derive dXpp, qq ď 1{p3k ` 3q so that

dXpp, Tpq ď
2

3k ` 3
` dXpTp, Tqq

and as

δ2pkq ě {∆p¨, bqp3k ` 2q “

S

1

∆p 1
3k`3

, bq

W

we have

dXpp, qq ă ∆

ˆ

1

3k ` 3
, b

˙

and thus dXpTp, Tqq ă 1{p3k ` 3q which yields dXpp, Tpq ď 1{pk ` 1q. �

As hinted on in the initial remarks of this section, we need to assume that X0 is totally
bounded to guarantee the convergence of the iteration in the sense of the metric. Quantitatively,
this total boundedness is witnessed by a corresponding modulus as introduced by Gerhardy in
[19]:
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Definition 8.11 ([19]). A set A Ď X of a metric space pX, dXq is totally bounded with a
modulus of total boundedness γ if for any k P N and any pxnq Ď A:

D0 ď i ă j ď γpkq

ˆ

dXpxi, xjq ď
1

k ` 1

˙

.

In particular, note that a set is totally bounded if, and only if, it has a modulus of total
boundedness.

Using this modulus, we can now formulate our main quantitative result:

Theorem 8.12. Assume that X0 is totally bounded with a modulus of total boundedness γ and
that pxnq is uniformly Fejér monotone w.r.t. F , pAFkq and DG

f in the sense of [45] with a

respective modulus χ0. Then pxnq is Cauchy and for all k P N and g P NN:

DN ď Ψpk, gq@i, j P rN ;N ` gpNqs

ˆ

dXpxi, xjq ď
1

k ` 1
and xi P AFk

˙

,

where Ψpk, gq :“ 2Ψ0pn0, k, gq with n0 :“ γ1p16θ̃pkq ` 20q for γ1pkq :“ γpΛpkqq where λpkq :“
{ρp¨, bqpkq and Λpkq :“ {P p¨, bqpkq with P as in Lemma 5.7 as well as

θpkq :“ λp2k ` 1, bq and θ̃pkq :“ maxtθpkq, {∆p¨, bqp3k ` 2q, 3k ` 2u.

Here, Ψ0 is defined by
#

Ψ0p0, k, gq :“ 0,

Ψ0pn` 1, k, gq :“ ΦMpη̃Mk pΨ0pn, k, gq, 4θ̃pkq ` 12qq,

where

η̃kpn, rq :“ max

"

3k ` 2, χ0

ˆ

2n, 2

Z

gp2nq

2

^

, r

˙

, χ0

ˆ

2n, 2

Z

gp2nq

2

^

` 1, r

˙

, χ0p2n, 0, 4r ` 7q

*

together with

Φpkq :“ 2

R

b

ωpρpνp1{pk ` 1q, bq, bq, bq

V

` 1

and where ΦMpkq :“ maxtΦpjq | j ď ku.
In particular, if each Tn is uniformly BQNE with a respective modulus $n, then χ0 can be

taken to be

χ0pn,m, rq :“ {µp¨, b, n`m ´ 1q

ˆ

$M
n`m´1

ˆ

1

mpr ` 1q ` 1
, b

˙˙

where $M
i pε, bq :“ mint$jpε, bq | j ď iu.

Proof. The result arises as an instantiation of Theorem 5.5 from [45]. For this, φ as well as
ψ are instantiated with DG

f . All other moduli are set to be the identity. The modulus χ in
Theorem 5.5 from [45] is instantiated with χ0p2n, 2m, rq (note for this Proposition 4.26 from
[45]). Similarly, ζ in Theorem 5.5 from [45] is instantiated with χ0p2n, 2m ` 1, rq (note again
Proposition 4.26 from [45]). The modulus Φ in Theorem 5.5 from [45] is just instantiated
with Φ from Lemma 8.7. Lastly, ω and δ are instantiated with δ1 and δ2 from Lemma 8.10,
respectively.

The bounds given here just result from those given in [45] by obvious simplifications and
instantiations and the claim regarding the special case when all Tn are uniformly BQNE follows
immediately from Lemma 8.9. �
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From this quantitative result, we can now in particular derive the new convergence result
given in Theorem 8.2:

Proof of Theorem 8.2. Note that through the assumptions of Theorem 8.2, all the moduli re-
quired for Theorem 8.12 actually exist: A suitable b exists by Remark 8.1. Further, by simple
compactness arguments using that X is proper, we get that as f is Fréchet differentiable with
a gradient G, it is even uniformly Fréchet differentiable with the gradient G and as G is strictly
monotone, it is similarly even uniformly strictly monotone. Also, since the sequence pxnq is
Fejér monotone w.r.t. DG

f and F , and since F is uniformly closed w.r.t. AFk, another simple
compactness argument gives that pxnq is actually uniformly Fejér monotone w.r.t. F , pAFkq
and DG

f . Therefore, we get that

(`) @k P N, g P NN
DN P N@i, j P rN ;N ` gpNqs

ˆ

dXpxi, xjq ď
1

k ` 1
and xi P AFk

˙

by Theorem 8.12. This now implies the Cauchyness of pxnq. To see this, suppose pxnq is not
Cauchy. Then there exists a k P N such that for any N P N, there exists an n P N with

dXpxN , xN`nq ą
1

k ` 1
.

Given any N , define gpNq “ n for such an n. Then this k and g are a contradiction to the
above p`q. Therefore pxnq is Cauchy and as every proper space is complete, pxnq converges to
a limit px. We show now px P AFk for all k which yields px P F “ FixpT q XX0. For this, let k be
given. Then as px is the limit of xn, we get

DN0@n ě N0

ˆ

dXpxn, pxq ď
1

δ2pkq ` 1

˙

.

for δ2 from Lemma 8.10. Take gpNq “ N0. Then p`q yields

DN1@i P rN1;N1 `N0s
`

xi P AFδ1pkq
˘

for δ1 from Lemma 8.10. Combined, we have

xN1`N0 P AFδ1pkq and dXpxN1`N0 , pxq ď
1

δ2pkq ` 1

which yields px P AFk by Lemma 8.10. �

The above results for the iteration defined by p˚q are still relatively abstract, working with
many moduli assumed for some arbitrary but fixed family pTnq. We now instantiate this further
with picking Tn :“ JGrnA and T :“ JGrA for r :“ inftrn | n P Nu ą 0 for a monotone operator A
with zerA ‰ H satisfying the G-relativized range condition as before, yielding a similar result
for the iteration in p:q. For this, we still fix a modulus ωG of uniform continuity on o-bounded
sets for G and a modulus η of uniform strict monotonicity for G on o-bounded sets. Lastly, we
fix a modulus of consistency ρ for DG

f and a modulus of uniform o-boundedness β for DG
f . We

pick a modulus of reverse consistency P as in Lemma 5.7.

Now, note that by Lemma 6.7, all JGrnA are immediately uniformly BSNE with the particularly
simple modulus ωpε, bq “ ε. We fix b with

b ě DG
f pp0, x0q, dXpp0, oq

where p0 P
Ş

n FixpJGrnAq. Using Lemma 6.8, we get that all the Tn and T are o-bounded on
o-bounded sets with a common modulus Epbq :“ βpE 1pbq, bq where E 1 can be defined by

E 1pbq :“ Dmpbq `Dmpbq ` pb` bqCnpbq
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with Dm, Cn as in Lemma 5.4. Lastly, we pick

∆pε, bq :“ ωG
ˆ

ηpε, Epbqq

2Epbq
, b

˙

as in Lemma 7.6 as a modulus of uniform continuity for T (and in fact for all Tn’s too, though
we do not need this fact here) and we define

b :“ maxtb, βpb, bqu

so that we have b ě dXpxn, oq, D
G
f pp0, x0q, dXpp0, oq.

So, the only things left to derive for this particular choice of Tn and T is, for one, a modulus
of uniform Fejér monotonicity for the sequence defined by p:q and, for another, the fixed point
moduli ν and µ. We begin with the former and in that context actually utilize Lemma 8.9 by
which it suffices to show that each Tn is uniformly BQNE. This in turn follows from the next
lemma, by which this modulus can actually even be chosen jointly for all Tn:

Lemma 8.13. Let λ ą 0. Then JGλA is uniformly BQNE with a modulus

$pε, bq :“ mintξ1pε{3,pbq, ξ2pε{3,pbqu

where ξ1, ξ2 are defined as in Lemma 5.8 and pb :“ maxtb, Epbqu for E as above.

Proof. Note that by Corollary 7.12, we have for any x and y that

DG
f pJ

G
λAx, yq´D

G
f pJ

G
λAx, xq´D

G
f pJ

G
λAy, yq`D

G
f pJ

G
λAy, xq ě DG

f pJ
G
λAx, J

G
λAyq`D

G
f pJ

G
λAy, J

G
λAxq.

This in particular implies that

DG
f pJ

G
λAy, J

G
λAxq ď DG

f pJ
G
λAy, xq `D

G
f pJ

G
λAx, yq ´D

G
f pJ

G
λAx, J

G
λAyq.

So let y “ p and dXpJ
G
λAp, pq ă $pε, bq. As thus dXpJ

G
λAp, pq ă ξ1pε{3,pbq, we get

DG
f pp, J

G
λAxq ´ ε{3 ă DG

f pp, xq ` ε{3`D
G
f pJ

G
λAx, pq ´D

G
f pJ

G
λAx, J

G
λApq

and as further dXpJ
G
λAp, pq ă ξ2pε{3,pbq, we get

DG
f pp, J

G
λAxq ă DG

f pp, xq ` 2ε{3` ε{3 “ ε.

�

Now we turn to the fixed point moduli. For this, we first prove the following rather general
lemma on fixed points of relativized resolvents:

Lemma 8.14. Let r, s ą 0. If dXpx, J
G
sAxq ă pνcpε, Bq :“ νcpρpε, pBq, Bq, then dXpx, J

G
rAxq ă ε

where

νcpε, Bq :“ min

#

ε

4Cnp pBq
, ωG

ˆ

ε

4cEpBq
, pB

˙

+

where pB :“ maxtB,EpBqu, B ě dpx, oq and c ě rs´1.

Proof. Using the four point identity, we have

0 “ DG
f px, xq “ DG

f px, J
G
rAxq `D

G
f pJ

G
rAx, xq ` x

ÝÝÝÑ
JGrAxx,GJ

G
rAx´Gxy.
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Therefore, we in particular have

DG
f px, J

G
rAxq ď x

ÝÝÝÑ
JGrAxx,Gx´GJ

G
rAxy

“ x
ÝÝÝÑ
JGsAxx,Gx´GJ

G
rAxy ` x

ÝÝÝÝÝÝÑ
JGrAxJ

G
sAx,Gx´GJ

G
rAxy

“ x
ÝÝÝÑ
JGsAxx,Gx´GJ

G
rAxy ` x

ÝÝÝÝÝÝÑ
JGrAxJ

G
sAx,´s

´1
pGx´GJGsAxq ` r

´1
pGx´GJGrAxqy

` rx
ÝÝÝÝÝÝÑ
JGrAxJ

G
sAx, s

´1
pGx´GJGsAxqy

ď x
ÝÝÝÑ
JGsAxx,Gx´GJ

G
rAxy ` rs

´1
x
ÝÝÝÝÝÝÑ
JGrAxJ

G
sAx,Gx´GJ

G
sAxy

ď dXpJ
G
sAx, xqdY pGx,GJ

G
rAxq ` rs

´1dXpJ
G
rAx, J

G
sAxqdY pGx,GJ

G
sAxq

ď dXpJ
G
sAx, xqpdY pGx,Oq ` dY pGJGrAx,Oqq

` rs´1pdXpJ
G
rAx, oq ` dXpJ

G
sAx, oqqdY pGx,GJ

G
sAxq

ď dXpJ
G
sAx, xq2Cnp pBq ` rs

´12EpBqdY pGx,GJ
G
sAxq

where for the third to the fourth line, we have used the monotonicity of A and the definition of
the resolvent. If dXpx, J

G
sAxq ă νcpε, Bq, this then gives that DG

f px, J
G
rAxq ă ε. The result now

follows from the assumptions on ρ. �

Lemma 8.15. Let prnq be given with inftrn | n P Nu “: r ą 0. Define Tn “ JGrnA and
T “ JGrA as well as rK :“ maxtrn | n ď Ku. Let pνcpε, Bq be defined as in Lemma 8.14. Then
FixpTnq “ FixpT q holds uniformly with fixed point moduli νpε, Bq and µpε, B,Kq defined by

νpε, Bq :“ pν1pε, Bq and µpε, B,Kq :“ pνrKr´1pε, Bq

where pB :“ maxtB,EpBqu.

Proof. The correctness of both moduli ν follows immediately from Lemma 8.14. For ν, note
that 1 ě rr´1n since rn ě r and for µ, note that rKr

´1 ě rnr
´1 for any n ď K. �

As an instantiation of the previous Theorem 8.12, we thus now get the following very concrete
result for our analogue of the proximal point algorithm defined in p:q.

Theorem 8.16. Assume that X0 is totally bounded with a modulus of total boundedness γ.
Then pxnq defined by p:q is Cauchy and for all k P N and g P NN:

DN ď Ψpλpkq, gq@i, j P rN ;N ` gpNqs

ˆ

dXpxi, xjq ď
1

k ` 1
and xi P AFk

˙

,

where Ψpk, gq :“ 2Ψ0pn0, k, gq with n0 :“ γ1p16θ̃pkq ` 20q for γ1pkq :“ γpΛpkqq where λpkq :“
{ρp¨, bqpkq and Λpkq :“ {P p¨, bqpkq with P as in Lemma 5.7 as well as

θpkq :“ λp2Λpk, bq ` 1, bq and θ̃pkq :“ max

$

&

%

θpkq,

»

—

—

—

1

ωG
´

ηp1{p3k`3q,Epbqq
2Epbq

, b
¯

fi

ffi

ffi

ffi

, 3k ` 2

,

.

-

.

Here, Ψ0 is defined by
#

Ψ0p0, k, gq :“ 0,

Ψ0pn` 1, k, gq :“ ΦMpη̃Mk pΨ0pn, k, gq, 4θ̃pkq ` 12qq,

where

η̃kpn, rq :“ max

"

3k ` 2, χ0

ˆ

2n, 2

Z

gp2nq

2

^

, r

˙

, χ0

ˆ

2n, 2

Z

gp2nq

2

^

` 1, r

˙

, χ0p2n, 0, 4r ` 7q

*
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for

χ0pn,m, rq :“ {µp¨, b, n`m ´ 1q

ˆ

$

ˆ

1

mpr ` 1q ` 1
, b

˙˙

and
$pε, bq :“ mintξ1pε{3,pbq, ξ2pε{3,pbqu

with ξ1, ξ2 defined as in Lemma 5.8 and together with

Φpkq :“ 2

R

b

ρpνp1{pk ` 1q, bq, bq

V

` 1

where ΦMpkq :“ maxtΦpjq | j ď ku and where

νpε, Bq :“ pν1pε, Bq and µpε, B,Kq :“ pνrKr´1pε, Bq

for

pνcpε, Bq :“ min

#

ρpε, pBq

4Cnp pBq
, ωG

˜

ρpε, pBq

4cEpBq
, pB

¸+

with pB :“ maxtB,EpBqu and rK :“ maxtrn | n ď Ku.

Theorem 8.3 now follows from this quantitative result in a similar way that Theorem 8.2
followed from Theorem 8.12.

8.2. Moduli of regularity and rates of convergence. As mentioned before, for Fejér mono-
tone sequences, computable rates of convergence are in general ruled out. However, we can
provide such rates under additional assumptions. A large class of such assumptions in the con-
text of Fejér monotone sequences, generalizing various concepts known from nonlinear analysis
and optimization such as error bounds and metric subregularity, among others, was introduced
and studied in [34] under the name of moduli of regularity. In our context, we consider the
following instantiation of this notion:

Definition 8.17. Let T : X Ñ X be given and define FT pxq :“ dXpTx, xq. A function
ϕ : p0,8q Ñ p0,8q is called a modulus of regularity for T w.r.t. FixT and S Ď X if for all
ε ą 0 and all x P S:

FT pxq ă ϕpεq implies distXpx,FixT q ă ε

where distXpx,Kq :“ infyPK dXpx, yq.

The abstract results from [45] can now be used to provide a transformation that combines
such a modulus of regularity together with an approximate fixed point bound (and some other
minor quantitative data) into a full rate of convergence for the iteration defined by p˚q. For
this, we just briefly note that the work [34] (and similarly [45] where the results from [34] are
extended beyond metrics) is written in the context of a formal setup where, instead of using sets
F/AFk as above to formulate the solutions and approximations, a function F : X Ñ r0,`8s
is employed and the sets F and AFk are (conceptually) replaced by zerF and tx | F pxq ď εu
for general ε ą 0, respectively. The above notion arises from the general definition given in
[34, 45] by using FT pxq in place of such an F . However, in the following, we mostly suppress
this whole setup from [34, 45] as we did before with the construction of the rate of metastability
and introduce the notions only as needed.

Now, in the context of a modulus of regularity for T , the general results from [45] concretely
yield the following construction of a rate of convergence for the iteration defined via p˚q if
FixpTnq “ FixpT q holds uniformly.
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Theorem 8.18. Let X be a hyperbolic space, Y be a metric space and let D “ pX, Y, x¨, ¨yq be
a dual system. Let f : X Ñ R be Fréchet differentiable with a gradient G which is uniformly
continuous on o-bounded sets with a modulus ωG and which is uniformly strictly monotone with
a modulus η. Further assume that DG

f is consistent with a modulus of consistency ρ. Let P
be as in Lemma 5.7. Let Tn : X Ñ X together with T : X Ñ X be mappings such that
p0 P

Ş

n FixpTnq ‰ H, such that FixpTnq “ FixpT q holds uniformly with fixed point moduli ν
(and µ) and such that pTnq is jointly uniformly BSNE with a common modulus ω. Let pxnq be
defined by p˚q and let ϕ be a modulus of regularity for F w.r.t. FixpT q and S where pxnq Ď S.
Let b ě DG

f pp0, x0q, dXpp0, oq, dXpxn, oq.
Then pxnq is Cauchy and

@δ ą 0@n,m ě 2τ

ˆ

ϕ1
ˆ

θpδq

4

˙˙

pdXpxn, xmq ă δq

with θpεq :“ ρ pε{2, bq and ϕ1pεq :“ ϕpP pε{2, bqq as well as

τpδq :“ 2

R

b

ωpρpνpδ, bq, bq, bq

V

` 1.

Proof. The result arises as an instantiation of Theorem 6.6 from [45]. For this, φ as well as ψ are
instantiated with DG

f as before and the other minor moduli are set to be the identity. Further,
λpεq is instantiated with ρpε, bq and Λpεq is instantiated with P pε, bq. By the previous discussions
on the Fejér monotonicity of the method p˚q, it is clear that pxnq is partially DG

f -pid, idq-id-Fejér
monotone w.r.t. FixpT q in the sense of [45]. Lastly, note that by similar arguments as in Lemma
8.7, τ as defined above satisfies

@δ ą 0Dn ď τpδqpdXpTx2n, x2nq ă δq

as required by Theorem 6.6 from [45].
The bounds given here just result from those given in [45] by obvious simplifications and

instantiations. �

Remark 8.19. A set S such that pxnq Ď S can for example be simply given as the closed ball
Bbpoq.

As before, we now explicitly give the instantiation of the above result to the proximal point
algorithm p:q.

Theorem 8.20. Let X be a hyperbolic space, Y be a metric space and let D “ pX, Y, x¨, ¨yq be
a dual system. Let f : X Ñ R be Fréchet differentiable with a gradient G which is uniformly
continuous on o-bounded sets with a modulus ωG and which is uniformly strictly monotone with
a modulus η. Further assume that DG

f is consistent with a modulus of consistency ρ. Let P be
as in Lemma 5.7. Let A be a monotone operator that satisfies the G-relativized range condition
and assume that zerA ‰ H. Let pxnq be defined by p:q and let ϕ be a modulus of regularity for
JGrA w.r.t. FixpJGrAq and S where pxnq Ď S. Let b ě DG

f pp0, x0q, dXpp0, oq, dXpxn, oq.
Then pxnq is Cauchy and

@δ ą 0@n,m ě 2τ

ˆ

ϕ1
ˆ

θpδq

4

˙˙

pdXpxn, xmq ă δq

with θpεq :“ ρ pε{2, bq and ϕ1pεq :“ ϕpP pε{2, bqq as well as

τpδq :“ 2

R

b

ρpνpδ, bq, bq

V

` 1.
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where νpε, Bq :“ pν1pε, Bq for

pνcpε, Bq :“ min

#

ρpε, pBq

4Cnp pBq
, ωG

˜

ρpε, pBq

4cEpBq
, pB

¸+

and where pB :“ maxtB,EpBqu.

Remark 8.21. Note that in the above Theorems 8.18 and 8.20, in the context of a modulus of
regularity, the convergence in particular holds without any compactness assumption.

Using a modulus of regularity relative to the resolvents may seem rather counterintuitive
in the context of a monotone operator A. For that reason, we here want to also consider
another function which captures the same regularity notion but which is maybe more naturally
defined just in terms of A. Concretely, given a dual system D “ pX, Y, x¨, ¨yq and an operator
A Ď X ˆ Y , we define

FApxq “ inf
z˚PAx

sup
a‰b

|x
ÝÑ
ab, z˚y|

dXpa, bq
.

We say that a point x P X is an ε-approximate zero of A if

Dz˚ P Ax@a ‰ b P X
´

|x
ÝÑ
ab, z˚y| ă dXpa, bq ¨ ε

¯

.

Then it is easy to see that FApxq ă ε if, and only if, x is an ε-approximate zero.

Using FA, we get the following notion of a modulus of regularity for an operator A:

Definition 8.22. Let A Ď X ˆ Y be given and define FA as above. A function ϕ : p0,8q Ñ
p0,8q is called a modulus of regularity for A w.r.t. zerA and S Ď X if for all ε ą 0 and all
x P S:

FApxq ă ϕpεq Ñ distXpx, zerAq ă ε.

Further, FA relates to the function

FJGrApxq “ dXpx, J
G
rAxq

for a given r ą 0 by the following lemma:

Lemma 8.23. Let A be a monotone operator with zerA ‰ H that satisfies the G-relativized
range condition and let JGλA be its resolvent relative to G for λ ą 0. Assume that JGλA is o-
bounded on o-bounded sets with a modulus E. Let Λ1 ě λ ě Λ0 ą 0 and assume that G is
uniformly strictly monotone with a modulus η.

(1) If ϕ is a modulus of regularity for JGλA w.r.t. FixpJGλAq and Bbpoq, then

ϕ1pεq :“
ηpϕpεq,pbq

2Λ1
pb

where pb :“ maxtb, Epbqu is a modulus of regularity for A w.r.t. zerA and Bbpoq.
(2) If ϕ is a modulus of regularity for A w.r.t. zerpAq and B

pbpoq, then

ϕ0pεq :“ min
!ε

2
, ωG

´

ϕ
´ε

2

¯

Λ0,pb
¯)

where pb :“ maxtb, Epbqu is a modulus of regularity for JGλA w.r.t. FixpJGλAq and Bbpoq.
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Proof. (1) Assume FApxq ă ϕ1pεq. Then there is a z˚ P Ax such that

|x
ÝÑ
ab, z˚y| ă dXpa, bq ¨ ϕ1pεq

for all a, b P X. By monotonicity of A, we get

0 ď x
ÝÝÝÝÑ
xJGλAx, λ

´1
pGx´GJGλAxq ´ z

˚
y

“ x
ÝÝÝÝÑ
xJGλAx, λ

´1
pGx´GJGλAxqy ´ x

ÝÝÝÝÑ
xJGλAx, z

˚
y.

Rearranging and multiplying by ´λ yields

x
ÝÝÝÝÑ
xJGλAx,GJ

G
λAx´Gxy ď λx

ÝÝÝÝÑ
JGλAxx, z

˚
y

ă λdXpx, J
G
λAxqϕ1pεq

ď 2λpb
ηpϕpεq,pbq

2Λ1
pb

ď ηpϕpεq,pbq.

The uniform strict convexity of G with modulus η gives dXpx, J
G
λAxq ă ϕpεq. As ϕ is a

modulus of regularity for JGλA w.r.t. FixpJGλAq and S, we get distXpx,FixpJGλAqq ă ε. By
Lemma 7.14, we thus have

distXpx, zerAq ď distXpx, zerAX domGq “ distXpx,FixpJGλAqq ă ε.

(2) Assume that dXpx, J
G
λAxq “ FJGλApxq ă ϕ0pεq. By definition of JGλA, there exists a

z˚ P ApJGλAxq with
z˚ “D λ´1pGx´GJGλAxq.

As dXpx, J
G
λAxq ă ϕ0pεq, we have for any a, b P X that

|x
ÝÑ
ab, z˚y| “ |x

ÝÑ
ab, λ´1pGx´GJGλAxqy|

ď λ´1dXpa, bqdY pGx,GJ
G
λAxq

ď λ´1dXpa, bqϕ
´ε

2

¯

Λ0

ď dXpa, bqϕ
´ε

2

¯

and so we get FApJ
G
λAxq ă ϕpε{2q which yields distXpJ

G
λAx, zerAq ă ε{2 and as dXpx, J

G
λAxq ă

ϕ0pεq ď ε{2, we get
distXpx, zerAq ă ε.

�

Note also that FA reduces to a maybe more intuitive or expected form if the system D is
non-degenerate, as the following lemma shows:

Lemma 8.24. Let D “ pX, Y, x¨, ¨yq be a dual system and let A Ď XˆY be an operator. Define

pFApxq :“ distY pO, Axq :“ inf
z˚PAx

dY pO, z˚q.

Then for any x P X and ε ą 0, we have

pFApxq ă ε implies FApxq ă ε.

If D is uniformly non-degenerate with a modulus of uniform non-degenerateness ∆pεq, then we
also have for any x P X and ε ą 0 that

FApxq ă ∆pεq implies pFApxq ă ε.
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Proof. Let x P X and ε ą 0 be given and assume that pFApxq ă ε. Then, there exists a z˚ P Ax
such that dY pO, z˚q ă ε. Therefore, we have

sup
a‰b

|x
ÝÑ
ab, z˚y|

dXpa, bq
ď sup

a‰b

dXpa, bqdY pz
˚,Oq

dXpa, bq
ă ε

and thus also FApxq ă ε.
Now let D be uniformly non-degenerate with a modulus ∆ and assume FApxq ă ∆pεq. Then

there exists a z˚ P Ax such that

sup
a‰b

|x
ÝÑ
ab, z˚y|

dXpa, bq
ă ∆pεq.

Using the uniform non-degenerateness, we have dY pO, z˚q ă ε and thus pFApxq ă ε. �

We want to end this section with a few examples of mappings and operators where a modulus
of regularity immediately exists.

At first, if T is continuous and if X is proper, a modulus of regularity for T w.r.t. FixT
and Brpoq always exists for any r ą 0 (see [34], Corollary 3.5). We refer to [34] for a further
extensive discussion of metric notions for T that guarantee a modulus of regularity.

Turning to operators, we can immediately guarantee a modulus of regularity for A if the
operator satisfies the following uniform monotonicity condition defined in analogy to the notion
from linear spaces:

Definition 8.25. Let D “ pX, Y, x¨, ¨yq be a dual system. An operator A Ď X ˆ Y is called
ψ-uniformly monotone if

xÝÑyx, x˚ ´ y˚y ě ψpdXpx, yqqdXpx, yq

holds for all px, x˚q, py, y˚q P A where ψ : r0,8q Ñ r0,8q is a strictly increasing map with
ψp0q “ 0.

A particular instance of this are so-called α-strongly monotone operators which we define by
abstracting the corresponding definition from [24] from the context of CATp0q-spaces.

Definition 8.26. Let D “ pX, Y, x¨, ¨yq be a dual system. An operator A Ď X ˆ Y is called
α-strongly monotone if

xÝÑyx, x˚ ´ y˚y ě αd2Xpx, yq

holds for all px, x˚q, py, y˚q P A where α ą 0.

Clearly, an α-strongly monotone operator is just ψ-uniformly monotone for ψpεq “ αε. Now,
for a ψ-uniformly monotone operator A, we get that ψ itself is a modulus of regularity for FA:

Lemma 8.27. Let A be a ψ-uniformly monotone operator with zerA ‰ H. Then ψ is a modulus
of regularity for A.

Proof. Let x be given with FApxq ă ψpεq. Then there exists a z˚ P Ax with

|x
ÝÑ
ab, z˚y| ă dXpa, bq ¨ ψpεq.

Let y be the (unique) zero of A and let w˚ P Ay with w˚ “D O. Then we get

ψpdXpx, yqqdXpx, yq ď xÝÑyx, z
˚
´ w˚y

“ xÝÑyx, z˚y

ă dXpx, yq ¨ ψpεq.
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Thus we have

ψpdXpx, yqq ă ψpεq

and as ψ is strictly increasing, we get dXpx, yq ă ε. As y P zerA, we get distXpx, zerAq ă ε. �
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functions. Transactions of the American Mathematical Society, 2024. To appear, doi:10.1090/tran/9226.
[47] N. Pischke and U. Kohlenbach. Effective rates for iterations involving Bregman strongly nonexpansive

operators. 2024. Submitted manuscript available at https://sites.google.com/view/nicholaspischke/
notes-and-papers.



40 NICHOLAS PISCHKE

[48] S. Reich. A weak convergence theorem for the alternating method with Bregman distances. In A.G. Kart-
satos, editor, Theory and Applications of Nonlinear Operators of Accretive and Monotone Type, pages
313–318. Marcel Dekker, New York, 1996.

[49] S. Reich and S. Sabach. A strong convergence theorem for a proximal-type algorithm in reflexive Banach
spaces. Journal of Nonlinear and Convex Analysis, 10:471–485, 2009.

[50] S. Reich and S. Sabach. Two strong convergence theorems for a proximal method in reflexive Banach spaces.
Numerical Functional Analysis and Optimization, 31(1):22–44, 2010.

[51] S. Reich and S. Sabach. Existence and approximation of fixed points of Bregman firmly nonexpansive
mappings in reflexive Banach spaces. In H.H. Bauschke, R.S. Burachik, P.L. Combettes, V. Elser, D.R.
Luke, and H. Wolkowicz, editors, Fixed-Point Algorithms for Inverse Problems in Science and Engineering,
pages 301–316. Springer, New York, 2011.

[52] S. Reich and I. Shafrir. Nonexpansive iterations in hyperbolic spaces. Nonlinear Analysis: Theory, Methods
& Applications, 15:537–558, 1990.

[53] E. Resmerita. On total convexity, Bregman projections and stability in Banach spaces. Journal of Convex
Analysis, 11:1–16, 2004.

[54] R.T. Rockafellar. Convex analysis. Princeton university press, 1970.
[55] R.T. Rockafellar. Monotone operators and the proximal point algorithm. SIAM Journal of Control and

Optimization, 14:877–898, 1976.
[56] H.H. Schaefer and M.P. Wolff. Topological Vector Spaces. Graduate Texts in Mathematics. Springer New

York, 1999. 2nd ed.
[57] E. Specker. Nicht Konstruktiv Beweisbare Sätze Der Analysis. The Journal of Symbolic Logic, 14(3):145–

158, 1949.
[58] W. Takahashi. A convexity in metric space and nonexpansive mappings I. Kodai Mathematical Seminar

Reports, 22:142–149, 1970.
[59] T. Tao. Norm convergence of multiple ergodic averages for commuting transformations. Ergodic Theory

and Dynamical Systems, 28(2):657–688, 2008.
[60] T. Tao. Structure and Randomness: Pages from Year One of a Mathematical Blog, chapter Soft Analy-

sis, Hard Analysis, and the Finite Convergence Principle, pages 17–29. American Mathematical Society,
Providence, RI, 2008.
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